Example of preparation of new material

Here is a sample preparation invalving the inverse sine function. The relevant portion d
our current Mathematics 5 text (Dugopdski, Third Edition) is contained in Sedion 5.5.

Checking the textbook. On page 444 of the textbookthe author defines the inverse sine
function rapidly using the mncept of inverse function. Although the students have
arealy seen ore oncrete example of this abstrad concept in exporential and logarithmic
functions, it islikely that many if not most students would be better served amore
spedfic discusson d the cnstruction d the inverse sine function in classbefore saying
anything explicitly abou defining it as an inverse function.

Starting with concrete motivation. Recdl that as x increases from —71/ 2 to +71/ 2 the
function sin x increases from —1 to +1, and that different values of x yield different values
of sinx.

It isvery useful to draw the graph of f(x) =sinx inorder to illustrate this.

At this point the cucial point can be stated: We canin fad go backwards. If u isany
number between —1 and +1 then there isone and orly one value of v between —11/ 2 and
+11/2 suchthat u =sinv.

There ae severa ways to convince someone that this equation hes a solution. One way
is to draw the graphs of y = sin x and y = u in the mordinate plane (Draw this). The
picture indicaes that the two graphs med at a single paoint (v, u) for which v lies between
—mf2 and +mf2. This can also be seen by geometric experimentation as follows.
Suppcse that the red number x is dgrictly between 0 and 1. On a large shed of paper
mark off aline segment AB that is 12x inches long (in ather words its length is x fed).
Draw a perpendicular BC to AB at B. Take aruler that is one foat long, hdd ore end at
A and slide it on the paper so that the other end lies on the ray starting at B and going
through C asin the picture below. The ruler will med the ray at some point D, and if @
is the measure of angle ADB, then we have x = sinf. If you have aphysicd prop that
can serve & a substitute for aruler it might be goodto ill ustrate this processphysicdly at
the board.
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Solving the equationx = sin@ by geometric experimentation.

This might be agood pant to answer the question, “What happensiif x is negative?” One
way of addressng such aquestionisto remind studentsthat sin(—v) = —sinv, soif uis
negative we can find the positive value w so that sin w = |u| and then ndicethat v= —w

will be the solution that we want.

Provide some specific examples. Remind the students that the solutions to this equation
have dready been determined for certain valueslike 0, 1,%2 or half the square roats of 2
or 3. But what if xis some other value like 3/4? Exadly what value of 8 dcesone
obtain in thiscase? One gproad to finding the solution would be to go through the
precading construction, daw the triangle and measure the angle with a protrador.
Ancther way would be to look at atable of trigonametric functions and wse thisto find

where the value of the sine functionis closeto 3. Either method can be used to show
that the degreevalue ejuivaent to 8 is smewhere between 48.5and 48.6 dgrees.

State thefirst version of the definition. One can now define the inverse sine function for
x between —1 and +1 by saying that sin™x is the unique value of y between —7/ 2 and
+71/2 suchthat x =siny. In ather words we have

y=sin7(x) ifandonlyif x=siny

Relate to the general concept of inverse function. One can now point out that the
definition o sin~' x isaspedal case of an inverse function: When f is afunction such
that f (X) increases from c to d as x increases from a to b (with dfferent valuesfor f at
different points), then the inverse function f ™ is defined for x between c andd and
satisfies the fundamental identity

y=f*(x) ifandonlyif x=f(y)

It is worthwhil e to remind the students that thisis the second example of an inverse



function that has been encourtered in the murse and to add that the motivation for
introducing abstrad concepts like inverse functionsis that they arise repeaedly in
different contexts. One can also mention that unified approadces of this sort turn ou to
be espedally useful in cdculus.

Anticipate issues that will cause difficultiesfor students. It isamost certain that some
students will | ook at the previous equation and ask questions like, “ Sincesin 1= 0, why
can't we dso say that 71= sin™10?" One stock answer is that that we have to make a
choicebecaise afunctionis suppcsed to take only one value for ead chaiceof x.
Beyondthis one can say, “Experience shows that chocsing the values between —r7/ 2 and
+77/ 2 isthe most convenient option for most purposes.”

Ancther problem is that the notation for inverse trigonometric functions varies somewhat
from one book to the other, and it is possble that students will seedifferent notationin
textbooks for courses in ather subjeds. Therefore, it may be worthwhil e to mention aher
standard ways of writing the inverse sine functionlike acsin x or Arc sin x (the latter
often being used to stressthat the value of the function lies between -1/ 2 and +11/ 2).

A third issue isto remind students that the inverse sine function is only defined for
restricted values of x. For example, at least in the mntext of first yea cdculus $sn™2is
not meaningful. (Y ou might want to think about which complex values of z solve the
equationsin z= 2, bu thisisnat for the students!)

Finaly, you shoud remind students that in mathematics courses that radian measureis
the default for angle measurement even though degreemeasure is much easier to
visualize. Among other reasons, radian measure make cetain formulasin cdculus easier
to hande.

Working sample problems. At this gageit istime to work some sample problems from
the exercisesin Sedion 5.5 d the text (the one treaing the inverse sine function). One
particular suggestionis avariant of Example 9 on @age 452, say from exercises 93-99 on
pages 453-454. Theideafor these problemsisto set the right hand side equal to y and
then to solvefor x interms of .




