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ABSTRACT. For each m > 0 we find an open (4m + 9)-dimensional simply-
connected manifold admitting complete nonnegatively curved metrics whose
souls are non-diffeomorphic, homeomorphic, and have codimension 2. We
give a diffeomorphism classification of the pairs (N, soul) when N is a
nontrivial complex line bundle over S” x CP?: up to diffeomorphism there
are precisely three such pairs, distinguished by their non-diffeomorphic souls.

1. INTRODUCTION

In dimension 7 there are several examples of closed Riemannian manifolds of
sec > 0 that are homeomorphic and non-diffeomorphic. Historically, the first
such example is an exotic 7-sphere discovered by Gromoll-Meyer as the biquo-
tient Sp(2)//Sp(1) [GM74]. Other examples include some homotopy 7-spheres
with metrics of sec > 0 constructed by Grove-Ziller [GZ00], and examples found
among Eschenburg spaces and Witten manifolds by Kreck-Stolz [KS88, KS93]
(see also [CEZOT]).

Our main result gives first examples of this kind in dimensions > 7, e.g. we
show that S7 x CP*™ is not diffeomorphic to Sp(2)//Sp(1) x CP?™. This is
proved via a delicate argument which mixes surgery with homotopy-theoretic
considerations of [Sch73, BS74, Sch87].

Recall that for any integer d there is a unique oriented homotopy 7-sphere
Y7(d) that bounds a parallelizable manifold of signature 8d [KM63]. Here
¥7(0) = S7, and ¥7(1) = Sp(2)//Sp(1) generates bPs = Zsg, the group of
oriented homotopy 7-spheres, which all bound parallelizable manifolds.

Grove-Ziller [GZ00] constructed cohomogeneity 1 metrics of sec > 0 on all
exotic 7-spheres that are linear S3-bundles over S*. A classification of such
exotic spheres by Eells-Kuiper [EK62] then implies that ¥7(d) admits a metric
of sec > 0 if d = @ mod 28 for some integer h. Since X7(—d) and

7(d) are orientation reversing diffeomorphic, we summarize that unoriented
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diffeomorphism classes of homotopy 7-spheres are represented by %7(d)’s with
0 < d < 14 where such X7(d) is known to admit a metric of sec > 0 if
d¢{2,5,9,12}. We prove

Theorem 1.1. If m, d, d' are integers and d — d' is odd, then X7(d) x CP?™
is not diffeomorphic to X7(d’) x CP?™,

The proof of Theorem 1.1 occupies most of the paper and is sketched in Sec-
tion 4. As we see in Lemma 12.2 below, X7(d) x CP?™ and X7(d’) x CP*™ are
diffeomorphic if either d —d’ or d+d' is divisible by 4, and m is not divisible
by 3. For m =1 this is optimal:

Theorem 1.2. If d, d are integers, then X7(d) x CP? is diffeomorphic to
Y7(d") x CP? if and only if either d — d' or d+d' is divisible by 4.

Therefore, if m is not divisible by 3, then each X7(d) x CP?>™ admits a metric
of sec > 0, and the manifolds X7(d) x CP*™ lie in 2 or 3 unoriented diffeo-
morphism classes; for m = 1 they lie in 3 unoriented diffeomorphism classes.

We also show that any manifold that is tangentially homotopy equivalent to
»7(d) x CP? is diffeomorphic to X7(d’) x CP? for some d’ (see Section 13).

Studying whether products of CP"™ with homotopy spheres are diffeomorphic
goes back to Browder who showed its relevance to constructing smooth semifree
circle actions on homotopy (2k-+7)-spheres. In particular, by results in [Bro68],
Theorem 1.1 applied for d = 1 immediately implies:

Corollary 1.3. Given an odd integer d and positive integer k, the exotic sphere
¥7(d) is diffeomorphic to the fized point set of a smooth semifree circle action
on a homotopy (2k + 7)-sphere if and only if k is even.

The result is new for k = 3. The corresponding result for k£ > 5 was sketched
by Schultz in [Sch87, Theorem III]. The case k = 1 follows from a result of
Hsiang [Hsi64, Theorem II]. If k is even, [Bro68, Theorem 6.1] implies that
any Y7(d) x CP*! is diffeomorphic to S7 x CP*~!, and that any homotopy
7-sphere can be realized as a fixed point set of a smooth semifree S'-action on
a homotopy (2k + 7)-sphere.

Any open complete manifold N of sec > 0 is diffeomorphic to the total
space of a normal bundle to a compact totally geodesic submanifold, called
a soul [CGT72]. The diffeomorphism class of a soul may depend on the metric,
and this dependence has been investigated in [Bel03, KPTO05] and most re-
cently in [BKS] where the reader can find further motivation and background.
In particular, in [BKS] we systematically searched for open manifolds admitting
metrics with non-diffeomorphic souls of lowest possible codimension. To this
end we show:
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Theorem 1.4. For each m > 0 there exists an open (4m + 9)-dimensional
simply-connected manifold N admitting complete metrics of sec > 0 whose
souls are non-diffeomorphic, homeomorphic, and have codimension 2.

Codimension 2 is the lowest possible if dim(/N) > 6 because by the h-cobordism
theorem, in a simply-connected manifold open manifold of dim > 6 all codi-
mension 1 souls are diffeomorphic. Letting N in Theorem 1.4 be the product
of R? with manifolds in Theorem 1.1 cannot work because a closed simply-
connected manifold of dimension > 5 can be recovered up to diffeomorphism
from its product with R?. Instead, we find nontrivial R?-bundles over mani-
folds in Theorem 1.1 that admit metrics of sec > 0 and have diffeomorphic total
spaces. The same reasoning works for R?-bundles over Eschenburg spaces or
Witten manifolds that are homeomorphic and non-diffeomorphic, which covers
the case m = 0 in Theorem 1.4.

Let Smféi>0(]\7 ) denote the moduli space of complete metrics of sec > 0 on

N with topology of C*-convergence on compact subsets, where 0 < k < oo.
Suppose N admits a complete metric with sec > 0 whose soul has non-trivial

normal Euler class. Then it was shown in [KPT05] that metrics with non-

diffeomorphic souls lie in different components of DJT’;(;§>0(N ); more generally,

the authors showed in [BKS] that associating to the nonnegatively curved metric
g the diffeomorphism type of the pair (N, soul of g) defines a locally constant
function on sm’;;;o (N); thus non-diffeomorphic pairs correspond to metrics in
different components of the moduli space. Since the souls in Theorem 1.4 have
nontrivial normal Euler class, we get:

Corollary 1.5. 9ﬁ§é§>0(N) is not connected for N as in Theorem 1.4.

Given an open manifold N admitting a complete metric of sec > 0 with soul
So, an attractive goal is to obtain a diffeomorphism classification of pairs (N, S)
where S is a soul of some complete metric of sec > 0 on N. Here we focus
on the case when Sy is a simply-connected, has codimension 2, and dimension
> 5. If Sy has trivial normal bundle, and S is any other soul in N, then the
pairs (N, S), (N, Sp) are diffeomorphic (see [BKS]).

To our knowledge the results below are the first instances of diffeomorphism
classification of pairs (NN, S) in which not all pairs are diffeomorphic.

Theorem 1.6. The total space N of any nontrivial complex line bundle over
CP? x S admits 3 complete nonnegatively curved metrics with pairwise non-
diffeomorphic souls Sy, S1, So such that for any complete nonnegatively curved
metric on N with soul S, there exists a self-diffeomorphism of N taking S to
some S;.
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Here S; is isometric to the product CP? x X7(3i) where the second factor is
given a metric of sec > 0 by [GZ00].

One can prove similar result for 7-dimensional souls which are certain Wit-
ten manifolds. Recall that the Witten manifold Mj; is the total space of
an oriented circle bundle over CP? x CP! with Euler class given by (I,k) €
H?(CP?) @ H?(CP') where I, k are nonzero coprime integers. In [KS88, Theo-
rem B] Kreck-Stolz classified Witten manifolds My ; up to oriented homeomor-
phism and diffeomorphism in terms of £,l, and the above definition of Mj
easily implies that M_j _; is oriented diffeomorphic to M} ; with the oppo-
site orientation, so one also has a (unoriented) diffeomorphism classification of
Witten manifolds. As remarked after [KS88, Theorem C], the homeomorphism
type of My, ; consists of Witten manifolds if [ =0 mod4 and [ =0,3,4 mod 7.
We prove:

Theorem 1.7. For nonzero coprime integers k,l with | = 0,3,4mod7 and
I =0mod4, let N be the total space of a nontrivial R? -bundle over M.

(1) If the Witten manifold My p is homeomorphic to My, then N has a
complete metric of sec > 0 whose soul Sy is diffeomorphic to My .

(2) For any complete metric of sec > 0 on N with soul S the pair (N,S) is
diffeomorphic to (N, Sy 1) for some Sy as in (1).

The proof of Theorems 1.6 and 1.7 hinges on the following three observations.

e If S, S’ are homeomorphic, non-diffeomorphic manifolds that are Eschenburg
spaces, or Witten manifolds, or products X7 (d) x CP?™, then S’ is the connected
sum of .S with a homotopy sphere.

e If S’ is a closed simply-connected manifold of dimension > 5, and if S
is diffeomorphic to the connected sum of S’ and a homotopy sphere, then
there are nontrivial R%2-bundles over S, S’ with diffeomorphic total spaces (see
Theorem 14.1).

e If S, S’ are simply-connected souls of codimension 2 and dimension > 5,
then S is diffeomorphic to the connected sum of S’ and a homotopy sphere
(see [BKS, Theorem 1.8]).
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3. ON CLASSIFYING SMOOTH MANIFOLDS VIA SURGERY

In this section we describe some results of surgery theory that are used through-
out this paper paper. Background references for surgery are Wall’s book [Wal99],
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especially Chapters 3 and 10, recent book of Ranicki [Ran02], and Browder’s
book [Bro72| for the simply-connected case.

Let M™ be a compact smooth manifold, with or without boundary, where
unless stated otherwise both M and dM are assumed connected. We also
assume that n > 6 if OM # 0, and n > 5 otherwise. A simple homotopy
structure on M is a pair (N, f) consisting of a compact smooth manifold N
and a simple homotopy equivalence of manifolds with boundary (in other words,
a homotopy equivalence of pairs). Two such structures (Ny, f1) and (Na, f2)
are said to be equivalent if there is a diffeomorphism h : Ny — Ny such that
fooh ~ f1, where again the homotopy is a homotopy of pairs. The set of all
such equivalence classes is a pointed set which is called a structure set and is
denoted by S*(M). Its base point is the identity on M, and this pointed set
fits into an exact Sullivan-Wall surgery exact sequence

oo = [B(M/OM), F/O] 5 L5, (my (M), 1 (0M)) = 85(M) % [M, F/O] % ...

which can be continued indefinitely to the left, and one step to the right as
o: [M,F/O] — L? (w1 (M), m1(0M) ). Here L (w1 (M), 71(0M)) is an abelian
group, called the Wall group, that depends only on the (inclusion induced) ho-
momorphism 71 (0M) — 71 (M), the value of m modulo 4, and the (orientaton)
homomorphism w: 71 (M) — Zy, which we omit from the notation. The map
A is comes from an action of Lj (7 (M), 71 (0M)) on S*(M), namely A send
an element « of the Wall group to the a-image of the structure represented by
id(M). The map q from S*(M) to the set of homotopy classes [M, F/O] is
called the normal invariant. The map o is called the surgery obstruction map.

The exactness in the term S*(M) means that two simple homotopy structures
have equal normal invariants if and only if they are in the same orbit of A. Even
though [M, F//O] is an abelian group, o: [M,F/O] — LS (7 (M), 71 (0M) ) is
not necessarily a homomorphism, and exactness at [M, F//O] means that the im-
age of q equals to 0~1(0); nevertheless, o becomes homomorphism in the con-
tinuation of the surgery sequence to the left starting from [¥(M/0M), F/O] —
Ly (m (M), 7 (OM)) [Wal99, Proposition 10.7].

Although surgery theory in principle yields a diffeomorphism classification for
closed manifolds with a fixed homotopy type, it does so indirectly, and only for
a few homotopy types a complete classification is known.

If the inclusion OM — M induces a w1 -isomorphism, the relative Wall groups
vanish, and S*(M) is bijective to [M, F//O] via q.

If M = S™, then S*(S") = O,, the set of oriented diffeomorphism classes
of homotopy n-spheres which forms a group under connected sum. The sub-
group bP,11 of homotopy n-spheres that bound parallelizable manifolds can
be identified with the image of the homomorphism L7 (1) — S°(S").
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If M is closed and simply-connected, then the action of L;_ (1) on S*(M)
factors through the bF,, ;1 -action via connected sum, and for any two homotopy
equivalences fi, fo: N — M with equal normal invariants, f; is the connected
sum of fo with an orientation-preserving homeomorphism " — S™ where X"
represents an element of bP,1; in particular, Ny is diffeomorphic to No # %".

Kervaire-Milnor [KM63] showed that bP,; is a finite cyclic group which van-
ishes if n is even, and has order at most 2 if n = 4r + 1. On the other hand,
the order of Py, grows exponentially with r, and this is the case we focus on in
the present paper. Each element of bPy, with r > 2 is represented by a (unique
up to orientation-preserving diffeomorphism) homotopy sphere ¥4 ~!(d) that
bounds a parallelizable manifold of signature 8d. Here ¥4 ~1(1) = §4 1 and
¥47=1(1) generates bPy, .

We illustrate how surgery works in a setting that plays an important role in this
paper. Removing an open disk from the interior of a parallelizable manifold with
boundary X4 ~1(d) yields a parallelizable cobordism W*" between %47 ~1(d)

and S*, and hence defines a normal map
F: (WFFL owkthy - (8% x I,8% x aI)

covered by an isomorphism of trivial tangent bundles. The surgery obstruc-
tion is preserved by products with CP?™ [Bro72, Theorem III.5.4], so that
o(F x id(CP*™)) = ¢(F) = d. Let f: U™ (d) — D*™+% is a (boundary
preserving) degree one map, where U4 +47(d) is a parallelizable manifold that
bounds X447 (d). Taking boundary connected sums of F x id(CP?™) and f
along the boundary component S*"~! x CP*™ defines a normal map with zero
surgery obstruction, hence it can be turned into a simple homotopy equivalence
via surgery, in other words, we get an s-cobordism between X4 ~1(d) x CP?™
and (S84 ~1 x CP?*™) # $4m+47(d) | which are therefore diffeomorphic. In sum-
mary the following holds:

Fact 3.1. Let M = S*~1 x CP>™ where r > 2. If h: ¥ ~1(d) — S*~1 and
H: pAm+ar=1(d) — §4m+ar=1 gre orientation-preserving homeomorphisms, then
the stmple homotopy structures

h x id(CP?*™): 4 71(d) x CP*™ — §%~1 x cp?™
H#id(M): $Am =gy 4 p — gimHar=1tu pr — M

represent the same element A(d) in the structure set S*(M).

Determining the kernel of the bP,;-action on S*(M) is a major step in the
diffeomorphism classification of closed manifold homotopy equivalent to M.
The homotopy inertia group In(M) of an n-manifold M is the group of all
¥ € O, such that the standard homeomorphism M#Y — M is homotopic
to a diffeomorphism. The kernel of A: L7 (m1(M)) — S*(M) is called the
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surgery inertia group and denoted Ia(M). If M is closed and simply-connected,
then Ia(M) is the preimage of I, (M) NbP, 41 under A.

In particular, if M is a closed simply-connected (4r — 1)-manifold, then d €
Z = L,(1) acts on S*(M) by taking connected sum with 4 ~1(d), and A(d)
is trivial in S*(M) if and only if X(d) € I(M).

A key ingredient of our work is the proof given in [Sch87, Theorem 2.1] of the
following (unpublished) result of Taylor.

Theorem 3.2. (Taylor) If M is a closed oriented smooth manifold of di-
mension 4r — 1 > 7, then the subgroup In(M) N bPy. of bPy, has index > 2.

Taylor’s theorem is generally optimal, e.g. if M = S§3x CP?™ with m > 1, then
the index of I,(M) NbPy, in bPy,. is 2. (Indeed, if U* is the connected sum
of D* and a K3-surface, then U* is a parallelizable manifold and signature
—16 = —2 - 8, so arguing as in the above proof of Fact 3.1 we see that the
simple homotopy structure id(S® x CP?™) represent both A(0) and A(—2)
in $%(S% x CP?™), which means that $4™*3(—2) lies in I,(S® x CP?™) as
claimed.)

On the other hand, [Bro65, Theorem 2.13] implies that Ij,(M) N bPy, is trivial
if M is a simply connected, stably parallelizable closed manifold of dimension
4r —1 > 7. In Section 12 we show that I (M) N bP,, has index 4 in bPy, if
M = ST x CP2.

Even though Taylor’s theorem ensures that the standard homeomorphism from
Y7(1) # (83 x CP?) to S x CP? is not homotopic to a diffeomorphism, these
two manifolds are diffeomorphic as proved in [MS99, Corollary 4.2].

This naturally brings us to another source of nontrivial elements in S*(M):
simple homotopy self-equivalences of M that are not homotopic to diffeomor-
phisms. For the purposes of diffeomorphism classification, any two homotopy
structures f1, fo: N — M that differ by a simple homotopy self-equivalences of
M should be identified, i.e. we need to take the quotient of S*(M) by the ac-
tion of the group £%(M,0M) of simple homotopy self-equivalences of (M, M)
via composition:
[A] - [N, f] = [N, hef].

where (N, f) represents a class in S*(M) and h € £5(M,0M). With rare
exceptions the group £%(M,0M) is extremely hard to compute, even when M
is simply-connected; in this case all homotopy equivalences are simple so in
agreement with an earlier notation we write £ instead of £%.

In comparing elements of S*(M) that differ by a homotopy self-equivalence the
following composition formula for normal invariants is handy (see [Sch71, page

144] or [MTW80, Corollary 2.6]):
a(goh) = alg) + (9" a(h),
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where ¢ represents a class in S*(M), and h is a homotopy self-equivalence
of M, and the + refers to the group structure in [M, F/O] induced by the
Whitney sum in F/O.

Another version of surgery theory concerns relative structure sets S*(M rel OM)
of simple homotopy structures (N, f) such that flogn: ON — OM is a diffeo-
morphism; two such structures (N, f1) and (N, f2) are said to be equivalent
if there is a diffeomorphism h : Ny — Ny such that fooh ~ f1, are homotopic
through the maps that are diffeomorphisms on the boundary. The correspond-
ing surgery sequence is exact for n > 5:

[X(M/OM),F/O] — Lj (m(M)) — S*(M rel OM) — [M/OM,F/O]
Finally, we summarize results on classifying spaces that are used below. There
exists a (homotopy) exact sequence of H -spaces

(3.3) O - F — F/O - BO — BF.

where any three consecutive terms in the sequence form a fibration, and where
BF is the classifying space for stable fiber homotopy equivalence classes of
spherical fibrations. Applying to the sequence the functor of homotopy classes
of maps from a cell complex X yields exact sequence of abelian groups:

[X,0] — [X,F] — [X,F/O] — [X,BO] — [X,BF],
where the groups [X, F] and [X, BF] are finite if X is a finite complex.

4. SKETCH OF THE PROOF OF THEOREM 1.1

Let M = S¥xCP?™. If k = 4r—1 > 7, then the product formula for the surgery
obstruction implies that Y*(c) x CP*™ is diffeomorphic to M # S4™+(c) for
any integer c, so after taking connected sums of ¥*(d) x CP?™, ©F(d') x CP*™
with $47+%(—d') it becomes enough to prove that M # 24"k (d) is not diffeo-
morphic to M for odd d. By Taylor’s Theorem 3.2 the obvious homeomorphism
g: M # X% +7(d) — M is not homotopic to a diffeomorphism, yet there could
exist a diffeomorphism ¢: M — M # ¥4 +#(d) with ¢~! in another homotopy
class. By exactness of the smooth surgery sequence, ¢ has trivial normal invari-
ant, and hence so does the homotopy self-equivalence go¢. (Knowing that go¢
is a homeomorphism does not really help because by the topological surgery
sequence any homotopy self-equivalence of M with trivial normal invariant is
homotopic to a homeomorphism).

We start by decomposing any homotopy self-equivalence of S¥ x CPY into
the composition of a diffeomorphism, which we may ignore, with two homo-
topy self-equivalences f, f’ coming from adjoints of maps in 7 (FE;(CP?)) and
[CIPY, By (S*)], respectively; this argument works for all odd k.



CODIMENSION TWO SOULS AND CANCELLATION PHENOMENA 9

A priori, vanishing of the normal invariant of q(go¢) need not imply that the
normal invariants of q(f) and q(f’) vanish; rather by the composition formula
for normal invariants, the sum q(f) + f*~1q(f’) vanishes. Still we show that
their normal invariants q(f) and q(f’) restrict nontrivially to skeleta of different
dimensions, so they cannot cancel, and therefore, q(f) and q(f’) must both
vanish.

Then f’ can be extended via the fiberwise cone construction to a homotopy
self-equivalence f’ of DF1 x CPY, and then it is easy to see that vanishing of
q(f") implies vanishing of q(f'), and by Wall’s m — m-theorem for manifolds
with boundary any simple homotopy structure with trivial normal invariant
must be trivial, so restricting back to the boundary shows that f’ is homotopic

to a diffeomorphism.

To analyze f arising as adjoint of a map in 7 (FE;(CP?)) we need to specialize
to k = 7. For ¢ > 3, it was shown in [Sch87] that vanishing of q(f) €
[S” x CP?, /O] implies that f is homotopic to a diffeomorphism. A number of
computational details in the proof in [Sch87] are omitted, so for completeness
we fill them here with help of [Sch73, BS74] as follows. Results of [Sch73] imply
that for ¢ > 3 the group m7(E;(CP?)) stabilizes, and by [BS74] this stable
group is isomorphic to Z @ Zy where the Z-factor corresponds to the homotopy
self-equivalences that come from Ugy; C E7(CP?), and which are homotopic to
diffeomorphisms. On the other hand, following an idea in [Sch87] we show that
the homotopy self-equivalence corresponding to the Zs-factor has nontrivial
normal invariant. In summary, the elements in the Z-factor are precisely the
ones that give rise to homotopy self-equivalences with trivial normal invariant,
which are in fact homotopic to diffeomorphisms.

In dealing with the case ¢ = 2 a key tool is a spectral sequence in [Sch73]
that converges to homotopy groups of E;(CP?). In contrast to the case ¢ > 3
the group m7(F;(CP?)) is unstable, and we use the above spectral sequence to
show that suitably defined “stabilization” homomorphism from 7 (F;(CP?)) to
77(E1(CP3)) has image of order 2, and kernel of order < 2. The spectral se-
quence computation exploits certain low-dimensional phenomena, and involves
analyzing various maps between homotopy groups of spheres.

If a homotopy self-equivalence f comes from a stably nontrivial element of
77(E1(CP?)), then we show that q(f) is nontrivial, so this case does not happen.
Thus f comes from a stably trivial element 77(E;(CP?)). In general, any
homotopy self-equivalence coming from an element of 77(E(CP?)) is canonically
tangential, and we can arrange that it fixes {*} x CP? pointwise. This allows to
show that the map from 77(E;(CP?)) to the structure set of S7 x CP? factors
through a homomorphism of 77(E;(CP?)) into a relative tangential structure
set on D7 x CP?, where D7 should be thought of as the complement of a small
open disk centered at * € S7. The fact that f comes from a stably trivial
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element of 77(F1(CP?)) translates into vanishing of the normal invariant of f
in the relative tangential surgery sequence of D’ x CP? in which all maps are
homomorphism. Looking at this sequence, and combining Lj,, (1) = Z with
the fact that f comes from a finite order element of 77(E;(CP?)) easily yields
that f is trivial in the relative tangential structure set, which gives triviality
of the ordinary structure set by naturally extending f to S7 x CP4. Thus f is
homotopic to a diffeomorphism.

5. DICHOTOMY PRINCIPLE AND ITS APPLICATIONS

Understanding normal invariants of simple homotopy self-equivalences of a
closed manifold M is an important step towards classifying manifolds in S*(M).
In case M = S7 x CP?>™, we prove the following clean result.

Theorem 5.1. (Dichotomy Principle) If f is a homotopy self-equivalence
of ST x CP?™, then f is homotopic to a diffeomorphism if and only if f has
trivial normal invariant.

In other words, there is a dichotomy: either f is homotopic to a diffeomor-
phism else f is not even normally cobordant to the identity. We shall prove
Theorem 5.1 later in Section 11, and now focus on its applications.

Corollary 5.2. If M = S7 x CP?>™, then the number of oriented diffeomor-
phism types of manifolds X7(d) x CP*™ equals to the index of Ir,(M) N bPym s
in bPymys. Baplicitly, £7(d) x CP?™, $7(d") x CP*™ are oriented-preserving
diffeomorphic if and only if L4+ (d —d') lies in In(M).

Proof. First suppose that X7(d) x CP*™ and X7(d’) x CP*™ are orientation-
preserving diffeomorphic. By Fact 3.1 this gives an orientation-preserving dif-
feomorphism of X4™+7(d’) # M onto X4™*7(d) # M , and taking connected sum
with X4m+7(—d’), we end up with an orientation-preserving diffeomorphism ¢

of M onto X4 +7(d —d')# M.

On the other hand, if H: X4m*7(d — d’') — S*™*7 is an orientation preserving
homeomorphism, then the map ¢ := H#id(M): ¥+ (d —d)# M — M,
representing A(d — d') in the structure set, has trivial normal invariant by
exactness of the surgery sequence.

By the composition formula for normal invariants q(go¢) is trivial. Then The-
orem 5.1 implies that go¢ is homotopic to a diffeomorphism, and so g is ho-
motopic to a diffeomorphism, i.e. ¥4"*+7(d — d’) lies in the homotopy inertia
group Iy (M), as claimed.

Conversely, if 4 *7(d — d') lies in the homotopy inertia group I (M), then
v+ (d — d')# M is diffeomorphic to M, so taking connected sum with
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»4m+7(d"), and applying Fact 3.1 gives an orientation-preserving diffeomor-
phism of X7(d) x CP?™ and X7(d’) x CP*™.

Finally, the first assertion of the corollary follows because the preimage of I, (M)
under the map d — X4"*7(d) is a subgroup of Z whose index equals to the
index of Iy,(M)NbPyy+s in bPyy+s, and d — d' is in this subgroup if and only
if ©7(d) x CP?™ and X7(d’') x CP*™ are oriented diffeomorphic. O

Remark 5.3. By composing with the product of id(CP?™) and an orientation-
reversing diffeomorphism X7(d') — X7(—d’), we immediately conclude that
»7(d) x CP*™ | $7(d') x CP?>™ are oriented-reversing diffeomorphic if and only
if $4m+7(d + d') lies in in I5,(S7 x CP?™).

Remark 5.4. As mentioned in Section 3 the standard homeomorphism from
Y7(1) # (83 x CP?) to S3 x CP? is not homotopic to a diffeomorphism, yet the
domain and codomain are diffeomorphic. The proof of Corollary 5.2 then shows
that S3 x CP? has a homotopy self-equivalence with trivial normal invariant
that is not homotopic to a diffeomorphism.

Proof of Theorem 1.1. If £7(d) x CP?™ and X7(d') x CP*™ are diffeomorphic,
then by Corollary 5.2 and Remark 5.3 at least one of the homotopy spheres
YA (d —d'), 4+ (d+d') lies in the homotopy inertia group I5,(S7 x CP?),
which contradicts Taylor’s Theorem 3.2 because d —d’ and d+d' = d—d +2d’
are odd. O

6. FACTORIZATION OF SELF-EQUIVALENCES OF S7 x CPY

This section describes a fairly canonical factorization of any homotopy self-
equivalence of S7xCP?*™ with m > 1, into the composition of a diffeomorphism
and two homotopy self-equivalences each arising from a map of one factor into
the space of homotopy self-equivalences of the other factor.

Recall that for an arbitrary compact Hausdorff space T, £(T) denotes the
group of all homotopy classes of homotopy self-equivalences of T', and F1(T")
denote the path-component of the identity in the topological monoid of all self-
maps of T (with the compact-open topology). If T' is homeomorphic to a finite
connected cell complex, then E;(7) has the homotopy type of a CW complex
by a result of Milnor [Mil59].

Proposition 6.1. (i) Let f : S¥ x CP? — S* x CP? be a homotopy self-
equivalence, where ¢ > 1 and k is odd. Then there is a diffeomorphism
h:S* x CP! — S* x CP? such that f and h induce the same automorphism
of H*(S* x CP%; 7).

(i) Let f be above, and assume that f induces the identity on H*(S*xCP%;7Z).
Let j(S*): S¥ — Sk x CP? and j(CPY) : CP? — S¥ x CPY be slice inclusions
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whose images are subspaces of the form S* x {yo} and {xo} x CPY respectively,
and let p(S*) : Sk x CPY — S* and p(CPY) : S¥ x CPY — CP? denote pro-
jections onto the respective factors. Then the composites p(S*)o foj(S*) and
p(CP%)o foj(CP?) are homotopic to the corresponding identity mappings.

Proof. (i) The ring H*(S* x CPY;Z) is generated by the classes of dimensions
2 and k, which also generate cohomology 2nd and kth cohomology groups, so
the induced cohomology automorphism f* of H*(S¥ x CP%Z) is completely
determined by its behavior on the generators in dimensions 2 and k, and it must
be multiplication by 41 in each case. If x is the conjugation involution on CP?,
then id(S*) x x is multiplication by +1 on the k-dimensional generator and
multiplication by —1 on the 2-dimensional generator, while if ¢ is reflection
about a standard (k — 1)- sphere in S*¥ then ¢ x id(CP?) is multiplication
by —1 on the k-dimensional generator and multiplication by +1 on the 2-
dimensional generator. Finally, the composition of these maps is multiplication
by —1 on both generators. Thus every automorphism of H*(S* x CP?;Z) is in
fact induced by a diffeomorphism.

(ii) The composite self-map of S* induces the identity in cohomology and
hence is homotopic to the identity; similarly, the composite self-map of CP?
also induces the identity in cohomology, and a simple obstruction-theoretic
argument shows that this composite must also be homotopic to the identity:
indeed, the restrictions to CP' are homotopic by degree reasons, and the ob-
structions to extending this to a homotopy of the original maps lie in the groups
H?! (CP?, CP'; m9;(CPY) ), which are all trivial. O

The next step in analyzing the homotopy self-equivalences of S7 x CP? can be
done in a fairly general context. For the rest of this section X and Y denote
path-connected finite cell complexes with base points zg and yg respectively.
which define slice inclusions (X),(Y) : X, Y — X x Y'; projections onto the
factors are denoted p(X), p(Y).

Let £&'(X xY") be the set all classes [f] € £(X xY") of homotopy self-equivalences
such that p(X)ofoj(X) ~id(X) and p(Y)ofoj(Y) ~id(Y). If X x Y is the
product of a complex projective space and an odd-dimensional sphere, £'(X xY")
equals to the kernel of the action of £(X x Y) on cohomology (with one direc-
tion given by Proposition 6.1(ii) and the other one is clear as each cohomology
class in this product comes from one of the factors). In general, £(X x Y)
need not be a subgroup, yet regardless of whether or not £'(X x Y) is a sub-
group of £(X x Y), there are two important subsets of £'(X x Y') that are
subgroups, each arising from a map of one factor into the space of homotopy
self-equivalences of the other factor. One of these is the image of a homo-
morphism ax: [X,E1(Y)] — (X xY) defined as follows. Given a class in
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[X, E1(Y)], choose a base point preserving representative g : X — E(Y);
then ¢ is adjoint to a continuous map g4 : X x Y — Y whose restriction
to {xo} x Y is the identity; furthermore, if ¢’ is homotopic to g then g% is
homotopic to gx. (This uses the fact that the adjoint isomorphism of function
spaces is a homeomorphism § (4, (B,C)) = § (A x B,C) where § denotes the
continuous function space with the compact open topology and A, B,C are
compact Hausdorff spaces). Then ax([g]) is defined to be the homotopy class
of the (unique) homotopy self-equivalence G that satisfies p(Y)oG = g4 and
p(X)oG = p(X). Note that ax([g]) lies in &'(X x Y) because the assumption
that g is base point preserving implies that

P(Y)eGoj(Y) =gy oj(Y) =id(Y)  p(X)eGej(X) = p(X)oj(X) = id(X).

Basic properties of adjoints imply that ax is a well-defined homomorphism
into £(X x Y) whose image lies in &'(X x Y). Interchanging the roles of X
and Y yields a second homomorphism ay : [Y, E1(X)] — £(X xY') with image
in &(X xY).

Special cases of the following proposition are in the literature (e.g. in [Lev69,
2.5]).

Proposition 6.2. Every element in E&'(XXY') can be decomposed as the product
ay (v)ax(u) for some u € [X,E1(Y)] and v € [Y, E1(X)].

Proof. Suppose that f represents an element of £'(X x Y). By assumption
P(Y)e flizo}xy is homotopic to the identity, so after changing f within its
homotopy class we may assume p(Y)o f|(z )<y is the identity. Let U: X —
§(Y,Y) be the adjoint of p(Y)of. Since U(xg) = id(Y) and X is path-
connected, the image of U lie in E1(Y), which lets us think of U as a map
X — E1(Y). Hence U defines a homotopy self-equivalence g of X x Y given
by g(z,y) = (z,U(z)(y)); note that p(Y)of = p(Y)og. Let ¢’ be a homotopy
inverse of g. Then p(Y)ofog' = p(Y)ogog' is homotopic to p(Y'), and keeping
the homotopy equal to p(X)o fog’ on the X -coordinate defines a homotopy of
fog' to amap adjoint to some V: Y — F(X, X), and again path-connectedness
of Y and the assumption that p(Y)e f|xxy,} is homotopic to identity imply
the image of V is contained in F1(X). Since f is homotopic to fog'og, the
homotopy class of f equals to ay (v)ax (u) where u, v are the homotopy classes
of U, V, respectively. O

Remark 6.3. Since X xY and Y x X are canonically homeomorphic, Propo-
sition 6.2 easily implies that the classes in £'(X X Y') can be also decomposed
as ax(u)ay (v') for some u' and v’.
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7. A SPECTRAL SEQUENCE CONVERGING TO 77(E}(CPY))

By Proposition 6.2 if a homotopy self-equivalence of S7 x CPP? induces a trivial
map on cohomology, then its homotopy class can be factored as a product of
an element in 77(E;(CP?)) and an element in [CP?, S7], and in this section we
recall and prove some results on 77 (E;(CPY)).

The space E;(CP?) does not have nice stabilization properties so instead it is
convenient to work with the space Fgi(C4t1) of S!-equivariant self-maps of
S524+1 the unit sphere in C¢*! with the standard S'-action that has CP? as
the quotient. The space Fg1(C9t!) is given the compact-open topology; when
it is necessary to take a basepoint, the default choice will be the identity. There
is an obvious continuous homomorphism from Fgi(C?t1) to E;(CP?) given by
passage to quotients, and the results of James [James 1963] show that this map
induces 7 -isomorphisms for k > 2.

An important advantage of Fg1(C4T) over E;(CP?) is the existence of the sta-
bilization homomorphism sqy1: Fg1(CI™) — Fgi(C972) induced by the double
suspension. We denote the infinite stabilization by Fgi1. By [BS74] the homo-
topy group 7i(Fg1) is isomorphic to the stable homotopy group F,?(SCPSFO),
where SCPT is the suspension of the disjoint union of CP*® and a point, and
moreover by [BS74, Theorem 11.1] the obvious map Uyq1 — Fg1 (CIH1) is -
isomorphism on a direct summand, which has finite index in 7 (Fg1 (C?t1)). In
fact since SCPS° is homotopy equivalent to SC P>V S!, the group 7r7S(S(CIP’3_°)
contains 75(S') = Zy as a direct summand, which implies as we shall see
in the proof of Lemma 7.2(4) that 77(Fg1) = m7(U) ® 75(S') = Z @ Z,.
Also as we note below if ¢ > 3, then s,41 induces a m7-isomorphism so
77(Fg1(CITh) =2 17 (Fagn).

On the other hand the group 77(Fg1(C?)) is unstable, and a goal of this section
is to prove the following.

Proposition 7.1. The map s3«: m7(Fg1(C3)) — m7(Fg1(C*)) = m7(Fg1) has
kernel of order at most 2, and has image isomorphic to Zso. If the kernel is
nontrivial, then m7(Fg1(C3)) = Zo @ Zo.

While Proposition 7.1 does not compute 77(Fg1(C?)), its conclusion suffices for
the purposes of this paper.

General tools for studying homotopy groups of Fgi(C9t!) are spectral se-
quences developed in [Sch73] and [BS74]. To avoid additional digressions, we
only use the spectral sequences described in [Sch73, Sections 1 and 5] and
the relations among them. These spectral sequences arise from the long exact
homotopy sequences associated to standard filtrations of function spaces and
certain classical Lie groups. In the case of Fg1(C9t1), the filtration is given by
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the submonoids Filt??~1) = Filt(*?) of functions that restrict to inclusions on
the standard subspheres S2¢-2+1 ¢ §24+1 where 0 < p < ¢; by convention,
Filt(?a+1) is the entire space. For the group Uy, a similar filtration is given by
the standardly embedded unitary groups U,, where p runs through the same
set of values. There is an obvious inclusion of Uyt1 in Fgi(C4*) which is
compatible with these filtrations, and the results of [Sch73, Section 5] relate
the spectral sequences for the homotopy groups of these spaces. Other results
in [Sch73] describe spectral sequence mappings corresponding to the stabiliza-
tion maps Fg1(C?) C Fgi(C9t!). In all cases, the terms EJ, are the relative

homotopy groups 7rs+t(Fﬂt(s), Filt(s_l)), which turn out to be canonically iso-
morphic to certain homotopy groups of spheres.

Notations. The spectral sequences for the homotopy groups of the unitary
group Ugy1 which appear in [Sch73, Theorem 5.2] will be denoted by EY (Uygt1),
and the previously discussed spectral sequences for the homotopy groups of
the spaces Fg1(C9t1), which are called GCIt in [Sch73], will be denoted by
E;",t(GCqul) : to simplify notations we sometimes are using the notation GCt!
for the equivariant function space instead of Fg1(CIt1).

By [Sch73] the spectral sequence {E7,(GC7™)} converges to mpyq(GCIT!),
and EZ,(GCI*Y) = Hy 1(CPY, m19441(5?7T)), while {E},(Ugt1)} converges
to Tpiq(Ugs1), and Eg,t(UqH) = H,_1(CPY ms44(S%)). By [Sch73, Theorem
5.2] there is a canonical mapping between the spectral sequences which con-
verges to a map of homotopy groups induced by the inclusion Uy — GCat!,
and which on E?-level correspond to the coefficient homomorphism induced by
the (2¢g + 1 — s)-fold suspension. Similarly, the stabilization homomorphism
induces a map between spectral sequences for GCIT! and GCt2 which on
E?-level corresponds to the coefficient homomorphism induced by the double
suspension and by the inclusion CPY — CP4*!. Now a straightforward com-
putation implies that m7(Fg1(CIt1)) is stable for ¢ > 3, because then the
stabilization homomorphism E$2’7_S(G(Cq+1) — E§77_S(GC‘1+2) is an isomor-
phism.

To prove Proposition 7.1 we need some formulas for differentials in above spec-
tral sequences, where notation for elements in the homotopy groups of spheres
is the same as in Toda’s book [Tod62].

Lemma 7.2. In the preceding spectral sequences, one has the following differ-
entials:

(1) The differential dg’O(Ug) : m5(8%) = Z — m4(S3) = Zy sends the gener-
ator of the domain to the generator of the codomain (which is the Hopf map
ny: St — 83).

(2) The differential d%O(GC?’) : m5(S%) = Z — m6(S®) = Zo sends the gener-
ator of the domain to the generator of the codomain (which is the Hopf map
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ne : S% — S%).

(3) The differential dgg(GC?’) : (8% = Zy — 7s(S%) = Zay is injective,
in fact, it sends the generator of the domain to the unique element in of the
codomain of order 2.

(4) For each q > 2, the generator of Efs(GC'H') = Zy defines a cycle in
E%(G(Cq‘*'l), and the corresponding class in w7 (Fe1(CI)) is mapped to the
unique element of order 2 in w7 (Fg1) 27 & Zs.

Proof. The validity of (1) follows because this is the only choice of differen-
tial which is compatible with the fact that m4(Us) = 0, and (2) then follows
because the map from m4(S3) = E§71(U3) to mg(S°) = E§71(G(C3) is given by
double suspension [Sch73, Theorem 5.2, p.70], and this map is bijective [Tod62,
Proposition 5.1, p.39].

To establish (3) it is enough to show that dg’Q(G(C‘?) is nontrivial on 77(S%) =
E§72(G(C3), which is generated by the square 7% of the Hopf map [Tod62,
Proposition 5.3, p. 40]. To this end it helps to use composition operations
of the spectral sequence as described in [Sch73, Proposition 1.4, p. 54]. De-
noting the identity element of S® by 1, and thinking of 7% as 1on?, we write
d%jQ(G(C?’)(nQ) as d%VO(GCS)(lon% which stably equals to d%ﬁO(G(C?’)(l)on2 be-
cause the operation of precompositing with n? stably commutes with differen-
tials. Now (2) implies that dZ ,(GC?)(n*) = non® = n* which has order 2 in
m8(S%) = E3 3(GC?) [Tod62, formula (5.5), p. 42]; thus d3 ,(GC?) is nontrivial.

It remains to verify (4). First, suppose that ¢ > 3; then myjoq41(S%H) =
0, which implies E%A = 0. Using (3) and the stabilization maps for spec-
tral sequences from [Sch73, Theorem 3.2, p. 64] we see that the differentials
d%z(G(Cq*l) : Tog+3(S29H) = Zo — 944 (S%911) = Zyy are nontrivial, so that
EZ% =0. Thus EZ_ (GCTT) is trivial except possibly when s =1 or s = 7.

Let us show that E2Q(GC?™') = Z. The group Eit(UqH) is zero for even
s, and is equal to ms14(S®) for odd s. Since mgy4(S?) is finite for ¢ > 0, the
group EZG(Ugy1) is finite for ¢ > 0. But 77(Ugy1) = Z for ¢ > 3, and Z has
only trivial filtrations, so Eg5_ (Ug+1) = 0 for s < 7 and hence 77(Ugt1) =
E24(Ug+1) £ Z. As we mentioned above by [BS74] the image of 77(Uy+1) in
m7(Fg1(CT)) = m7(Fg1) is infinite cyclic, hence E5(GC?™!) must be infinite,
and since EZ,(GCT) = 7, we conclude EG(GCTH) = 7Z.

Recall that Efs(GCIt') = mgi0441(S?4T!) = Zy, hence if the generator of
E3 s(GCIT) were not a cycle in Ef%(GC?™), then EfG(GCYT) = 0, which
would mean that m7(Fg1 (CiH1)) = E24(GCIt!) = Z which contradicts the fact
that m7(Fgi(C7™)) contains 77 (S') = Zy. Thus Ef%(GCT™) = Z; which
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gives an order 2 element in 77(Fg1(C9T!)) = Z @ Zy, which is unique and
generates the torsion subgroup. This completes the argument for ¢ > 3.

To recover the case ¢ = 2, we note that E1276(G(C3) = m1(S%) & Zy and the
stabilization map from 71(S°%) — 7§ = E1276(G(C4) = E%(GC‘L) is bijective
(see [Tod62, Proposition 5.11, p. 46]); thus the nonzero element E%’6(G(C3)
survives in Ef’jG(G(C‘l), which implies that it must survive in Ei%(G(C‘g), as
claimed. g

Proof of Proposition 7.1. Lemma 7.2(3) implies that E;‘}_S(GC?’) = 0 except
possibly when s # 1,3, and from Lemma 7.2(4) we see that E{4(GC?) = Z,
which maps injectively into m7(Fg1). Therefore, the only uncertainty involves
the group E5%(GC?). Recall that E3,(GC?) = mg(S°) = Zy [Tod62, Propo-
sition 5.8, p. 43] and E§’4(G(C4) = 0. Hence the quotient of 77(Fg:(C?)) by
the subgroup E‘f%(G(C?’) =7 is gﬁl(GC?’), which is a group of order at most
2. Since E§7°4(GC4) = 0, the stabilization homomorphism maps 77(Fg1(C3))
onto a (unique) order two subgroup of m7(Fs1) = Z @ Zo that is the image
of EX%(GC?). If E§f4(G(C3) >~ Zs, then the group m7(Fs1(C?)) has order 4,
and it cannot be isomorphic to Z4 because it has an order 2 element that
does not lie in the kernel of the homomorphism into 7m7(Fg1); thus in this case
7T7(F51((C3)) 279 DZls. O

8. TANGENTIAL STRUCTURE SETS

The machinery of this section is useful in the study of normal invariants of ho-
motopy self-equivalences of S¥ x CP? that come from classes in 73 (F1(CP?))
7k (Fs1 ((C‘IH) ), where k > 2. Below we describe a well-known surgery exact
sequence for tangential homotopy equivalences, which in topological category
can be found in [MTWS80, Section 2].

For n > 5, a tangential simple homotopy structure on an n-manifold X, with
or without boundary, is a triple (N, f, f) such that (N, f) is a simple homotopy
structure on X and f : TN — Tx is a isomorphism of stable tangent bundles
that covers f. Two such structures (Nl,fl,fl), (NQ,fQ,fz) are said to be
equivalent if (Ny, f1), (N, f2) are equivalent as simple homotopy structures,
ie. fi and fooh are homotopic through maps of pairs (Ny,0N;) — (X,0X)
for some diffeomorphism h. (This definition is slightly different in topological
category where one has to insists that the differential of the homeomorphism h
preserves stable tangent bundles; this holds automatically in smooth category).

We denote the set of equivalence classes of tangential simple homotopy struc-
tures on X by S*!(X). One then has the tangential surgery exact sequence



18 IGOR BELEGRADEK, SLAWOMIR KWASIK, AND REINHARD SCHULTZ

which is mapped into the ordinary surgery exact sequence by forgetting the
bundle data, forming the commutative diagram below

[X, 0]

[E(X/0X), F] —— L 1 (m(X), m1(9X) ) — 8*(X) — — [X, F]

| |

[X(X/0X),F/O] — L; .1 (m1(X),m1(0X)) ——= S*(X) —— [X, F/O]

S

(X, BO]

where the map q' is called the refined normal invariant. The rightmost column
corresponds to the fibration sequence F' — F/O — BO. Up to a canonical
choice of sign, the map S*(X) — [X, BO] in this exact sequence takes the class
represented by (N, f) to the difference 7x — f~ 7y of stable vector bundles.
The map [X,0] — S*!(X) whose value is given by (X, 1y, ®), where ® is a
stable vector bundle automorphism of X x R¥ associated to a class in [X, O]
for k> n. This results in an exact sequence

[X,0] — S*(X) — S°(X) — [M,BO].

Similarly, one has the tangential relative structure sets S*(X rel 9X) of equiv-
alence classes of the tangential simple homotopy structures that restrict to dif-
feomorphisms on the boundary, and again in defining equivalent structures one
requires that the homotopy is through maps that are diffeomorphisms on the
boundary; S*!(X rel 0X) fits into the commutative diagram with exact rows:

t

L1 (m(X)) —= 84X rel 9X) —— [X, F] —— L; (m1(X))

| |

Ly (mi(X)) —— 8%(X rel 0X) —— [X, F/O] — L (m (X))

For a closed manifold Y and k> 1, we let X := D* x Y and denote
Si(Y):=S°(X rel 0X) and SZ’t(X) = S**(X rel 0X).

These structure sets have group structures given by the boundary connected
sum; moreover, the group structures are abelian if £ > 2. Furthermore, “spaci-
fication” techniques (see e.g. [Wei94, Section 3.1]) imply that for X = D¥ x YV’
all the maps in the above diagram are group homomorphisms; in fact, one can
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show that the above surgery sequence comes from the exact homotopy sequence
associated to some fibration.

There is a canonical map

I: S;(Y) — S%(S*F xv)
that is obtained by doubling along the boundary. More precisely, given a repre-
sentative h : (W,0W) — (D*xY,0DF xY) of a relative structure, where the
boundary map Oh is a diffeomorphism, we take V. = W Ug, D* x Y, where
the DF-factor is given the opposite orientation, and let V — S*¥ x Y be the
well-defined map which is given by h on W and the identity on D* x Y. This
construction preserves homotopies through maps that are diffeomorphisms on
the boundary, and hence it defines a well-defined map I'. Also the construction
preserves the identity, so I' preserves the base points (recall that while S7(Y")
is a group, S°(S* x Y') is merely a pointed set). Note that T' maps Si’t(Y) to
Sst(Sk x Y).
Finally, we relate this abstract machinery to the objectives of this paper. Every
element of 7;(F1(Y)) can be represented by a map (D*,0D*) — E;(Y) such
that a small neighborhood of D" is mapped to id(Y). For k > 1, this yields
a group homomorphism ¥: 7, (E1(Y)) — S;(Y) such that the obvious map
1 (E1(Y)) — S*(S¥xY) defined via adjoint can be factored as I'oW. Moreover,
if the image of 71, (E1(Y)) — S*(S* x Y) lies in S*!(S* x Y), then the image
of U lies in SZ’t(Y).

9. STABLY TRIVIAL SELF-EQUIVALENCES FROM 77(E7(CP?)) ARE TRIVIAL

Suppose k > 2, fix o € mp(Fs1 ((C(IH) ) , and let ]7 be an equivariant self-map
of S* x §2¢+1 representing . Denote by f the corresponding homotopy self-
equivalence of the orbit space S*x CP4, Then fx 511d(C) is a vector bundle self-
isomorphism of the canonical line bundle on S* x CP? which covers f, and since
the stable tangent bundle of CP? is stably a direct sum of (¢+ 1) copies of the
canonical line bundle it follows that f defines an explicit tangential homotopy
structure on S* x CPY which refines the ordinary homotopy structure (S* x
CP?, f). As in the last paragraph of Section 8, this defines a homomorphism
T (Fg1(CatY)) — S7Y(CPY). In these notations we have:

Proposition 9.1. Suppose that k > 2 and k+ 2qg = 3 mod 4. If a has finite
order in T, (FS1 (Cath) ) and if the refined normal invariant of f is trivial, then

the homotopy self-equivalence f of S* x CP? is homotopic to a diffeomorphism.

Proof. The image of « in Si’t((CPq) has finite order because the map is a homo-
morphism. On the other hand, consider the following portion of the tangential
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surgery sequence where X = D¥ x CP9:
[S(X/0X),F] — Litog({1}) 22 — Sp'(CPY) — [X/0X, F]

The groups [X(X/0X), F], [X, F| are finite, so the map from Z to SZ’t((CPq)
must be a monomorphism. By exactness « is trivial in SZ’t((CPq), and hence
in S;(CPY). Since I': S;(CP?) — S*(S* x CPY) preserves the base points, the
image of a in S*(S* x CPY) is also trivial. O

Corollary 9.2. Suppose that k> 2 and k=3 mod 4. Let o € 7y, (FS1((C3))
be a nontrivial element that stabilizes to zero in mp(Fs1). Then the image of «
in S*(S* x CP?) is trivial.

Proof. If X = D¥ x CPPY, then X/0X is homotopy equivalent to S*(CP?)Vv S*,
hence the refined normal invariant takes values in [S¥(CP?) v S*, F]. We have
the following commutative diagram, in which the vertical arrow on the left is
induced by the stabilization map from Fg1(C?) to Fg1(C4*!) for ¢ > 3 and
the vertical arrow on the right is induced by the inclusion map from CP? to

CPe.
(9.3) 7e( Fg1(C3)) —— [S¥(CPY) v S*, F]

| |

Te( Fg1(CITY) ) —— [SK(CP?) v S*, F]

where horizontal arrows are refined normal invariant precomposed with the
homomorphism 7y, ( Fg1(C9t1)) — S;*(CP?). Since the image of a under
stabilization is trivial, the top horizontal arrow maps « to zero, so that «
satisfies the assumptions of the preceding proposition. O

10. NORMAL INVARIANT OF THE STABLE ELEMENT OF ORDER 2

As mentioned in Section 7, the group 7m7(Fg1) has a unique order two element,
and in this section we show that the corresponding homotopy self-equivalence
f of ST x CP?, ¢ > 3 has nontrivial normal invariant. A proof of this was
briefly sketched in [Sch87]; here we provide details.

It is shown in Section 9 that f is tangential. Let v denote the normal bundle of
X := S"xCP? in some higher dimensional S™+24+7_ Let f denote the self-map

of v of X that covers f, and let T'( f) be the induced self-map of its Thom
space T(7). Let ¢: SV — T(v) be the map that collapses the complement of a
tubular neighborhood of X to a point. By definition in [Bro72] (cf. [MTW80])
the refined normal invariant q'(f) € [X, F] is the Spanier-Whitehead dual of

N

T(f)oq, where the set [X, F] of free homotopy classes is identified with the set
of based homotopy classes [Xy, F] = {X,,S°}.
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The proof of Proposition 7.1 shows that f comes from the E%G -term which is in
the bottom ﬁltration which means that it comes from E1176 = m7(Filt™, Filt(®),
where Filt(®) = {id} and Filt!") consists of functions in Fgi(C9+!) that restrict
to inclusions on the standard subsphere $2¢~1 C §2¢*1. Changing f within its
homotopy class, we can assume that f is identity on S7 x CP?~! ¢ S7 x CP9,
and as is explained at the end of Section 8, we may also assume that f is
identity on a regular neighborhood of S7V CP?. In summary, we may suppose
that f is identity on the complement of a top-dimensional cell.

Since p(S7)of = p(S7), the homotopy self-equivalence f is determined by
p(CP9). f. By the previous paragraph f factors as

x T xy xRy g BT

where p(S7)eo is null-homotopic and p(CP?)eo: S%+7 — CP? represents an
element of mo,7(CPY) 22 o, 7(S29HY) = 78 = 7Z,. The unique nontrivial
element of 75 is v2, and p(CP9).o is nontrivial, as f corresponds to an order
2 element of 77(Fg1). Hence p(CP?%)oo has to factor as v?: §2a+7 — §2a+1
postcomposed by the bundle projection S$24+! — CPY.

The pullback of v via (id, o) is the vector bundle 4" whose restrictions to the
summands of X V.S%*7 are v and the trivial €™ bundle over S2¢+7. Its Thom
space T'(7') is glued from T'() and T'(e™) = Em(S’Qq”) A~ SMH24+Ty §™ along
the common copy of S™, so T(v') ~ T(y)V §™t2+7  The map T(f) factors

as

i i in id,¢
T(y) —2£ T(y) v T() S () v gmt2art B0y

where ¢ is the composition

Em(52q+7) = S °) Em(52q+1) inclusion Em(squrl) > T(v)
where Em(Squ) is the Thom space of §24+1 x R™, and the rightmost map is
the Thomification of the pullback of v via the map S?¢*1 — S7 x CPY that is
constant on the first factor and the standard projection on the second factor.

The normal invariant of id(X) is trivial, so q*(f) equals to the S-dual of &.
The restriction of q'(f) € {X4, 5%} to CP?, is the S-dual of & that is thought
of as a map S%9*7 — T(§), where ¥ is the restriction of v to the CP?-factor.
Now 12 is self-dual, while the S-dual of X™(§24H1) — 2™ (S2F) — T(5) is
the Umkehr map S(CP?, ) — S27! — 50 (see [BS74]).

Next we show that the restriction of the Umkehr map to L(CP') is a generator
of {B(CP,), S0} =2 73(F) = 7§ = Zyy. Indeed, X(CP') represents a generator
of the Z-factor in

78 (Z(CPP)) = 7§ (X(CP™®) v 1)) = 75 (Z(CP>)) @ 75 (S) 2 Z @ Zs.
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By commutativity of the diagram (6.10) in [BS74] the map 75 (X(CPY)) —
75 induced by Umkehr coincides with the forgetful map 73(Fg1) — m3(F).
By [BS74, Theorem 11.1] the image of m3(U) — m3(Fg1) induced by inclusion
is infinite cyclic. Thus the class of (CP') equals to a generator of m3(U) = Z
up to an element of order < 2, hence their images in 73(F") differ by an order 2
element, so it suffices to show that one of them is a generator. That a generator
of m3(U) is mapped to a generator of w3(F) is true because m3(U) — m3(O)
is onto as w3(O/U) = 0 by Bott periodicity, and the real J-homomorphism
7m3(0) — m3(F) is onto.

The group m3(F) = 7§ = Zy, is also generated by v. Since v/ is nonzero in
75 = (Z3)® where all nontrivial elements has order 2, so the composition of 1/
with any generator of 7§ equals to 3. Thus q‘(f) restricted to YCP! is v3.

Finally, q°(f) is mapped to q(f) under [X, F] — [X, F/O], and it remains to
show that v is not in the kernel of mg(F) — mo(F/O) which equals to the
image of the J-homomorphism m9(O) — mg(F'). This image has order two,
and as we see below its nonzero element is 13 + noe # 13, which completes the
proof. (To compute the image of the J-homomorphism note that by [Ada66,
Theorem 1.2] n? induces a nonzero homomorphism Z = m7(0) — m9(O) = Zs.
Thus if v denotes a generator of m7(0), then vn? generates mg(O). The J-
homomorphism 77(0) — 77 (F) = Zagp is onto, so m7(F') is generated by J(7),
and then it follows that the image of J: m9(O) — my(F) = Zo @ Zo & Zg is
generated by J(yn?) = J(v)n?. Tables in [Tod62, pp. 189-190] imply that the
image of n?: m7(F) — mg(F) is generated by n?c = v3 + nee).

3

11. DICHOTOMY PRINCIPLES AND SKELETAL FILTRATIONS

We start by proving an important particular case of Theorem 5.1; of course,
only one direction is nontrivial.

Proposition 11.1. For ¢ > 2 let f be a homotopy self-equivalence of S7 x CP?
that comes from an element of w7 (FSI ((CQH)). Then f is homotopic to a
diffeomorphism if and only if f has trivial normal invariant.

Proof. Suppose first that ¢ > 3 so that m7(Fg (CI)) 2 m7(Uyy1) @ Zo. We
write f = fiofo where f; comes from the 77(Ug1)-factor and either fy comes
from the Zsy-factor. Then f; is homotopic to a diffeomorphism, because Ug41q
acts on CP?™ by diffeomorphisms. By Section 10 either f, is homotopic to
identity, or fo has nontrivial normal invariant, and the claim follows.

Suppose now that ¢ = 2. By Proposition 7.1 the map f is homotopic to
the composition fiofo of homotopy self-equivalence fi, fo, where each fac-
tor has order at most 2, the map f; comes from an element in the ker-
nel of m7(Fg1(C3?)) — m(Fg1), and fo is either homotopic to identity, or
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else comes from an element that is mapped to the unique order 2 element
of m(Fq1). Corollary 9.2 implies that f; is homotopic to a diffeomorphism.
Suppose that fo is not homotopic to identity. Then as in the proof of Corol-
lary 9.2 q(f2) € [S7 x CP?, F/O] is the image of the refined normal invariant
q'(f2) € [X7(CPY) v S7, F], which by assumption is the restriction of a stable
refined normal invariant q° € {X7(CP>)V S7, F] as follows from commutativity
of the diagram in the proof of Corollary 9.2. By Section 10 the restriction of g
to ¥7(CP') v S7 is nontrivial, and hence the same holds for q*(f2). O

Lemma 11.2 below leads to a quick proof of Theorem 5.1, and hence Theo-
rem 1.1 in the case S7 x CP?. Indeed, by Propositions 6.1, 6.2, 11.1, and
Lemma 11.2, any homotopy self-equivalence of S7 x CP? either is homotopic to
a diffeomorphism, or is the composition of a diffeomorphism with a homotopy
self-equivalence that has nontrivial normal invariant, so the result follows from
the composition formula for normal invariants. Later in this section we prove
Theorem 5.1 in full generality without using Lemma 11.2. Recall that SGjy1
is a standard notation for Ej(S¥).

Lemma 11.2. The group [CP?, SGy] is trivial.

Proof. Recall that the evaluation map defines a fibration SGy; — S*, with
fiber SFy, the submonoid of SG1 consisting of base-preserving maps (see [MMT79,
Chapter 3A]).

We know that [CP?, S7] is trivial because the dimension of CP? is less than
the connectivity of S7, so any map from CP? to SGg can be homotoped into
a fiber of the fibration SFy — SGg — S7. Since SF; has the homotopy type
of the component of the constant map in the iterated loop space Q7S7, we get
the isomorphism
[CP?, SF;] = [STCP?, 57

so it suffices to show that the latter vanishes. Now S7CP? is the mapping
cone of Sy, where 179 : 83 — 52 is the Hopf map, and therefore we have the
following cofiber exact sequence:

S? *
7['11(57) _— [S7C]P>2, 57] _— 7T9<S7> (il 7['10(57)

Results on the homotopy groups of spheres [Toda, Chapter XIV] imply that
711(S7) = 0, and (STn2)* is injective because m9(S7) = 73 is generated by 7?2,
and (S7n)* stably amounts to composing with 7, and 7? = 4v is nontrivial in

75 = m10(S7). Thus [CP?, SF;] must be trivial, as desired. O

The case of S7 x CP? with ¢ > 2 needs more work. We start by proving a
Dichotomy Property for normal invariants of homotopy self-equivalences coming
from maps CP? — F;(S*) = SGj. 1.
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Proposition 11.3. (Dichotomy Property) Let X be a closed connected
smooth n-manifold, let k > 2 with n+k > 5, let u: X — SGpy1 be continuous,
and let f: S*x X — S* x X denote the homotopy self-equivalence arising from
w. Then either f is homotopic to a diffeomorphism, or else f is not normally
cobordant to the identity. In the first case, the diffeomorphism extends to a
diffeomorphism of D1 x X .

Proof. A key point is that every homotopy self-equivalence of S* extends to
DF*1 by the cone construction, which implies that f extends to a homotopy
self-equivalence f of D¥1 x X and hence yields a homotopy structure on
DF1 x X. By Wall's @ — m Theorem [Wal99, Chapter 3], the map fis
homotopic to a diffeomorphism if and only if its normal invariant is trivial. The
restriction map from [DF! x X, F/O] = [X,F/O] to [S¥ x X, F/O] is split
injective, more precisely if G: D*1x X — F/O restricts to g: S*xX — F/O,
then glxx corresponds to G under [DF*! x X, F/O] = [X,F/O]. By the

geometric definition of normal invariant, q(f) maps to q(f) by restriction to

the boundary, and therefore, by the previous sentence, q(f) maps to q(f) by
restriction to {*} x X. It follows that q(f) is trivial if and only if q(f) is
trivial, and if is trivial, Wall’s @ — 7 Theorem implies that f, and hence f are

homotopic to a diffeomorphism. O

One step in the preceding argument is important enough to be stated explicitly:
the normal invariant of f lies in the image of [X, F/O] in [S* x X, F/O]; we
shall need a strengthened form of this result.

Corollary 11.4. Under the assumptions of Proposition 11.3, if A is a sub-
complex in some triangulation of X and if the restriction ula is trivial in
[A, SG 1], then the restrictions of q(f) to A and S* x A are also trivial.

Proof. If B is a closed regular neighborhood of A, then by the Homotopy
Extension Property we may replace u with some v in the same homotopy
class such that the restriction of v to B is constant (with value 1x). Let g
be the homotopy self-equivalence of S* x X that corresponds to g. Then g
maps S* x B to itself by the identity, and it also maps X — Int(B) to itself.
Standard restriction properties of normal invariants imply that the restriction
of the normal invariant of g to S* x B is trivial, and this implies the same
conclusion for the restriction to S* x A. g

Now that we have Dichotomy Property for homotopy self-equivalences coming
from elements in 77(E;(CP?)) and [CP?, E1(S7)] we only need to see whether
their normal invariants can cancel, so that the normal invariant of the composi-
tion of these homotopy self-equivalences cannot be trivial unless both summands
vanish. This matter is naturally treated in the framework of skeletal filtrations.
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Let T be a contravariant functor defined from the homotopy category of pointed
finite cell complexes to the category of abelian groups. If X is a pointed finite
cell complex, then we say that a a class u € T'(X) has skeletal filtration > k, if
the restriction of u to the k-skeleton X, is trivial, and we say that the skeletal
filtration of u equals k if w has filtration > k£ but does not have filtration
>k + 1. The Cellular Approximation Theorem for continuous maps of CW -
complexes implies that the skeletal filtration of a class in 7'(X') does not depend
upon the choice of cell decomposition; in fact, it follows that the sets T%)(X)
of elements with skeletal filtration > k are subgroups and define a filtration of
T by subfunctors.

Proposition 11.5. Suppose that f is a homotopy self-equivalence of S7 x
CPY with q > 2, which comes from an element of [CP?, SGg]. If the normal
invariant of f is nontrivial, then its filtration is an even number, which is > 4.

Proof. In view of the proof of Proposition 11.3, we might as well consider the
normal invariant for the homotopy self-equivalence of D8 x CP? extended via
the cone construction, which lies in [D® x CP?, F/0O)] = [CP?, F/O]. Since CP?
has cells only in even dimensions, it follows that the filtration of a nontrivial
element cannot must be even. Since [(CIP’Q, S@s] is trivial, Corollary 11.4 implies
that the skeletal filtration of the normal invariant is at least 4. O

Remark 11.6. On the other hand, if f is a homotopy self-equivalence of
S7 x CP? with ¢ > 2 that comes from an element of 77(E;(CPY)), and if q(f)
is nontrivial, then the skeletal filtration of q(f) is odd. Indeed, as in the proof
of Proposition 6.2 we may assume that f is identity on S7 Vv CP?; hence q(f)
can be thought of as an element of [ST A CP?, F//O]. Thus if q(f) is nontrivial,
then the filtration of q(f) is odd because S” A CP? has a cell decomposition
(inherited from the product of the standard cell decomposition of CP? and
Sk = D¥U D) whose positive dimensional cells only appear in odd dimensions
from 9 to 2¢+ 7. In fact, the 9th skeleton of S7 A CP? is S7 A CP! = 9, and
it was shown in Section 10 that the restriction of q(f) to S” A CP! defines a
nontrivial element of 7g(F'/O), so the filtration of q(f) is 9.

Proof of Theorem 5.1. By Propositions 6.1, 6.2, any homotopy self-equivalence
f of 87 x CP? either f is homotopic to a diffeomorphism, or f = fiofaed
where ¢ is a diffeomorphism and f;, fo are homotopy self-equivalences coming
from elements in m7(E1(CP?)), [CP?, E1(S7)], respectively. The composition
formula for normal invariants says that

a(f) = a(fie f2) = q(f1) + (f1)*'a(fa).

By above either f; is homotopic to a diffeomorphism, or else the filtration of
q(f1) is odd. Similarly, either fo is homotopic to a diffeomorphism, or else
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its filtration is even; general considerations then imply the same conclusion for
(f5)"tq(f2). Therefore, if q(f) is trivial, then both q(f1) and q(f2) are trivial,
and hence f1, fo are homotopic to diffeomorphisms, so f is homotopic to a
diffeomorphism. O

12. HOMOTOPY INERTIA GROUP OF S7 x CP?

Here we obtain an optimal version of Taylor’s Theorem 3.2 for M = S7 x CP?.

Theorem 12.1. The subgroup I,(S7 x CP?) N bPyy has index 4 in bPiy. The
manifolds X(d) x CP? fall into 3 diffeomorphism types, and 4 oriented diffeo-
morphism types.

It follows from Corollary 5.2 and Remark 5.3 that the first sentence in Theo-
rem 12.1 implies the second one, which proves Theorem 1.2.

That I;(S” x CP?)NbPy, contains an index 4 subgroup is a general phenomenon
arising from the product formula for the surgery obstruction, and numerical
properties of orders of groups bPj. which we denote |bPy.|. The following
lemma generalizes an argument in [Bro68, (6.5)] given for m = 1.

Lemma 12.2. If m is not divisible by 3, then L4 17(4) € I;,(S7 x CP?™),
and the manifolds ™ F7(d) x CP?*™ fall into at most 3 diffeomorphism types,
and at most 4 oriented diffeomorphism types.

Proof. Setting d = |bPy+1| in Fact 3.1, we see that h is homotopic to a diffeo-
morphism so ker(A) < Z contains the subgroup of index [bPy1|, and similarly
ker(A) contains the subgroup of index [bPyy+k+1]-

By [KM63], for r > 2 the order of bPy, is a,22""2(2*~! — 1)n, where a, is 2
if r is odd and 1 if r is even, and and n, is the numerator of B, /4r where B,
is the corresponding Bernoulli number. Basic results in number theory imply
that either n, =1, or n, equals to a product of irregular primes.

It is straightforward to check that 7 divides |bPy,| if and only if 3 divides r—2.
(The point is that 7 does not divide n, because the smallest irregular prime is
37, and hence we need to see when 7 divides (22"~ —1)-2; setting r = 3s+u
with u € {0,1,2}, s € Z, we get 22" — 2 = 82%.22% — 2 which equals to 22 — 2
mod 7, so u must be 2.)

Now specialize to the case k = 7 for which |bPg| = 28 = 4.7, and bPyy,+8 = bPy,
for r = m+2, and suppose that 3 does not divide m, so that 7 does not divide
|bPym+s|. Since ker(A) < Z contains 28Z and |bPym+s|Z, it then must contain
47, as claimed. O
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That I;,(S7 x CP?) N bPy, lies in an index 4 subgroup is immediate (by the
proof of Taylor’s theorem in [Sch87] once the following strengthening of [Sch&7,
Sublemma 2.3] is obtained.

Lemma 12.3. If £ is a stably fiber homotopically trivial vector bundle over the
suspension of ST x CP?, then for each positive integer m the m'™ Pontryagin
class pm(&) is divisible by 2jam , where jum is the order of the image of the
J -homomorphism in dimension 4m — 1.

Proof. For any spaces X, Y there is a natural homotopy equivalence of ¥(X xY)
and XX VIY VE(XAY) (see e.g. [Bro72, proof of I11.4.6]). Hence it suffices to
establish the result for bundles over S8, SCP?, S8CP?. Since SCP? is obtained
by attaching a 5-cell to SCP! = $3 and 73(BO) = 75(BO) = 0, we know that
[SCP?, BO] is trivial.

A key ingredient in what follows is a result of Bott (see [BM58]) that the

Pontryagin class p,, of any vector bundle over S*™ is divisible by ay,-(2m—1)!,
where a,, = 2 if m is odd and a,, = 1 if m is even.

Suppose that ¢ is a stably fiber homotopically trivial vector bundle over S&.
Since 77(F/O) = 0, the exact homotopy sequence of the fibration implies that
Z = w3(BO) — ws(BF) = Za4o, is onto, so & is stably isomorphic to 2407
where 71 represents a generator in mg(BO). By Bott’s result pg(n) is divisible
by 6. It follows that ps(£) = 240ps(n), hence pg(§) is divisible by 240 - 6, but
Jjg = 240, so ps(§) is divisible by 67js, as desired.

Next, suppose that £ is a stably fiber homotopically trivial vector bundle over
S8CP?. In the commutative diagram vertical arrows are J-homomorphisms,
and rows are cofiber exact sequence associated with the mapping cone sequence
5% = CP! — CP? — CP?/CP! = S*.

m11(BO) —= m15(BO) == [S8CP2, BO] — m10(BO) — m11(BO)

e T

m11(BF) — m12(BF) — [S®CP?, BF| — m10(BF) — m11(BF)

One knows that [CP?, BO] = Z [San64, Theorem 3.9], and by Bott Periodicity
712(BO) = Z, m11(BO) = 0, m10(BO) = Zy, and [S®*CP? BO] = [CP?, BO].
Thus the map

[S8(CP?/CPY), BO] = m15(BO) — [SSCP?, BO]
is multiplication by =+ 2.

Since J: mo(BO) — mio(BG) is one-to-one, and £ is a stably fiber homo-
topically trivial, ¢ is a pullback of some vector bundle ¢ over S'?. Since
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J: Z = m2(BO) — m2(BG) = Zsp4 is onto, and w11 (BF) = Zg, a diagram
chase shows that (the class of) ¢ in m12(BO) = Z lies in 84Z where 84-6 = 504,
so ¢ = 84¢’ in m2(BO). By Bott’s result, p3(¢’) is divisible by 2- 5!, so p3({)
is divisible by 84-2-5!. Recalling that pullback acts as multiplication by 2, we
see that ps(&) is divisible by 2 -84 -2 - 5! = 80 - 504 = 80512, which completes
the proof. O

13. MANIFOLDS TANGENTIALLY HOMOTOPIC TO S7 x CP?

Theorem 13.1. If d is an odd integer, and a closed manifold M is tangentially
homotopy equivalent to ST x CP?, then M is diffeomorphic to ST x CP?, or
»7(d) x CP?, or ¥7(2d) x CP?.

Proof. By Theorem 12.1 it suffices to show that M is diffeomorphic to X7(d) x
CP? for some d. The key point is to understand the normal invariant q(h)
of an arbitrary tangential homotopy equivalence h : M — S7 x CP?. Since h
is tangential, q(h) is the image of the refined normal invariant q'(h) € [S7 x
CP?% F).

The exact cofiber sequence for the quotient map S7 x CP? — S7ACP? = S7CP?
[STCP?, F] — [S” x CP%, F] — 77(F) @ [CP?, F).

maps into the similar exact cofiber sequence for [S7 x CP?, F/O]. Both se-
quences split via precomposing with projections onto S and CP?-factors, and
this forms a commutative diagram in which each of the three components of
[ST x CPP?, F] is mapped into the corresponding component of [S7 x CP?, F/O].

Since CP? is the mapping cone of the Hopf map ny: S% — 52, we know that
[CP?, F] fits into the following exact cofiber sequence exact sequence for the
map CP? — CP?/CP! = §4.

*

5 — [CPLF] — o5 5 xS,

and hence [CP?, F] = 0 because 7§ = 0, and composition with 7 induces a

monomorphism from 75 to 71':? as it sends n? to n® = 4v, which has order

2 (see [Tod62, Chapter XIV]). As m7(F/O) = 0, it follows that q(h) lies in
[STCP?, F/O], more precisely, q(h) is the image of the [S7CP?, F]-component
of q(h), which we denote q(h)|grcp2-

The rows of the commutative diagram below are exact cofiber sequences for
the map STCP? — S7(CP?/CP') = S and columns are portions of the exact
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homotopy sequence of the fibration p: F — F/O.

0 =m1(F/O) — [SCP?, F/O] — m9(F/O) —— m19(F/O)

| | JNR

711 (F) [STCP?, F]

Since m1(F/O) = 0, we identify [STCP?, F/O] with the kernel of the map
79(F/O) — mio(F/O) so q(h) gets identified with q(h)|grepr € m9(F/O). Note
that p* maps q'(h)|grcpr to q(h)|grcpr » and by exactness q*(h)|grepr € ker(n*).
Thus the normal invariant of any tangential homotopy equivalence h lies in
p*(ker(n")).

By [Tod62, Chapter XIV], mg(F') = Zs & Za & Zy with factors generated by
V3, u, noe, where n* acts by precomposing with 1, which stably and up to
sign amounts to postcomposing with 7 [Tod62, Proposition 3.1]. Using [Tod62,
Theorem 14.1] we see that n* maps v® and nee to zero, while n*(u) = nop
is nonzero. The J-homomorphism Zy = m9(O) — m9(F') is one-to-one, and
its image lies in ker(n*) because n*oJ factors through m19(O) = 0. Thus the
subgroup p*(ker(n*)) has order 2.

As we mentioned in Remark 11.6 there exists a tangential homotopy self-
equivalence f of S7 x CP? with such that q(f)] g7cp! 1s nonzero. Since both
q(h), q(f) lie in an order two subgroup, q(h) is either trivial or else equal to
q(f). In the former case id(S” x CP?) and h are in the same bPjo-orbit, and
the same is true in the latter case for the classes of f and h. Thus in either
case M is diffeomorphic to ¥(d) # (ST x CP?) for some d, as promised. O

Remark 13.2. By contrast, any closed manifold M that is tangentially ho-
motopy equivalent to S x CP? must be diffeomorphic to S x CP?. Indeed,
by [MS99, Corollary 4.2] the connected sum of S* x CP? with a homotopy
sphere is diffeomorphic to S% x CP?, so it suffices to show that the tangential
homotopy equivalence f: M — S% x CP? has trivial normal invariant. Now
[S3CP%, F/O] = 0 because it fits into the exact sequence between the zero
groups m7(F/0O) and m5(F/O), and moreover, m3(F/O) = 0, so the restriction
[S3xCP?, F/O] — [CP?, F/O] is injective. The claim now follows as q(f) comes
from [S® x CP?, F], and the composition [S? x CP? F] — [S? x CP? F/O] —
[CP?, F/O] factors through [CP? F] = 0.
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14. NON-DIFFEOMORPHIC CODIMENSION 2 SIMPLY-CONNECTED SOULS

In [BKS, Theorem 1.8] the authors showed that if S, S’ are closed simply-
connected manifolds of dimension > 5 such that complex line bundles over
S, S’ have diffeomorphic total spaces, then S’ is diffeomorphic to the con-
nected sum of S with a homotopy sphere. We prove a partial converse to this
statement:

Theorem 14.1. Let w be nontrivial complex line bundle over a closed simply-
connected n-manifold S with n >5, and let S" be the connected sum of S with
a homotopy sphere. Let w' be the pullback of w via the standard homeomor-
phism S" — S. Then the disk bundles D(W'), D(w) are diffeomorphic, except
possibly when n =1 mod4 and 7 (0D (w)) has even order.

Note that m1(0D(w)) is a finite cyclic group (see Lemma 14.3 below).

Proof of Theorem 14.1. We may assume n is odd, as in even dimensions there is
no exotic spheres. By surgery theory the standard homeomorphism f: S’ — S
has trivial normal invariant in [S, F/O]. If f: D(f#w) — D(w) is the induced
map of 2-disk bundles, and if p: D(w) — S denotes the disk bundle projection,
then the normal invariants of f and f are related as q( f ) =p*q(f) as proved

e.g. in [BKS, Lemma 5.9]; thus q(f) is trivial. Denote N := D(w). Thus the
element of the structure set represented by f lies in the image of

A: Ly 5 (m(N),m1(ON)) ——= S*(N).

)
Lemma 14.3 below implies 71 (ON) = 71 (S(w)) = Zq for some d > 1, in which
case the above relative Wall group L 5 (71 (N), 71 (ON) ) is commonly denoted
by sz+3(Zd — 1).
If Zg = 1, then Wall’s m — 7w theorem implies that L 3(Zq — 1) is trivial,
SO f is homotopic to a diffeomorphism as desired. In general, there is a short
exact sequence

L%+3(Zd) - sz+3(1) — LfL+3(Zd - 1) — Li+2(Zd) — sz+2(1)

in which the leftmost and rightmost arrows split, via the inclusion 1 — Zg, thus
L3  3(Zq — 1) is the kernel of the surjection L o(Zq) — Lj 5(1). Results of
Wall imply that L; 5(Zq) = 0 if n = 3 mod4, and results of Bak and Wall

A~

give L?,4(Zq) = 0 if d are odd (see [HT00, p.227]). Thus f is homotopic to
a diffeomorphism except possibly when n = 1 mod4 and d is even, in which
case Ly 3(Zq — 1) =Zy as L} 4(Zq) = Zy and L; ,(1) = 0. O

Proof of Theorem 1.4. Fix homeomorphic, non-diffeomorphic manifolds S, S’
that are products X7(d) x CP?™ with m > 1, or Eschenburg spaces, or Witten
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manifolds. Their existence is ensured by Theorem 1.1 and results of Kreck-Stolz
mentioned in the introduction.

Then S’ is the connected sum of S with a homotopy sphere. For products
»7(d) x CP?™ this easily follows as in the proof of Corollary 5.2, and for Eschen-
burg spaces, or Witten manifolds this is implied by smoothing theory and the
fact that their 3rd cohomology with Zs-coefficients vanish (the point is that if
the manifold M obtained by removing an open ball from a closed 7-manifold M
with H3(M;Zy) = 0, then M has a unique PL-structure as H3(M;Zy) =0,
and hence a unique smooth structure as PL/O is 6-connected).

Recall that £7(d) x CP?™ with m > 1, Eschenburg spaces, and Witten mani-
folds appear as quotients of X7 (d)x S +1 SU(3), and S°x S3, respectively, by
free isometric circle actions. Hence they satisfy the assumptions of Lemma 14.2
below. Recall that any element of H?(S) = Z is the first Chern class of a
unique complex line bundle over S. Given a nontrivial line bundle over S,
note that by Theorem 14.1 this line bundle and its pullback via the standard
homeomorphism S’ — S have diffeomorphic total spaces. By Lemma 14.2 the
line bundles have metrics of sec > 0 with souls equal to zero sections. g

Proof of Theorems 1.6 and 1.7. Here we deal with the situation where there
is a closed n-manifold S with n > 5 and n = 3mod4 such that for any
homotopy sphere ¥"(d) € bP,;1 the connected sum S#X"(d) is the base of a
principle circle bundle satisfying assumptions of Lemma 14.2. Fix a nontrivial
complex line bundle over S and pull it back to each S#X"(d) via the obvious
homeomorphism S#X™(d) — S. As in the above proof of Theorem 1.4 we see
that these line bundles have diffeomorphic total spaces that admit complete
metrics of sec > 0 such that the zero sections are souls. Denote the common
total space of all these bundles by N.

Suppose that S’ is a soul of an arbitrary metric of sec > 0 on N. There is
a canonical homotopy equivalence f;: S#X"(d) — S’ given by the inclusion
S#YX"(d) — N followed by the normal bundle projection N — S’. It was shown
in [BKS, Corollary 5.2, Proposition 5.4] that f; has trivial normal invariant in
[S’, F/O], so for some djy there is a diffeomorphism ¢: Sy := S#X(dy) — 5’.

By [BKS, Corollary 5.2] the Euler classes of the normal bundles of Sy, S" are
preserved by fy,, and since H?(Sy) & H?(S') = Z, their Euler classes are also
preserved by ¢ up to sign. So after changing orientation if needed, we may
conclude that ¢ preserves the Euler classes of the normal bundles of Sy, S in
N, and hence the normal bundles themselves, so the pairs (N, Sp) and (N, S’)
are diffeomorphic. O

Lemma 14.2. Let P — B be a principal circle bundle whose total space P is
2-connected and carries an S -invariant metric of sec > 0. Then H?(B) = Z
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and the total space of any complez line bundle over B carries a complete metric
of sec > 0 such that the zero section is a soul.

Proof. By the homotopy sequence of the fibration P — B we see that B is
simply-connected and ma(B) = Z. So by Hurewicz and universal coefficients
theorems we get H?(B) = Z. Note that any complex line bundle w over B can
be written as P x ,C for some representation p: S — U(1) (because vanishing
of H?(P) implies triviality of the pullback of w via the projection P — B, and
p comes from the S!-action on the C-factor of P x C). The product metric on
P x C has sec > 0 and it descends to a complete metric on P x, C of sec > 0
with soul P x, {0} which can be identified with B. O

Lemma 14.3. Let B be a simply-connected closed manifold and let P — B
be the projection of a nontrivial circle bundle. Then w1 (P) = Zg, where the

Euler class of the circle bundle is d* multiple of a primitive element in the free
abelian group H?(B).

Proof. Since Hp(B) is trivial, a universal coefficients theorem gives H?(B) =
Hom(Hz(B),Z), so H?(B) is free abelian. A portion of Gysin sequence reads

0=HYB)— HY(P) - H(B) — H*(B) — H*(P) - H'(B)=0

where the middle map is multiplication by the Euler class. Since the FEuler class
is nontrivial and H?(B) has no torsion, we see that Euler class has infinite
order, so Z = H(B) — H?(B) is injective. Thus H!(P) = 0. By another
universal coefficients theorem Hj(P) is mapped onto Hom(H'(P),Z) = 0 with
kernel Ext(H?(P),Z), which is isomorphic to the torsion subgroup of H?(P).
Finally homotopy sequence of the circle bundle P — B and triviality of m(B)
implies that 71(P) is cyclic, and in particular, abelian, so m (P) = H1(P). If
the Euler class of the circle bundle is dth multiple of a primitive element in
H?(B), then the above Gysin sequence implies that the torsion subgroup of
H?(P) is isomorphic to Zg, so 71 (P) & Zg. O

REFERENCES

[Ada66] J. F. Adams, On the groups J(X). IV, Topology 5 (1966), 21-71.

[Bel03] 1. Belegradek, Vector bundles with infinitely many souls, Proc. Amer. Math. Soc.
131 (2003), no. 7, 22172221 (electronic).

[BKS] I. Belegradek, S. Kwasik, and R. Schultz, Moduli spaces of nonnegative sectional
curvature and non-unique souls, arXiv preprint.

[BM58]  R. Bott and J. Milnor, On the parallelizability of the spheres, Bull. Amer. Math.
Soc. 64 (1958), 87-89.

[Bro65]  W. Browder, On the action of ©™ (9r), Differential and Combinatorial Topology
(A Symposium in Honor of Marston Morse), Princeton Univ. Press, Princeton,
N.J., 1965, pp. 23-36.



[Bro68]

[Bro72]
[BS74]
[CEZ07]
[CGT72]
[EK62]
[GM74]
[GZ00]

[Hsi64]

[HT00]

[KM63]

[KPTO05]

[KS88]

[KS93]
[Lev69]
[Mil59]

[MM79]

[MS99)]
[MTWS0]

[Ran02]

[San64]

CODIMENSION TWO SOULS AND CANCELLATION PHENOMENA 33

, Surgery and the theory of differentiable transformation groups, Proc. Conf.
on Transformation Groups (New Orleans, La., 1967), Springer, New York, 1968,
pp. 1-46.

, Surgery on simply-connected manifolds, Springer-Verlag, New York, 1972,
Ergebnisse der Mathematik und ihrer Grenzgebiete, Band 65.

J. C. Becker and R. E. Schultz, Equivariant function spaces and stable homotopy
theory. I, Comment. Math. Helv. 49 (1974), 1-34.

T. Chinburg, C. Escher, and W. Ziller, Topological properties of Eschenburg spaces
and 8-Sasakian manifolds, Math. Ann. 339 (2007), no. 1, 3-20.

J. Cheeger and D. Gromoll, On the structure of complete manifolds of nonnegative
curvature, Ann. of Math. (2) 96 (1972), 413-443.

J. Eells, Jr. and N. Kuiper, H., An invariant for certain smooth manifolds, Ann.
Mat. Pura Appl. (4) 60 (1962), 93-110.

D. Gromoll and W. Meyer, An ezotic sphere with nonnegative sectional curvature,
Ann. of Math. (2) 100 (1974), 401-406.

K. Grove and W. Ziller, Curvature and symmetry of Milnor spheres, Ann. of Math.
(2) 152 (2000), no. 1, 331-367.

W.-y Hsiang, On the unknottedness of the fized point set of differentiable circle
group actions on spheres—P. A. Smith conjecture, Bull. Amer. Math. Soc. 70
(1964), 678-680.

I. Hambleton and L. R. Taylor, A guide to the calculation of the surgery obstruction
groups for finite groups, Surveys on surgery theory, Vol. 1, Ann. of Math. Stud.,
vol. 145, Princeton Univ. Press, Princeton, NJ, 2000, pp. 225-274.

M. A. Kervaire and J. W. Milnor, Groups of homotopy spheres. I, Ann. of Math.
(2) 77 (1963), 504-537.

V. Kapovitch, A. Petrunin, and W. Tuschmann, Non-negative pinching, moduli
spaces and bundles with infinitely many souls, J. Differential Geom. 71 (2005),
no. 3, 365-383.

M. Kreck and S. Stolz, A diffeomorphism classification of 7-dimensional homoge-
neous Einstein manifolds with SU(3) x SU(2) x U(1) -symmetry, Ann. of Math. (2)
127 (1988), no. 2, 373-388.

, Nonconnected moduli spaces of positive sectional curvature metrics, J.
Amer. Math. Soc. 6 (1993), no. 4, 825-850.

J. Levine, Self-equivalences of S™ x S*, Trans. Amer. Math. Soc. 143 (1969), 523~
543.

J. Milnor, On spaces having the homotopy type of a CW -complezr, Trans. Amer.
Math. Soc. 90 (1959), 272-280.

I. Madsen and R. J. Milgram, The classifying spaces for surgery and cobordism
of manifolds, Annals of Mathematics Studies, vol. 92, Princeton University Press,
Princeton, N.J., 1979.

M. Masuda and R. Schultz, On the nonuniqueness of equivariant connected sums,
J. Math. Soc. Japan 51 (1999), no. 2, 413-435.

1. Madsen, L. R. Taylor, and B. Williams, Tangential homotopy equivalences, Com-
ment. Math. Helv. 55 (1980), no. 3, 445-484.

A. Ranicki, Algebraic and geometric surgery, Oxford Mathematical Monographs,
The Clarendon Press Oxford University Press, Oxford, 2002, Oxford Science Pub-
lications.

B. J. Sanderson, Immersions and embeddings of projective spaces, Proc. London
Math. Soc. (3) 14 (1964), 137-153.




34
[Sch71]
[Sch73]
[Sch8?7]
[Tod62]

[Wal99)]

[Wei94]

IGOR BELEGRADEK, SLAWOMIR KWASIK, AND REINHARD SCHULTZ

R. Schultz, On the inertia group of a product of spheres, Trans. Amer. Math. Soc.
156 (1971), 137-153.

, Homotopy decompositions of equivariant function spaces. I, Math. Z. 131
(1973), 49-75.

, Homology spheres as stationary sets of circle actions, Michigan Math. J.
34 (1987), no. 2, 183-200.

H. Toda, Composition methods in homotopy groups of spheres, Annals of Mathe-
matics Studies, No. 49, Princeton University Press, Princeton, N.J., 1962.

C. T. C. Wall, Surgery on compact manifolds, second ed., Mathematical Surveys
and Monographs, vol. 69, American Mathematical Society, Providence, RI, 1999,
Edited and with a foreword by A. A. Ranicki.

S. Weinberger, The topological classification of stratified spaces, Chicago Lectures
in Mathematics, University of Chicago Press, Chicago, IL, 1994.

IGOR BELEGRADEK, SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, AT-
LANTA, GA 30332-0160

E-mail address: ib@math.gatech.edu

STAWOMIR KWASIK, MATHEMATICS DEPARTMENT, TULANE UNIVERSITY, 6823 ST. CHARLES
AveE, NEw ORLEANS, LA 70118

E-mail address: kwasik@tulane.edu

REINHARD SCHULTZ, DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA RIVER-
SIDE, 900 BiG SPrINGS DRIVE, CA 92521

FE-mail address: schultz@math.ucr.edu



