Cartesian powers of 3-manifolds

Sławomir Kwasik^1

Department of Mathematics, Tulane University, New Orleans, Louisiana 70118, U. S. A.

Reinhard Schultz

Department of Mathematics, University of California, Riverside, California 92521, U. S. A.

Abstract

Previous results of the authors completely determine when the n-fold self-products of two 3-dimensional lens spaces are diffeomorphic; in particular, if n is odd then the fundamental group determines the diffeomorphism type. We pr4ove that for all other irreducible geometric 3-manifolds with trivial first Betti number, the n-fold products of such manifolds with themselves are homeomorphic for some n ≥ 2 if and only if the manifolds themselves are homeomorphic and obtain partial results for other cases. The proofs use an assortment of techniques from 3-dimensional topology and group theory.

Key words: irreducible geometric 3-manifold, cartesian power, Hopfian group, large Seifert manifold, Lyndon spectral sequence, Gromov norm, prime decomposition, Kneser Conjecture

1 Introduction

In [22] the authors showed that two 3-dimensional lens spaces L and L^′ with isomorphic fundamental groups have diffeomorphic cartesian squares; i.e., one has L × L ≈ L^′ × L^′. It should be noted that L and L^′ do not even have to be homotopy equivalent. The question of the existence of spaces with this

Email addresses: kwasik@math.tulane.edu (Sławomir Kwasik),

schultz@math.ucr.edu (Reinhard Schultz).

1 Supported in part by NSF Grants GER–9450180, INT–9505890 and Louisiana BOR Grant LEQSF–RD–A–42

Preprint submitted to Elsevier Science 4 April 2006 property was originally formulated by S. Ulam [37], and as indicated in [22], lens spaces are the lowest dimensional compact examples that one can produce.

It is natural to ask what other sorts of 3-dimensional examples of this sort exist. Examples of non-compact (open) 3-manifolds W^3 such that W^3 ≉ R^3 , but W^3 × W^3 = R^6 have been known for some time (cf. Glimm [9], Kwun [19] or McMillan [24]); one such example is the Whitehead 3-manifold that is contractible but not simply connected at infinity [42]. These suggest that one should concentrate on the existence of compact 3-manifolds A, B such that A × A is homeomorphic to B × B but A is not homeomorphic to B. The purpose of this paper is to show that no examples of this sort exist in a large class of basic 3-manifolds whose fundamental groups are either infinite or finite but noncyclic.

As in [22] one can also consider the generalization of this question in which cartesian squares are replaced by arbitrary finite powers. To streamline the notation we shall denote the n-fold product of an object A with itself by ∏_n A; we shall call this product the cartesian n−th power of A. The corresponding problem is then to find all closed 3-manifolds M, N such that ∏_n M is homeomorpic or diffeomorphic to ∏_n N for some integer n ≥ 2. One step in studying the problem is to introduce a strong property of this type.

Definition 1 Let X and Y be topological spaces. The pair X, Y is exponentially stable if ∏_n X ≈ ∏_n Y , for each n ≥ 2, implies X ≈ Y .

(Here ≈ stands for homeomorphic.)

Theorem 2 Let M and N be lens spaces with isomorphic fundamental groups. Then the pair M, N is NOT exponentially stable if and only if M and N are homotopy equivalent but nonhomeomorphic lens spaces.

Given the close relation between homotopy equivalence and homeomorphism for many 3-manifolds, it is natural to ask if there are any other examples of 3-manifolds that are not exponentially stable.

If Σ^3 is a closed manifold that is homotopy equivalent to S^3, then Σ^3 bounds a parallelizable 4-manifold and it is a routine exercise – either by surgery theory and the surgery exact sequence (cf. Wall’s book [39, Chapter 10]) or by more direct and elementary considerations as in [30] – to show that Σ × Σ is diffeomorphic to S^3 × S^3, and thus it is clear that a study of exponential stability for 3-manifolds is more likely to be illuminating if, for example, it avoids the Poincaré Conjecture. To achieve this we assume that all 3-manifolds considered in this paper are closed, oriented and geometric in the sense of W. Thurston (see [36]). This means that each prime summand of the manifold can be decomposed, by cutting along incompressible tori, into pieces which are either Seifert fibered or admit finite volume hyperbolic metrics. The well known

Geometrization Conjecture of [36] asserts that all 3-manifolds are geometric. Our main result can be stated as follows:

Theorem 3 Let M and N be closed, connected, oriented, connected sum of geometric 3-manifolds such that H^1(M; Z) = H^1(N; Z) = 0 and one of M, N has no lens spaces in its prime decomposition. Then ∏_n M ≈ ∏_n N for some n ≥ 2 if and only if M ≈ N.

In particular, it follows that

(1) two closed, connected, oriented, irreducible, geometric 3-manifolds with vanishing first Betti number are exponentially stable if and only if they are not both lens spaces with isomorphic fundamental groups, (2) two irreducible Seifert manifolds with vanishing first Betti number are exponentially stable if and only if they are not both lens spaces with isomorphic fundamental groups, (3) two manifolds satisfying the conditions of Theorem 3 are exponentially stable.

Remark 4 It seems that some assumptions imposed on 3-manifolds in this paper can be relaxed; for example, orientability.

Remark 5 The assumption H^1(M; Z) = H^1(N; Z) = 0 is crucial for the construction of a map f : M → N with nonzero degree (cf. Lemma 7 and Proposition 23). We suspect that the conclusions of Theorem 3 and Lemma 7 remain true without this restriction (compare Remark 10 below).

Remark 6 Theorems 2 and 3 and the results of [22] give complete information on the classification of cartesian powers of closed, oriented, irreducible and geometric 3-manifolds with H^1(−; Z) = 0, and Theorem 35 also yields information for some reducible manifolds satisfying these conditions. One could also try to combine the results of H. Hendriks and F. Laudenbach [15] on splitting homotopy equivalences of 3-manifolds with surgery-theoretic considerations to analyze the reducible case in full generality, but it appears that the technical difficulties encountered in such an analysis could be monumental.

In contrast to [22], which relies heavily on higher dimensional techniques from surgery theory, the proofs in this paper involve methods and concepts from 3- dimensional topology and group theory. These include the structure and rigidity theorems for hyperbolic, Haken, and Seifert 3-manifolds, machinery from group cohomology theory, several special properties of the fundamental groups of 3-manifolds, volume related invariants of hyperbolic 3-manifolds, results of S. C. Wang on maps of 3-manifolds with nonzero degrees and the Hendriks- Laudenbach splitting theorem for homotopy equivalences of 3-manifolds.

The remainder of this paper consists of four sections. The next section contains some elementary observations and summarizes the basic rigidity theorems for 3-manifolds that play an important role in the proof. We actually need a strong form of rigidity; specifically, for suitably restricted classes of 3-manifolds, the existence of maps with degree ±1 between one and the other in both directions implies that the manifolds in question are homeomorphic (see Lemma 13 and Theorem 14 below). In Section 3 we prove the main result in the case requiring the most work; namely, Seifert manifolds whose fundamental groups are large in an appropriate sense (cf. [28, pp. 91–92]). The remaining cases of irreducible geometric 3-manifolds are treated in Section 4. Finally, Section 5 contains the proof of the main result for connected somes of irreducible geometric 3- manifolds that do not include lens space summands.

2 Preliminaries

This section discusses some background information that will be needed; we begin with an elementary result that is important for our purposes.

Lemma 7 Let M^3 and N^3 be closed oriented 3-manifolds such that H^1(M; Z) and H^1(N; Z) are both trivial, and let f : ∏_n M → ∏_n N be a homotopy equivalence for some n ≥ 2. Then there is a map from M to N of nonzero degree.

Remark 8 If ∏_n M and ∏_n N are homotopy equivalent for some n ≥ 2, and H_i(M; D) = 0 when 0 < i < q for some principal ideal domain D, then H_i ( ∏_n M; D) is also trivial by induction and the Künneth formula, and since

0 = H_i ( ∏_n M; D) ≈ H_i ( ∏_n N; D) , 0 < i < q one can also apply the same results to work backwards and conclude that H_i(N; D) = 0 for 0 < i < q. Furthermore, for X = M or N induction and the Künneth formula also imply that the slice inclusion maps J_i : X → ∏_n X (identity on one factor, constant on the rest) induce an isomorphism

J_X : n⨁ H_q(X; D) → H_q ( ∏_n X; D)

with J_X (u_1, · · · , u_n) = ∑ i J_{i∗}(u_i). If the projection map onto the k-th coordinate is given by P_k : ∏_n X → X, then the inverse to J_X is the map P_X in the reverse direction given by the formula

P_X (v) = (P_{1∗}(v), · · · P_{n∗}(v)) .

If we combine these observations with the isomorphism

H_q( ∏_n M; D) ≈ H_q( ∏_n N; D) and the basic structure theorem for finitely generated modules over a principal ideal domain, we see that H_q(M; D) and H_q(N; D) must be isomorphic. Similar results hold in cohomology with coefficients in D.

Remark 9 In the special case of the preceding remark with q = 1, it follows that if ∏_n M and ∏_n N are homotopy equivalent then H_1(M; Z) ≈ H_1(N; Z) and H^1(M; Z) ≈ H^1(N; Z). In particular, the vanishing of either H^1(M; Z) or H^1(N; Z) implies the vanishing of the other.

Remark 10 Lemma 7 remains true if H^1(M; Z) ≈ H^1(N; Z) is infinite cyclic; our current proof of this is elementary but tedious, and we hope to provide a more general and conceptual argument elsewhere.

Proof of Lemma 7. By the assumptions on integral cohomology and Poincaré Duality, both M and N are rational homology 3-spheres. By the argument of Remark 8 above, the projection and slice inclusion maps induce isomorphisms n⨁ H_3(X; Q) → H_3 ( ∏_n X; Q) where X = M or N; since Z is a rational homology 3-sphere, the left hand side is isomorphic to Q^n . The homotopy equivalence f determines an isomorphism from H_3( ∏_n M; Q ) to H_3( ∏_n N; Q ), and with respect to the previously described splittings the isomorphism determined by f corresponds to an invertible matrix in GL(n, Q). In fact, this invertible matrix actually lies in the subgroup GL(n, Z) because the rational homology isomorphism is given by tensoring an isomorphism of H_3(−; Z)/Torsion with the rationals (note that the slice inclusions also induce isomorphisms from ⊕^nH_3(X; Z) to H_3 ( ∏_n X; Z) /Torsion for X = M or N). By invertibility the matrix has a nonzero entry, and if its (k, i) entry is nonzero then the composite P_k^o f^o J_i is a map from M to N of nonzero degree. □

Corollary 11 Under the hypotheses of the lemma there are maps in both directions M → N, N → M of nonzero degree.

This is true because the hypothesis is symmetric in M and N. □

A crucial step in our arguments will be to show that there are maps of degree ±1 in both directions. It is well known that the existence of degree one maps from M to N and vice versa implies that M and N are homotopy equivalent if both are simply connected (such maps are split surjective in homology [3, Thm. I.2.5, pp. 8–9] so the existence of maps both ways implies that they must be isomorphisms and hence homotopy equivalences by the Whitehead Theorem for homology groups). In the nonsimply connected case things are more complicated, and the most basic issue is contained in an old conjecture due to H. Hopf (cf. [12, p. 333]):

Conjecture 12 Suppose that there exist degree one maps f : M → N and g : N → M between closed manifolds M and N. Then π_1(M) is isomorphic to π_1(N) via f_∗.

In particular, if M and N are aspherical, then Hopf’s conjecture would imply that M and N are homotopy equivalent.

There is a large class of fundamental groups for which the conjecture holds. A group G is said to be Hopfian if every surjective homomorphism from G to itself is an isomorphism (cf. Hempel’s book [13, p. 175]). If G is residually finite — i.e., all its elements are detected by the finite quotients of G [13, p. 176] — then G is Hopfian by [13, Lemma 15.17, p. 177]. For our purposes it is important to know that the fundamental groups of geometric 3-manifolds are residually finite and therefore Hopfian (see [13,14]). Therefore we have have the following:

Lemma 13 Suppose that M and N are aspherical geometric 3-manifolds and there exist degree ±1 maps f : M → N and g : N → M between M and N. Then M is homotopy equivalent to N via f.

To see this, note that the composite g^o f : M → M is also a degree ±1 map and hence induces a surjection of fundamental groups. Since π_1(M) is Hopfian, it follows that g^o f induces an isomorphism and thus it is a homotopy self equivalence of M by the Whitehead Theorem for homotopy groups. In particular this means that the induced map f_∗ on fundamental groups is injective. But since the degree of f is ±1 it also follows that f_∗ is surjective; therefore f_∗ is an isomorphism and f is a homotopy equivalence (again) by Whitehead’s Theorem. □

Finally, for our purposes it is important to know when homotopy equivalent irreducible geometric 3-manifolds are homeomorphic. The following two statements summarize several important results on this question.

Theorem 14 Let M and N be irreducible geometric 3-manifolds such that M is not a lens space, and suppose that M and N are homotopy equivalent. Then M and N are homeomorphic and in fact diffeomorphic.

PROOF. First of all, if M is not a lens space then its fundamental group is not a finite abelian group; therefore the same is true for the fundamental group of N and hence N is also not a lens space. Since homeomorphisms of 3-manifolds can always be deformed to diffeomorphisms, it suffices to prove that M and N are homeomorphic.

There are now several cases depending upon the geometry of M.

Case 1 M is a spherical spaceform with a finite nonabelian fundamental group.

It follows that N must also have a finite nonabelian fundamental group and since N is geometric it must also be a spherical spaceform with a finite nonabelian fundamental group. Since such manifolds are determined up to homeomorphism by their fundamental groups (cf. Seifert-Threlfall [32]; also see [21, p. 737, Case 1]), it follows that M and N must be homeomorphic. □

Case 2 M is hyperbolic.

In this case we may use the hyperbolization result of D. Gabai, R. Meyerhoff and N. Thurston [8] to conclude that N is also hyperbolic and that every homotopy equivalence from M to N is homotopic to a homeomorphism; other proofs may be given using G. Mostow’s rigidity theorem (cf. [26,27]; see also the discussion in [21, p. 738]), but a reference to [8] is the most efficient. □

Case 3 M has infinite fundamental group but is neither Seifert fibered nor hyperbolic.

In this case the classification of geometric 3-manifolds implies that M must be Haken. We claim the same is true for N; it suffices to check that N is neither Seifert fibered nor hyperbolic. The result of [8] implies that N cannot be hyperbolic because we are assuming that M is not hyperbolic, and similarly a result of P. Scott [31] shows that N cannot be Seifert fibered (again we are assuming M is not Seifert fibered, and the fundamental group of M is assumed to be infinite, so [31] applies). Since M and N are both Haken and they are homotopy equivalent, results of F. Waldhausen [38] show that M and N are homeomorphic. □

Case 4 M has infinite fundamental group and is Seifert fibered.

In this case the main result of [31] implies that M and N are homeomorphic. □

It is well known that Theorem 14 does not hold if M is a lens space, but in such cases one has the following conclusion:

Theorem 15 Let M and N be irreducible geometric 3-manifolds such that M is a lens space. Then M and N are diffeomorphic if and only if they are homotopy equivalent by a simple homotopy equivalence.

Once again, if M is a lens space and N is an irreducible geometric 3-manifold that is homotopy equivalent to M then N must also be a lens space. The conclusion then follows because the topological and simple homotopy classifications of lens spaces are identical (cf. M. Cohen’s book [5]). □

3 Proof of Theorem 3 for large Seifert 3-manifolds

We shall consider first the case that requires the most work.

Seifert 3-manifolds are circle bundles over 2-manifolds with certain specific types of singularities (cf. Orlik’s book [28] or the expository article by K. B. Lee and F. Raymond [23]). In particular the construction of a Seifert 3- manifold M yields an associated projection M → B for some surface B such that the inverse image of each point is a circle. We shall call the map from M to B a Seifert fibering and say that B is the associated base space.

The classification scheme for Seifert manifolds in [28, Thm. 2, p. 88] lists six different types. Since we only consider Seifert structures for which the underlying 3-manifold M is orientable, only two of these types play a role in this work.

(1) Type o_1: These are the cases where both M and B are orientable, and the have circle actions.

(2) Type n_2: These are the cases where both M is orientable but B is nonorientable. Typical examples are given by certain nonorientable circle bundles over nonorientable surfaces for which the total spaces are orientable (i.e., the first Stiefel-Whitney classes of B and the circle bundle are equal).

As in [28, pp. 91–92] it is convenient to split the class of Seifert 3-manifolds into two classes – small and large. The class of small manifolds is summarized in [28, pp. 91–91] and described explicitly in [28, Section 5.4, pp. 99–102]. Most of these are total spaces of fiber bundles over S^1 with connected fibers (which are surfaces), and for such examples we know that H^1(M, Z) is nonzero. The remaining possibilities (given by (i), (ii) and (vii) in Orlik’s list), which are the ones of primary interest to us here, are given by spherical space forms (including lens spaces) and the reducible 3-manifold RP^3#RP^3.

For our purposes the necessary properties of large Seifert 3-manifolds are as follows:

(A) Large Seifert 3-manifolds are irreducible and aspherical (see [28, Prop. 3, p. 93]).

(B) The fundamental group π of a large Seifert 3-manifold contains a unique maximal infinite cyclic normal subgroup (see [28, pp. 91–92]).

We note that the first property leads to a very simple criterion for distinguishing small and large orientable Seifert 3-manifolds satisfying H^1(M; Z) = 0.

Theorem 16 Let M be an orientable Seifert 3-manifold such that H^1(M; Z) = 0. Then M is large if and only if it is aspherical. If in addition M is irreducible, then M is large if and only if it is not a spherical spaceform (hence M is small if and only if it is a spherical spaceform).

This is true because the irreducible small Seifert manifolds with H^1(M; Z) = 0 are spherical spaceforms and the only other example satisfying the cohomological restriction is RP^3#RP^3. The universal coverings of the spaceforms are homeomorphic to S^3, and the universal covering of the final example is homeomorphic to S^2 ×R. Since we have seen that the large examples are aspherical, it follows that the latter condition holds if and only if the Seifert manifold is large. The final assertion in the theorem follows from the second sentence of this paragraph. □

3.1 Seifert structures given by circle actions

In [28, Thm. 2, p. 88] Seifert fiberings are separated into six types depending upon the orientability properties of the base and the fibering itself. Types o_1 and o_2 correspond to examples where the base manifold is orientable and Types n_i for 1 ≤ i ≤ 4 correspond to examples where the base space is not orientable; as noted before, the associated Seifert 3-manifold is orientable precisely in cases o_1 and n_2.

The most familiar examples of Seifert 3-manifolds are those admitting fixed point free smooth actions of the circle group S^1; for these examples the base is orientable if and only if the 3-manifold itself is orientable. Since we are dealing with orientable manifolds in this paper, these examples are given by Type o_1 in the terminology of [28, Thm. 2, p. 88], and in fact they include all examples of Type o_1. In addition to being the most important case, Type o_1 is also the easiest to analyze and the other orientable cases (Type n_2 in [28, Thm. 2, p. 88]) are relatively simple to study once we dispose of the Type o_1 case.

In the Type o_1 case properties (A) and (B) of the maximal infinite cyclic normal subgroup can be strengthened as follows:

Property 17 For Seifert 3-manifolds of Type o_1, the unique maximal infinite cyclic normal subgroup of π is the class generated by a generic orbit of the circle action and is central.

This follows from the discussion in the first paragraph of in [28, Section 5.3, pp. 90–91]. □

Property 18 For Seifert 3-manifolds of Type o_1, the unique maximal infinite cyclic normal subgroup of π is the center of π.

A self-contained way of seeing this without checking generators and relations from [28, p. 91] is as follows: If the center C is cyclic then by the maximality property it it must be the subgroup in question, but if C were not cyclic then C would have to contain a free abelian subgroup of rank 2, and in this case there could not be a unique maximal infinite cyclic normal subgroup. □

If M is a large Seifert 3-manifold of Type o_1 with fundamental group π, let C : Z → π denote the inclusion of the central subgroup in (B) and let Γ be the quotient π/C(Z); it follows that Γ is a planar crystallographic group.

The homology and cohomology of K(Γ, 1) over the rationals can be determined fairly easily because a model for the latter is given by the “homotopy orbit space” or Borel construction M_S1 , which is the associated fiber bundle with fiber M for the universal principal S^1 bundle over C P^∞ (cf. Bredon’s book [2, p. 369]). There is a canonical map φ from M_S1 to the orbit space M/S^1 and if S^1 acts without fixed point on M it follows that φ is an isomorphism over the rationals (cf. the Borel seminar notes [1, Application IV.3.4.(b), p. 54] and the discussion preceding the latter). Since M/S^1 is a surface that is part of the data describing the Seifert structure on M, the rational information about K(Γ, 1) is easy to retrieve. In cases where H^1(M; Z) = 0 the orbit space is known to be homeomorphic to S^2.

An analysis of the homology and cohomology of K(Γ, 1) requires more effort but is still relatively easy. The central extension E(π) given by the diagram

0 → Z → π → Γ → 1 gives rise to a Lyndon-Hochschild-Serre spectral sequence (also called simply the Lyndon spectral sequence) in group cohomology and homology; the cohomology sequence is presented in Hilton-Stammbach [16, Theorem 9.5, p. 303] and the analogous homology sequence is discussed in [16, Remark (ii), p. 304, and Exercise 9.4 on p. 305]. Given an integral domain A this spectral sequence has E^2_{s,t} = H_s (Γ ; H_t(Z; A)) and abuts to H_{s+t}(π; A) ≈ H_{s+t}(M; A).

The Lyndon spectral sequence is natural with respect to morphisms of central extension diagrams [16, Exc. 9.7, p. 305].

For the remainder of the discussion for Type o_1 we shall assume that H^1(M; Z) is trivial. — It follows that H_1(π : Z) ≈ H_1(M; Z) is finite, and in this case the spectral sequence yields a great deal of information about the homology of Γ with integral coefficients.

Claim 19 The differential d^2_{,0} maps injectively to E^2_{0,1} ≈ Z and thus H_2(Γ ) ≈ Z. By Poincaré duality we know that H_2(π; Z) = H_2(M; Z) = 0, and the claim describes the only possible map consistent with this fact. □

Claim 20 The differential d^2_{3,0} maps surjectively to E^2_{1,1} ≈ H_1(Γ ; Z) and the kernel is a finite cyclic group (possibly trivial).

This is the only possibility consistent with the vanishing of H_2 and the fact that H_3(π; Z) = H_3(M; Z) is infinite cyclic. □

NOTATION. The order of the kernel of d^2_{3,0} will be denoted by e^∞(M). It follows that e^∞(M) is also the order of the image of H_3(M; Z) in H_3(Γ ; Z).

Claim 21 The differential d^2_{4,0} maps trivially to E^2_{2,1} ≈ H_2(Γ ; Z) ≈ Z.

The rational calculation H_i(Γ ; Q) ≈ 0 for i ≥ 3 implies that E^2_{4,0} ≈ H_4(Γ ; Z) is torsion, and consequently the only possible homomorphism is the trivial one. □

Claim 22 We have E^2_{2,1} = E^∞_{2,1} ⊂ H_3(π; Z) ≈ H_3(M; Z) and e^∞(M) is also the index of this subgroup.

We know that E^2_{2,1} = E^∞_{2,1} because d^2 = 0 and there are no higher differentials into or out of E^r_{2,1} for r ≥ 3. The inclusion in H_3(π) follows because E^2_{s,t} = 0 for t ≥ 2, and the statement about e^∞(M) follows from edge homomorphism considerations in the spectral sequence. □

Suppose now that we have a homeomorphism f : ∏_n M → ∏_n M^′ where M and M^′ are large Seifert 3-manifolds of Type o_1 and n ≥ 2. Let π^′ := π_1(M^′), let C^′ : Z → π^′ be the inclusion of the center in π_1(M^′), and let Γ^′ := π^′/C^′(Z) so that we have a central extension E(π^′)

0 → Z → π^′ → Γ^′ → 1

analogous to E(π) above. The following sharpening of Lemma 3 is the key observation for comparing M and M^′.

Proposition 23 In the situation above, there is a map g from M to M^′ such that the associated map of fundamental groups sends the center C(Z) ⊂ π isomorphically to C^′(Z) ⊂ π^′ and the degree of g satisfies

|deg(g)| · e^∞(M) = e^∞(M^′)

where e^∞ is defined as above.

To prove Proposition 23, let f_∗ : π^n → (π^′)^n be the associated isomorphism of fundamental groups. This map sends the center of the source onto the center of the target, so denote the associated automorphism of Z^n by h_∗. Passage to quotients then defines an isomorphism of quotient groups

k_∗ : Γ^n → (Γ^′)^n

that is associated to a homotopy equivalence k : ∏_n K(Γ, 1) → ∏_n K(Γ^′, 1). Consequently, if ∏_n E(π) and ∏_n E(π^′) denote the n-fold products of the extensions E(π) and E(π^′) with themselves, it follows that f_∗, h_∗ and k_∗ determine an isomorphism of diagrams from ∏_n E(π) = E(π^n) and ∏_n E(π^′) = E ((π^′)^n), and this in turn yields an isomorphism between the corresponding Lyndon spectral sequences.

Consider the isomorphism

^k_∗ : H_2 ( ∏_n K(Γ, 1); Z) /Torsion → H_2 ( ∏_n K(Γ^′, 1); Z) /Torsion

Free generators for the free abelian groups

H_2 ( ∏_n K(Γ, 1); Z) /Torsion and H_2 ( ∏_n K(Γ^′, 1); Z) /Torsion

are given by {J_{i∗}γ | 1 ≤ i ≤ n} and {J_{i∗}γ^′ | 1 ≤ i ≤ n} respectively. The previously determined properties of ^k_∗ may be restated as follows:

Property 24 There is a permutation ℓ of {1, · · · , n} such that ^k_∗ (J_{i∗}γ) = ±J_{ℓ(i)∗}γ^′ for all i.

By the naturality of the Lyndon spectral sequence we know that

d^2_{,0} [E ( ∏_′ )^n)]^o E^2_{2,0}[k_∗] = E^2_{1,0}[ℓ_∗]^o d^2_{,0} [E( ∏_′ )^n)]

and therefore if σ generates H_1(Z; Z) ≈ Z we also have the following:

Property 25 For the same permutation ℓ as in Property 24 we have h_∗J_{i∗}σ = ±J_{ℓ(i)∗}σ for all i.

This implies that that the composite maps F_{ℓi} := P_ℓ^o f^o J_i from M ≃ K(π, 1) to M^′ ≃ K(π^′, 1) all have the property that the induced maps in fundamental groups F_{ℓi∗} send the centers of the sources isomorphically to the centers of the targets.

It remains to prove the assertions about the degree of F_{ℓi}. The preceding considerations show that F_{ℓi} induces an isomorphism from E^2_{2,1}[E(π)] to E^2_{2,1}[E(π^′)]. On the other hand, by Claim 21 above we know that E^2_{2,1} = E^∞_{2,1} for both E(π) to E(π^′). By Claim 20 above we know that E^∞_{2,1}[E(π)] has index e^∞(M) in H_3(π) ≈ H_3(M) and likewise E^∞_{2,1}[E(π^′)] has index e^∞(M^′) in H_3(π^′) ≈ H_3(M^′), where all homology groups are over the integers. In particular, all of this implies the formula

F_{ℓi∗} (e^∞(M)[M]) = ±e^∞(M^′)[M^′].

The formula for the degree of F_{ℓi} is an immediate consequence, and this complete the proof of Proposition 23. □

Corollary 26 The degree of the map in Proposition 23 is ±1.

PROOF. By Proposition 23 we know that e^∞(M) divides e^∞(M^′). However, the hypothesis is symmetric in M and M^′, so it also follows that e^∞(M^′) divides e^∞(M), which means that e^∞(M) = e^∞(M^′). The degree formula now implies d = ±1. □

The preceding discussion yields the following ultimate conclusion for Seifert manifolds of Type o_1 (i.e., the orientable examples with fixed point free circle actions).

Theorem 27 If M and M^′ are large Seifert 3-manifolds of Type o_1, then Theorem 3 is valid for M and M^′.

This follows directly from Lemma 13, Theorem 14, Proposition 23 and Corollary 26. □

3.2 Seifert manifolds with solvable fundamental groups

According to the list on pages 91 and 92 of [28], a Seifert manifold of Type o_1 is either large or else its fundamental group is finite or solvable (and possibly both). In fact, it is not difficult to show that the conclusion of Theorem 3 holds if M and M^′ are small of Type o_1. The cases with finite fundamental groups are treated in the next section (see Case 4.1). Since we need the result for cases with infinite solvable fundamental groups we shall verify it here.

Proposition 28 The conclusion of Theorem 3 is valid if M and M^′ are irreducible Seifert manifolds of Type o_1 with infinite solvable fundamental groups and arbitrary first Betti number.

In order to prove this result, it is necessary to describe certain Seifert manifolds using the classification invariants defined in [28, Thm. 3, p. 90]. These data are given by lists of the form {b ; (ε, g) ; (α_1, β_1), ..., (α_r, β_r)} where

(1) b is a generalization of the (oriented or nonoriented) Euler class for a circle bundle, (2) ε is one of the six types o_i and n_i mentioned previously, (3) g is the genus of the base space (which is a surface), (4) r is some nonnegative integer (possibly zero), (5) each (α_j, β_j ) is an ordered pair of relatively prime positive integers describing the structure of the Seifert fibering near the singular points (hence r can be any nonnegative integer). If the Seifert fibering is the orbit space projection of a circle action, then α_j is the order of the isotropy group for a singular orbit and β_j describes the slice representation [2] for that orbit.

For the orientable Seifert manifolds of Types o_1 and n_2 the Euler class b is an integer and the pairs (α_j , β_j) satisfy 0 < β_j < α_j.

Proof of Proposition 28. As noted in [28, Thm. 1, pp. 142–143] (also see Evans-Moser [6]), the irreducible manifolds of Type o_1 with solvable infinite fundamental groups are those whose Seifert invariants have one of the following descriptions:

• Subclass (i) {b; (o_1, 1)} • Subclass(ii) {b; (o_1, 0) ; (2, 1), (2, 1), (2, 1), (2, 1)} • Subclass(iv) Some examples with g = 0 and r ≤ 2.

Subclass (iii) from [28, Thm. 1, pp. 142–142] has been omitted because the fundamental groups in these cases are finite, and the only examples in Subclass (iv) with infinite fundamental groups are homeomorphic to S^1 × S^2.

It is a routine exercise to compute the first homology groups of these manifolds over the integers using the presentations on page 91 of [28], and the results are given below; in cases where we write Z_d and d turns out to be zero, the group in question is merely Z.

• Subclass (i) The first integral homology group is Z ⊕ Z ⊕ Z_{|b|}. • Subclass (ii) The first integral homology group is Z_2 ⊕ Z_2 ⊕ Z_{|8+4b|}. • Subclass (iv) If the fundamental group is infinite, then the first integral homology group is Z.

The only ways in which two different sets of data can yield the same first homology are two examples in subclass (i) with b = −b^′ or two examples in

Subclass (ii) with (8 + 4b) = −(8 + 4b^′). However, as noted in [28, p. 90, paragraph preceding Section 5.3] the two sets of data in such cases represent the same Seifert manifold with different orientations. In particular, nonhomeomorphic examples have nonisomorphic first integral homology groups.

Suppose now that M and M^′ satisfy the hypotheses of the proposition and ∏_n M is homeomorphic to ∏_n M^′ for some n ≥ 2. As in Remark 8 above, it follows that H_1( ∏_n M; Z) ≈ ⊕^nH_1(M; Z) is isomorphic to H_1( ∏_n M^′; Z) ≈ ⊕^nH_1(M^′; Z). But the structure theorem for finitely generated abelian groups implies that two such groups A, B are isomorphic if ⊕^nA ≈ ⊕^nB, and therefore H_1(M; Z) must be isomorphic to H_1(M^′; Z). By the conclusion of the previous paragraph this means that M and M^′ must be homeomorphic. □

3.3 The remaining large Seifert manifolds

We have already noted that the classification of Seifert 3-manifolds as in [28, Thm. 2, p. 88] categorizes them into six types depending on orientation invariants, and aside from Type o_1 the only other type yielding orientable 3- manifolds is Type n_2, which includes certain nonorientable circle bundles over nonorientable surfaces. For the manifolds of Type n_2 one has the following strengthening of general property (B):

Property 29 The fundamental group π contains a normal subgroup K of index 2 such that K is the centralizer of the unique maximal cyclic normal subgroup Ω. Furthermore, the group K is the fundamental group of a Seifert 3-manifold of Type o_1.

PROOF. The presentation for π in [28, p. 91] shows that the action of π on Ω ≈ Z by conjugation determines a nontrivial homomorphism from π to Aut(Ω) ≈ Z_2. If K denotes the kernel of this map, then clearly K has all the required properties except perhaps the last one (i.e., its realizability as the fundamental group of a Seifert manifold). A fast way of realizing K as the fundamental group of a Seifert manifold is to apply the result of A. Casson and D. Jungreis [4] to the double cover ^M of M associated to the subgroup K; note that ^M is orientable because it is a covering space of an orientable manifold. The result of [4] is applicable because ^M is irreducible (its universal cover is the universal cover of M, which is R^3 ) and K ≈ π_1( ^M) contains the subgroup Ω as a central cyclic subgroup, so it follows that ^M is a Seifert 3- manifold, and since it contains a central infinite cyclic subgroup it must be of Type o_1 (associated to a circle action; cf. the discussion preceding Property 17). □

In the proof of Theorem 3 for large Seifert manifolds of Type o_1 we concluded that the subgroup C(Z^n) ⊂ π^n was a characteristic subgroup because it was the center. We shall also need to know this subgroup is characteristic for Type n_2, but this requires more detailed information about the subgroup’s properties for large Seifert 3-manifolds.

Proposition 30 Let π be the fundamental group of a large Seifert 3-manifold, and let Ω ⊂ π denote the unique maximal (infinite) cyclic normal subgroup. Then Ω^n ⊂ π^n is the unique maximal normal subgroup of π^n that is free abelian of rank n and expressible as a direct product of n cyclic normal subgroups.

Corollary 31 In the preceding notation, Ω^n is a characteristic subgroup of π^n. Furthermore if the Seifert manifold is of Type n_2, and K ⊂ π is the subgroup of index 2 described in Property 29 then the n-fold product K^n is also characteristic in the n-fold product π^n.

Proof of Corollary 31. The subgroup Ω^n is characteristic because an isomorphism must send a subgroup with the stated properties to another of the same type. The assertion about K^n follows because it is the centralizer of Ω^n and any isomorphism must preserve the centralizers of subgroups satisfying the same properties as Ω^n. □

Proof of Proposition 30. Let C be an arbitrary infinite cyclic normal subgroup of π^n, let j be an integer such that 1 ≤ j ≤ n, and consider the projection P_j(C) of C onto the j-th coordinate of π^n. This is a cyclic normal subgroup of π and as such is contained in Ω. Since j is arbitrary it follows that C ⊂ Ω^n. If L is an arbitrary normal subgroup that is a product of the cyclic normal subgroups L_1, · · · L_m (where m need not equal n), it follows that L ⊂ Ω^n. This shows that Ω^n is the unique normal subgroup with the stipulated properties.

3.4 Completion of the proof of Theorem 3 for large Seifert 3-manifolds

Let f : ∏_n M → ∏_n M^′ be a homeomorphism and let f_∗ : π^n → (π^′)^n be the associated isomorphism of fundamental groups. One way of distinguishing between manifolds of Types o_1 and n_2 is that the fundamental groups for Type o_1 have nontrivial centers while those of Type n_2 do not. This and the isomorphism f_∗ imply that both M and M^′ are either of Type o_1 or of Type n_2. Since we have already proven the result if M and M^′ are of Type o_1, we shall assume they are both of Type n_2 henceforth.

If K ⊂ π and K^′ ⊂ π^′ are the centralizers of the maximal cyclic normal subgroups, then the reasoning of Corollary 31 implies that f_∗ maps K^n onto (K^′)^n. The proof now splits into cases depending upon whether ^M is large or ^M has a solvable fundamental group (note that these cases are not disjoint, but this is not important for our purposes).

Suppose first that K is solvable; since K has index 2 in π it follows that the latter is also solvable. Furthermore, since a group G is solvable if and only if G^n is solvable, it follows that both K^′ and π^′ are also solvable. If ^M and ^M^′ are the double coverings associated to K and K^′, then by the previous paragraph f lifts to a homeomorphism from ∏_n ^ M to ∏_n ^ M^′. By Proposition 28 it follows that ^M ≈ ^M^′ and K ≈ K^′. Since π and π^′ are infinite solvable groups and M and M^′ are irreducible, by [28, Thm. 1, p. 142] these manifolds must have Seifert invariants of the form

{b ; (n_2, 1) ; (2, 1), (2, 1)}

where b is an arbitrary integer. As noted in theorem cited in the previous sentence these manifolds have double coverings that are Seifert manifolds of Type o_1, and the corresponding invariants for the double coverings are

{2b ; (o_1, 0) ; (2, 1), (2, 1), (2, 1), (2, 1)}

(note that the first numerical invariant doubles when one passes to the double covering). By construction the fundamental groups of these double coverings are the centralizers of the maximal normal cyclic subgroup in the fundamental groups of the original manifolds. Choose integers b and b^′ such that M has first numerical invariant b and M^′ has first numerical invariant b^′. The hypothesis ∏_n M ≈ ∏_n M^′ then implies that the fundamental groups of the double coverings are isomorphic, and by the proof of Proposition 28 this means that either 2b^′ = 2b or 2b^′ = −2b − 4; i.e., either b^′ = b or b^′ = −b − 2. On the other hand, we can once again apply [28, p. 90, paragraph preceding Section 5.3] to conclude that the two sets of data yield the same manifold with different orientations. Therefore we have M ≈ M^′ if the group K is solvable. □

Assume now that K is not solvable; since K is infinite it follows that ^M must be large, and as in the previous paragraph we also know that K^′ is also not solvable and ^M^′ must also be large. By the last sentence in the proof of Corollary 31, we know that the map of fundamental groups determined by f must send K^n ≈ π_1( ∏_n ^ M) to (K^′)^n ≈ π_1( ∏_n ^ M^′), and therefore it follows that f lifts to a homeomorphism ^f from ∏_n ^ M to ∏_n ^ M^′. There are now two subcases.

Subcase 3.1 H^1( ^M; Z) = 0.

In this case Proposition 23 and Corollary 26 imply the existence of integers i and ℓ such that P_ℓ^o ^f^o J_i is a map of degree ±1 and in fact is a homotopy equivalence. This composite is a lifting of a corresponding map F_{ℓi} = P_ℓ^o ^f^o J_i from M to M^′, and a diagram chase shows that the degree of the map F_{ℓi} must also be ±1. Therefore we have shown the existence of a map M → M^′ of degree ±1. Using the symmetry of the hypothesis in M and M^′ we see that there must also be a map of degree ±1 in the opposite direction, and therefore we can again use Lemma 13 to conclude that M and M^′ are homotopy equivalent and thus homeomorphic by Theorem 14.

Subcase 3.2 H^1( ^M; Z) ≠ 0.

In this case we claim that H^1( ^M; Z) ≈ Z and the restriction to an orbit of the associated circle action induces a monomorphism in cohomology. This is particularly important because it implies that ^M fibers over a circle [28, Cor. 5, p. 122]. We begin by noting that the base B of the original Seifert structure on M must be RP^2 ; since B is nonorientable it is a connected sum of (say) g copies of RP^2 , and the presentation of π_1(M) on [28, p. 91] shows that its abelianization H_1(M; Z) is finite only if g = 1. The double covering ^M can be realized geometrically by taking the pullback of M under the double covering S^2 → RP^2. If L = K/Ω, then we again have a Lyndon spectral sequence that abuts to the homology of K (which is just H_∗(M), and we also know that H_∗(L; Q ) ≈ H_∗(S^2; Q) as before. The only way that the rational spectral sequence can abut to H_∗(M; Q ) if H_1 ≠ 0 is if E^2 = E^∞, and in this case the inclusion of an orbit S^1 → M determines an isomorphism in one dimensional homology. This yields the claims made at the beginning of the paragraph.

Let K, etc. be defined as in Subcase 3.1 and let L^′ = K^′Ω^′. Since ^f_∗ maps Ω^n to Ω^{′n} it follows that f passes to a homotopy equivalence φ : n∏ K(L, 1) → n∏ K(L^′, 1). As in earlier arguments we know that these products have the same rational cohomology rings as ∏_n S^2, and if P_ℓ and J_i denote the canonical projection and injection maps then there is a permutation σ of {1, · · · , n} such that for each i the map φ_{ℓi} = P_ℓ^o φ^o J_i induces a nontrivial map in 2-dimensional rational cohomology if and only if ℓ = σ(i). In fact, if we replace f with the composite S(σ^{−1})^o f, where S(σ^{−1}) shuffles coordinates via the permutation σ^{−1}, then we can simplify things so that the permutation becomes the identity. We shall assume this for the remainder of the proof.

Passing back to integral coefficients we see that the maps associated to φ_{ℓi} in either the functorially modified homology groups H_2(−; Z)/Torsion or the functorially modified cohomology groups H^2(−; Z)/Torsion are trivial if ℓ ≠ i and isomorphisms if ℓ = i.

By Lemma 7 there is a map P_s^o f^o J_t from M to M^′ of nonzero degree, and this is covered by a map P_s^o ^f^o J_t of the same degree.

Claim 32 If deg(P_s^o f^o J_t) ≠ 0 then s = t.

PROOF. Suppose s ≠ t; it suffices to prove that deg(P_s^o ^f^o J_t) = 0; to simplify notation we shall set λ_{st} = P_s^o ^f^o J_t. Let q : ^M → S^1 and q^′ : ^M^′ → S^1 be the fiberings described above, and denote their fibers by Σ and Σ^′. Both q and q^′ induce isomorphisms in 1-dimensional integral cohomology, and thus there is a self-map ψ of H^1(S^1) such that ψ^o q^∗ = (q^′)^∗λ^∗_{st}. Since S^1 is a K(Z, 1), there is a self map Ψ of S^1 that induces ψ on integral cohomology and satisfies Ψ^o q ≃ q^{′ o} λ_{st}, and this in turn yields a corresponding map of fibers e : Σ → Σ^′ such that ( Inclusion [Σ^′ ⊂ ^M^′]

)_o e ≃ λ_{st}| ^M. Earlier observations and elementary considerations involving the cohomology of mapping tori (cf. [25, Lemma 8.4, p. 67]) imply that the maps Σ ⊂ ^M, ^M → K(L, 1) and their counterparts Σ^′ ⊂ ^M^′, ^M^′ → K(L^′, 1) all induce isomorphisms in H^2(−; Z)/Torsion. Choose δ_{st} so that (P_s^o φ^o J_t)^∗ maps a generator of H^2(K(L^′, 1); Z)/Torsion ≈ Z to δ_{st} times a generator of

H^2(K(L^′, 1); Z)/Torsion ≈ Z.

A diagram chase then shows that

|deg(λ_{st})| = |deg(δ_{st})| · |deg(Ψ)|.

However, we had previously noted that deg(δ_{st}) = 0 if s ≠ t, and this establishes the claim. □

Corollary 33 We also have deg(λ_{tt}) = ±1.

This follows immediately because (λ_{tt})_∗ induces isomorphisms in homology. □

We have thus established the existence of a map M → M^′ of degree ±1 in Subcase 3.2, and the rest of the argument for this subcase proceeds as for Subcase 3.1. □

Remark 34 There is an analog of Theorem 3 for planar crystallographic groups: Given two such groups G, H of this type, relatively elementary considerations like those of [43, p. 120, and Cor. 1.10.8 on p. 136] imply that G ≈ H if G^n ≈ H^n for some n ≥ 2.

4 Proof of Theorem 3 for other irreducible 3-manifolds

As the title suggests, this section proves Theorem 3 for irreducible 3-manifolds that are not large Seifert 3-manifolds. Not surprisingly, the proof of splits into subcases depending upon the geometry of the manifold M.

Subcase 4.1 M is a spherical spaceform with a finite nonabelian fundamental group.

In this case we have [π_1(M)]^n ≈ [π_1(N)]^n for some n ≥ 2. Since π_1(M) is finite it follows that [π_1(M)]^n ≈ [π_1(N)]^n must also be finite, which in turn implies that π_1(N) is finite. Furthermore, it follows that π_1(N) must be nonabelian (otherwise [π_1(M)]^n ≈ [π_1(N)]^n would also be abelian and likewise for π_1(M)), and since N is geometric it follows that N must also be a spherical spaceform with a finite nonabelian fundamental group.

Since M and N are different from lens spaces, then as noted previously in Theorem 14 they are determined up to homeomorphism by their fundamental groups (once again see [32] and also [21, p. 737, Case 1]), and therefore the proof of the theorem in Subcase 4.1 reduces to checking that if G and H are finite groups such that G^n ≈ H^n for some n ≥ 2 then G ≈ H. Applying this to π_1(M) and π_1(N) and combining it with the first sentence of this paragraph, we may then conclude that M and N must be homeomorphic.

If G and H are finite groups that are not isomorphic to direct products of nontrivial subgroups (i.e., not directly decomposable), then the group-theoretic statement is merely the Wedderburn–Remak–Schmidt Theorem (see [11, p. 130]). The general case is an easy consequence of this result, but since it is not easy to find a specific reference we shall include a proof for the sake of completeness: By finiteness one can write G and H as direct products G ≈ ∏ i G_i and H ≈ ∏ j H_j where each of the groups G_i and H_j is nontrivial but not directly decomposable. Let L_1, ..., L_k be the isomorphism types of the direct factors G_i; i.e., each G_i is isomorphic to exactly one of the groups L_α. Then the Wedderburn–Remak–Schmidt Theorem implies that each H_j is also isomorphic to exactly one of the groups L_α.

Given a finite group K such that L_α is a direct factor of K, define the multiplicity μ(α, K) such that K is isomorphic to a direct product of μ(α, K) copies of L_α together with other subgroups that are not isomorphic to L_α and also are not directly decomposable. The Wedderburn–Remak–Schmidt Theorem implies that this multiplicity is well defined and that we have the following identities:

(1) G ≈ ∏ α L^{μ(α,G)} α (2) H ≈ ∏ α L^{μ(α,H}_α )

(3) μ (α, G^n) = n · μ(α, G) for all α. (4) μ (α, H^n) = n · μ(α, H) for all α.

If G^n ≈ H^n then the quantities in the last two identities are equal, and this implies that μ(α, G) = μ(α, H) for all α. Combining this with the first two identities, we see that G and H must be isomorphic. As noted in the second paragraph above, this completes the proof in Subcase 4.1. □

We are now left with three cases where π_1(M) is infinite, depending on whether M is hyperbolic, Seifert fibered but not large, or neither (in which case M is Haken).

Subcase 4.2 M is hyperbolic.

In this case we claim that there are maps of degree ±1 from M to N and vice versa. Lemma 7 shows that there are maps h_1 : M → N and h_2 : N → M of nonzero degree, and their composite h = h_2^o h_1 : M → M also has nonzero degree. We claim that the degree of h is ±1. To see this, consider the Gromov norm ‖M‖ of M (see [10]); in this case ‖M‖ is the normalized volume of M given by ‖M‖ = vol (M) v_3 where v_3 is the volume of a regular ideal simplex in the standard hyperbolic space H^3. One of the basic properties of ‖M‖ is that for f : M → M one has ‖M‖ ≥ | deg(f)| · ‖M‖. This implies that h has degree ±1, and it follows that the degrees of h_1 and h_2 are also ±1. Therefore by Lemma 13 we know that each of h, h_1 and h_2 is a homotopy equivalence, and as before each of them is homotopic to a homeomorphism by Mostow’s rigidity theorem [26,27] (see also the discussion in [21], p. 738). □

Subcase 4.3 M is neither Seifert fibered nor hyperbolic.

We first claim that N is also neither Seifert fibered nor hyperbolic. Suppose to the contrary that one of these is true. Since the hypotheses of the theorem are symmetric in M and N, by the previously established cases we can conclude that M should be Seifert fibered if N were Seifert fibered, and likewise M would be hyperbolic if N were hyperbolic. Hence, as noted before, the classification of geometric 3-manifolds implies that both M and N are Haken. The fundamental decomposition of M into pieces bounded by incompressible tori (cf. Jaco-Shalen [18] and Johannson [17]) decomposes M as M = X ⋃ Σ Y where Σ is a family of essential tori in M. Moreover, each component of X is Seifert fibered and each component of Y has a complete hyperbolic structure with finite volume. The existence of such hyperbolic structures is just W.

Thurston’s hyperbolization theorem for Haken manifolds (cf. [36]). Let us assume Y ≠ ∅. By Gromov’s Cutting Theorem [10] (see also the discussion in [34, pp. 141–144]), we have ‖M‖ = ‖Y ‖ ≠ 0 . Since π_1(M) is again residually finite (cf. [14]) in this case, one can now proceed as in Subcase 4.2 to find degree one maps M → N and N → M, and this proves Subcase 4.3 of Theorem 3 when Y ≠ ∅.

Suppose now that Y = ∅. It follows that M is a “graph manifold” (see [28, p. 131]) with a nontrivial torus decomposition. Consider, once again, the composite g^o f where f : M → N and g : N → M. Then the degree of g^o f is nonzero and hence by [41, Lemma 4.2, p. 186] the composite degree is ±1. This implies the degrees of f and g are ±1, and as before the existence of degree one maps both ways suffices to prove Subcase 4.3 of Theorem 3 when Y is empty (once again we use Theorem 14). □

Subcase 4.4 M is Seifert fibered but not a spherical spaceform (hence has infinite fundamental group).

The previous considerations (Subcases 4.1–4.3) show that without loss of generality we can assume that N is Seifert fibered as well and that both M and N have infinite fundamental groups. By Theorem 16 it follows that M and N are both large, and consequently the results of the previous section imply that M and N are homeomorphic. □

5 Reducible 3-manifolds

One can combine the methods of this paper together with those of S. C. Wang [41, specifically, Remark 3.7 on p. 185] and the Kneser Conjecture (cf. [13, p. 66]) to obtain the following version of Theorem 3 for reducible manifolds:

Theorem 35 Let M and N be closed, connected, oriented, reducible, geometric 3-manifolds such that H^1(M; Z) and H^1(N; Z) are trivial and ∏_n M ≈ ∏_n N for some n ≥ 2. Then if M or N does not contain a lens space in its prime decomposition we have M ≈ N.

PROOF. Here is an outline of the argument: Let

M = M_1# · · · #M_k#M_{k+1}# · · · N_{k+r}

N = N_1# · · · #N_s#N_{s+1}# · · · N_{s+p} be prime decompositions of M and N with the summands indexed so that the first k summands of M have finite fundamental groups and likewise for the first s summands of N. Lemma 7 shows the existence of nonzero degree maps f : M → N and g : N → M. Let us assume that neither M nor N is homeomorphic to RP^3#RP^3. It follows then from [41, Remark 3.7, p. 185] that the self maps (gf)_∗ of π_1(M) and (fg)_∗ of π_1(N) induce isomorphisms, and therefore that f and g induce isomorphisms of fundamental groups. Therefore, unless r and p are both zero in the decompositions above, it follows that the bijectivity of f and g on fundamental groups implies that the maps are homotopy equivalences by a result of G. A. Swarup [35, Cor. 2.3]. Combining these with the Splitting Theorem of H. Hendriks and F. Laudenbach [15, Théorème de scindement, p. 203] and the validity of the Kneser Conjecture, we conclude that the respective summands of M and N are homotopy equivalent. The absence of lens spaces in the prime decompositions and Theorem 14 imply that these summands are homeomorphic.

Assume now that r and p are both zero. The isomorphism of fundamental groups and the validity of Kneser’s conjecture imply that k = s, and that the corresponding summands have the same fundamental groups. The result is then completed by using some of the previous arguments.

Finally, suppose that M = RP^3#RP^3, so that π_1(M) is the free product Z_2 ∗ Z_2, which is isomorphic to the semidirect product Z ⋊ Z_2 of Z and Z_2 with nontrivial twisting homomorphism Z_2 → Aut(Z) ≈ {±1}. Note that the commutator group corresponds to 2 Z in the semidirect product and the copy of Z is its centralizer. We shall prove that π_1(M) ≈ π_1(N) using a variant of the proof of Theorem 3 for Seifert manifolds. Since (Z_2 ∗Z_2)^n and [π_1(N)]^n are isomorphic, it follows that their abelianizations are also isomorphic. Since the abelianization of the free product is equal to Z_2×Z_2 it follows that the abelianization of [π_1(N)]^n is isomorphic to (Z_2)^{2n}, and by the structure theorems for finite abelian groups we conclude that the abelianization of π_1(N) must also be isomorphic to Z_2 × Z_2. Similarly the commutator subgroup of [π_1(N)]^n is isomorphic to the commutator subgroup of (Z_2 ∗ Z_2)^n, which is a free abelian group of rank n. Furthermore, the centralizer of this commutator subgroup is also free abelian of rank n and the inclusion of the commutator subgroup in its centralizer corresponds to the standard inclusion of 2 Z^n in Z^n. Since the commutator subgroup of a product (resp., the centralizer of this subgroup) is just the product of the commutator subgroups (resp., their centralizers), it follows that the centralizer C of the commutator subgroup of π_1(N) is infinite cyclic, the same is true for its centralizer, and the commutator subgroup has index two in its centralizer. Finally, C must have index 2 in π_1(N) and hence must be a normal subgroup.

Note that π_1(N) cannot be abelian, for if it were then one could conclude that π_1(M) ≈ Z_2 ∗ Z_2 was also abelian. Therefore the action of π_1(N)/C ≈ Z_2 on C ≈ Z by inner automorphisms must be nontrivial; otherwise the group extension π_1(N) would be abelian. This means that the group extension is given by an element of the twisted cohomology group H^2(Z_2; Z^−), where Z^− denotes the integers with the nontrivial action of Z_2. It is well known that this cohomology group vanishes, and therefore it follows that π_1(N) must be a semidirect product and hence must be isomorphic to Z_2 ∗ Z_2. One can now use the validity of the Kneser Conjecture together with the geometrization hypothesis on N and Theorem 15 to conclude that the fundamental group for each irreducible summand of N must be isomorphic to Z_2 and hence that N must be diffeomorphic to M = RP^3#RP^3. □

As noted before, the case where M and N both have lens spaces in their prime decompositions would require a combination of the results from Hendriks- Laudenbach [15] with surgery theoretic considerations as in the authors’ work on squares of lens spaces [22], but it is not clear if adequate machinery currently exists to study this effectively.

Acknowledgements

Stimulating and inspiring discussions with Dr. Witold Rosicki were very influential on the research presented in this paper and also [22]. Numerous constructive remarks by the referee on earlier drafts of this article have also been extremely helpful.

References

[1] A. Borel (ed.), “Seminar on Transformation Groups,” Ann. Math. Studies Vol.

46, Princeton Univ. Press, Princeton, 1960.

[2] G. Bredon, “Introduction to Compact Transformation Groups.” Pure and Applied Mathematics, Vol. 46. Academic Press, New York-London, 1972.

[3] W. Browder, “Surgery on Simply-Connected Manifolds.” Ergeb. Math. N. S.

Vol. 65. Springer-Verlag, Berlin-Heidelberg-New York, 1972.

[4] A. Casson and D. Jungreis, Convergence groups and Seifert fibered 3-manifolds, Inv. Math. 118 (994), 441–456.

[5] M. Cohen, “A Course in Simple Homotopy Theory,” Graduate Texts in Mathematics, Vol. 10, Springer-Verlag, New York, 1973.

[6] B. Evans and L. Moser, Solvable fundamental groups of compact 3-manifolds, Trans. Amer. Math. Soc. 168 (1972), 189–210.

[7] R. M. Fox, On a problem of S. Ulam concerning Cartesian products, Fund.

Math. 34 (1947), 278–287.

[8] D. Gabai, R. Meyerhoff and N. Thurston, Homotopy hyperbolic 3-manifolds are hyperbolic, Ann. Math. 157 (2003), 335–431.

[9] J. Glimm, Two Cartesian products which are Euclidean spaces, Bull. Soc. Math.

France 88 (1960), 131–135.

[10] M. Gromov, Volume and bounded cohomology, Inst. Hautes Études Sci. Publ.

Math. 56 (1983), 213–307.

[11] M. Hall, “The Theory of Groups,” Macmillan, New York, 1959.

[12] J.-C. Hausmann, Fundamental group problems related to Poincaré duality, in:

“Current Trends in Algebraic Topology,” Canadian Math. Soc. Vol. 2, 1982, pp. 327–336.

[13] J. Hempel, “3-Manifolds,” Ann. Math. Studies, No. 86, Princeton University Press, Princeton, 1976.

[14] , Residual finiteness for 3-manifolds, in: “Combinatorial Group Theory and Topology,” ed. by S. M. Gersten and J. R. Stallings, Ann. of Math. Studies, Princeton Univ. Press, Princeton, 1987, pp. 379–396.

[15] H. Hendriks and F. Laudenbach, Scindement d’une équivalence d’homotopie en dimension 3, Ann. Sci. Éc. Norm. Sup. (4) 7 (1974), 203–217.

[16] P. Hilton and U. Stammbach, “A Course in Homological Algebra,” Graduate Texts in Math. Vol. 4, Springer-Verlag, New York, 1971.

[17] K. Johannson, “Homotopy equivalences of 3-manifolds with boundary,” Lecture Notes in Math. Vol. 761, Springer-Verlag, New York, 1979.

[18] W. Jaco and P. Shalen, Seifert fibered spaces in 3-manifolds, Mem. Amer. Math.

Soc. 220 (1979).

[19] K. W. Kwun, Products of Euclidean spaces modulo an arc, Ann. of Math. 79 (1964), 104–108.

[20] S. Kwasik and R. Schultz, On s-cobordisms of metacyclic prism manifolds, Invent. Math. 97 (1989), 523–552.

[21] , Vanishing of Whitehead torsion in dimension four, Topology 31 (1992), 735–756.

[22] , All Z_q lens spaces have diffeomorphic squares, Topology 41 (2002), 321–340.

[23] K. B. Lee and F. Raymond, Seifert manifolds, in: “Handbook of Geometric Topology,” 635–705, North Holland, Amsterdam, 2002.

[24] D. R. McMillan, Jr., Cartesian products of contractible open manifolds, Bull.

Amer. Math. Soc. 67 (1961), 510–514.

[25] J. W. Milnor, “Singular Points of Complex Hypersurfaces,” Ann. Math. Studies, No. 61, Princeton University Press, Princeton, 1968.

[26] G. D. Mostow, Quasi-conformal mappings in n-space and the rigidity of hyperbolic space forms, Inst. Hautes Études Sci. Publ. Math. 34 (1968), 53–104.

[27] , “Strong Rigidity of Locally Symmetric Spaces,” Ann. Math.

Studies, No. 78, Princeton University Press, Princeton, 1973.

[28] P. Orlik, “Seifert manifolds,” Lecture Notes in Math. Vol. 291, Springer-Verlag, New York, 1972.

[29] W. Rosicki, On a problem of S. Ulam concerning Cartesian squares of 2- dimensional polyhedra, Fund. Math. 127 (1986), 101–125.

[30] R. Schultz, Smooth structures on S^p × S^q, Ann. Math. 90 (1969), 187–198.

[31] G. P. Scott, There is no fake Seifert fibre space with infinite π_1, Ann. Math.

117 (1983), 35–70.

[32] H. Seifert and W. Threlfall, Topologische Untersuchung der Diskontinuitätsbereiche endlicher Bewegungsgruppen des dreidimensionalen sphärischen Raumes, Math. Ann. 107 (1932), 543–586.

[33] A. Sieradski, Non-cancellation and related phenomena for lens spaces, Topology 17 (1978), 85–95.

[34] T. Soma, A rigidity theorem for Haken manifolds, Math. Proc. Comb. Phil.

Soc. 118 (1995), 141–160.

[35] G. A. Swarup, Projective planes in irreducible 3-manifolds, Math. Zeitschrift 132 (1973), 305–317.

[36] W. Thurston, Three dimensional manifolds, Kleinian groups and hyperbolic geometry, Bull. Amer. Math. Soc. (2) 6 (1982), 357–381.

[37] S. Ulam, Problem 56, Fund. Math. 20 (1933), p. 285.

[38] F. Waldhausen, On irreducible 3-manifolds which are sufficiently large, Ann.

Math. 87 (1968), 56–88.

[39] C. T. C. Wall, “Surgery on Compact Manifolds (Second Edition. Edited and with a foreword by A. A. Ranicki),” Mathematical Surveys and Monographs Vol. 69, American Mathematical Society, 1999.

[40] S. C. Wang, The existence of maps of nonzero degree between aspherical 3- manifolds, Math. Z. 208 (1991), 147–160.

[41] , The π_1-injectivity of self-maps of nonzero degree on 3- manifolds, Math. Ann. 297 (1993), 171–189.

[42] J. H. C. Whitehead, A certain open manifold whose group is unity, Quart. J.

Math. (2) 6 (1935), 268–279.

[43] H. Zieschang, E. Vogt and H. - D. Coldewey, “Surfaces on Planar Discontinuous Groups,” Lecture Notes in Math. Vol. 835, Springer-Verlag, New York, 1980.