Mathematics 246A Algebraic Topology — I Course Notes Winter 2007

Department of Mathematics University of California, Riverside

Table of Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Prerequisites . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

I. Foundational and geometric background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1. Categories and functors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2. Barycentric coordinates and polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3. Subdivisions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

II. Homotopy and cell complexes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .23 1. Homotopic mappings. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .23 2. The fundamental group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 3. Abstract cell complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 4. The Homotopy Extension Property. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .36

III. Simplicial homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .39 1. Exact sequences and chain complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 2. Homology groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 3. Homology and simplicial complexes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4. Comparison principles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 5. Chain homotopies. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .56

IV. Singular homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 1. Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 2. Eilenberg-Steenrod properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61 3. Computations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67 4. Proofs of homotopy invariance and excision. . . . . . . . . . . . . . . . . . . . . . . . . .75 5. Homology and the fundamental group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

On the next page there are comments on topics covered in the course but not appearing in the notes.

OTHER TOPICS COVERED

The following topics were also covered in the course, and corresponding references to Hatcher are given. In each case, the treatment in Hatcher was supplemented by material in the course directory, and the relevant pdf files are listed.

V. Geometric applications

V.0. The Brouwer fixed point theorem (Hatcher, 2.1; Munkres, ??)

See also brouwer.pdf in the course directory.

V.1. Degree theory (Hatcher, 2.2)

See also degree.pdf in the course directory.

V.2. Classical theorems of Jordan and Brouwer (Hatcher, 2.A; Munkres, 61 – 64) See also jbsep.pdf in the course directory.