MATH 045 / EE 020A discussion Ryan Ta
University of California, Riverside Spring 2022

Solutions to Homework 7

1. Att = 0, a current of 2 amperes flows in an RLC circuit with resistance R = 4 ohms,
inductance L = 0.05 henrys, and capacitance C = 0.008 farads. The initial charge on the
capacitor is —1 coulomb, and there is no impressed voltage for ¢ > 0.

(a) Find the current flowing in the circuit at # > 0.

Solution. From the information given by the problem statement, we have

0(0) = -1 coulomb,
Q’(0) = I1(0) = 2 amperes,
R = 4 ohms,
L = 0.05 henrys,
C = 0.008 farads,
E(r) =0.

So the differential equation for the RLC circuit

1
LO" + RO + EQ = E(1)
becomes

1
o.oosQ =0.

By substituting Q = ¢ and its first and second derivatives Q' = re’’, Q" = r?e’!
and recognizing e’’ # 0, we obtain the auxilary equation

0.05Q” +4Q’ +

0.052 +4 =0,
T 0.008

which has complex roots r = —40 + 30i. So our general solution is

(1) = Cle(—40—30i)z + Cze(—40+30i)z

= 740 (¢1e730 4 60

= e (¢} cos(30¢) + ¢5 sin(307))

= c1e M cos(30¢) + cre ™ sin(301),
where ¢y, ¢, are arbitrary constants. Also, the first derivative of Q(¢) is

Q' (1) = ¢1 (e cos(301)) + 2 (e~ sin(307))’
= ¢1(—40e™* cos(30t) — 30e " sin(30r))
+ ¢ (=40e ™4 5in(30¢) + 30e ™" cos(30¢))
= (=40c; + 30c2) e~ cos(30r)
+ (=30c| — 40c2)e™* sin(307).



19
Now, Q(0) = —1 implies ¢; = —1, and Q’(0) = 2 with ¢; = —1 imply ¢, = 5
Therefore, the charge for all 7 > 0 is

0 (1) = c1e7* cos(30f) + coe Y sin(30¢)

19
= —e 4 cos(301) — Be“mt sin(30¢),
and the current flowing in the circuit for all # > 0 is

() = Q' (1)
= (=40c; + 30c2) e~ cos(30r)
+ (=30c; — 40c;) e~ sin(30r)

(—40(—1) +30 (—%)) e~ cos(30t)

19

+ (—30(—1) — 40 (—15

)) e 5in(301)

242
=274 cos(307) + Te_‘mt sin(30¢) |.

(b) Show that the current is a transient solution.

Solution. To show that the current is a transient solution for the case E (1) = 0, we
need to show

tlim Q) =0,
lim /(1) = 0.

First, we have

1
0(1) = —e 4 cos(30r) — 1—26_40’ sin(30¢)

_ 19 _
< o—dor L 1P —dor

= 15
34
~15°¢

and

19
Q(1) = —e™* cos(30r) — Ee“‘o’ sin(301)

> _e—40t _ Be—mz
15
34 —401
55

In other words, we have

34 o 34 o
-= < <= )
15€ <00 < 156



By the Squeeze Theorem, we conclude tlirn Q(t) = 0. Next, we have

242
1(7) = 2¢™ 4 cos(307) + Te—“of sin(30¢)

< 2400 | &e—mf
- 3

_ 248 o
= 3 e

and

242
1(t) = 2 cos(30r) + Te—‘*of sin(307)

> =40t _ &e—m
3
_ 288 o
=-5 ¢
In other words, we have
248 o 1) < 2;’1—8e‘40f.
By the Squeeze Theorem, we conclude tlim I(t) = 0. m]

2. Consider an RLC circuit with resistance R = 2 ohms, inductance L = 0.1 henrys, and
capacitance C = 0.01 farads. The initial charge and current is 1 coulomb and 10 amperes,
respectively. Assume that there is an impressed voltage of 3 cos(50¢) — 6 sin(50z).

(a) Find the particular solution of the current, in other words, steady-state solution of
the current.

Solution. From the information given by the problem statement, we have

0(0) =1 coulomb,
Q’(0) = 1(0) = 10 amperes,
R =2 ohms,
L = 0.1 henrys,
C = 0.01 farads,
E(t) =3 cos(50r) — 6sin(50¢).

So the differential equation for the RLC circuit

1
LO” + RO’ + EQ = E(1)

becomes

|
0.10” +20' + ——0 = 0.
Q" +20"+ 5079

Let O, be the particular solution of the form

Q0p(t) = Acos(50¢) + Bsin(50¢),



whose first and second derivatives are
Q’,(t) = =50A sin(50¢) + 50B cos(50¢),
Qg(t) = —2500A cos(50¢) — 25008 sin(50¢).

By substituting these expressions into our differential equation for the RLC circuit,
we obtain

0.1[-2500A cos(507) — 2500B sin(50¢)]
+2[=50A sin(50¢) + 50B cos(501)]

1
+m [A cos(50¢) + Bsin(50¢)] = 3 cos(50¢) — 6sin(501),

which is equivalent to

—250A cos(50¢) — 2508 sin(50¢)
—100A sin(507) + 100B cos(50¢)
+100A cos(50¢) + 100B sin(50¢) = 3 cos(50¢) — 6 sin(50¢),

which is equivalent to
(—=150A + 100B) cos(50¢) + (—100A — 150B) sin(50¢) = 3 cos(50¢) — 6 sin(50¢),
from which we equate the terms to obtain

—150A + 100B = 3,
—100A - 150B = -6,

12
from which we can simultaneously solve to find A = %, B= 5 Therefore, the

particular solution of the current for all # > 0 is

Ip(t) = Q;)(t)
= —50A sin(50¢) + 50B cos(50¢)

3. 12
=-50 (@) sin(50¢) + 50 (E) cos(501)

3 24
= =13 $in(501) + 33 cos(507)

24 3 .
=11 cos(50¢) — - sin(50¢) |.

(b) Does the initial charge and current affect the steady-state current?

Solution. No, because the steady-state current—a.k.a. the particular solution of the
current—does not depend on the values of Q(0) and /(0) = Q’(0). O

3. Consider the same RLC circuit as in problem 2, with impressed voltage of 6 cos(10z) —
3sin(10¢).



(a) Find the particular solution of the current, in other words, steady-state solution of
the current.

Solution. From the information given by the statements of Problems 2 and 3, we
have

0(0) = 1 coulomb,
Q’(0) = I(0) = 10 amperes,

R =2 ohms,
L = 0.1 henrys,
C =0.01 farads,

E(t) = 6.cos(107) — 3sin(10z).

So the differential equation for the RLC circuit

LO” + RO’ + éQ = E(1)

becomes

1
0.10" +20" + ——0 = 0.
Q" +20°+ 5579

Let O, be the particular solution of the form
Q,(t) = Acos(10t) + B sin(10¢),
whose first and second derivatives are
Q/,(t) = —=10Asin(10r) + 10B cos(10r),
Q7 (t) = —100A cos(10¢) — 100B sin(10¢).

By substituting these expressions into our differential equation for the RLC circuit,
we obtain

0.1[—100A cos(10¢) — 100B sin(10¢)]
+2[-10A sin(10z) + 10B cos(10¢)]

1
+m[A cos(10¢) + Bsin(10¢)] = 6 cos(10¢) — 3 sin(10¢),

which is equivalent to

—10A cos(50¢t) — 10B sin(50¢)
—20A sin(50¢) + 20B cos(50¢)
+100A cos(50¢) + 100B sin(50¢) = 6 cos(10z) — 3sin(10z),

which is equivalent to
(90A + 20B) cos(10z) + (=20A + 90B) sin(10¢) = 6 cos(10z) — 3 sin(10¢),
from which we equate the terms to obtain

90A +20B =6,
—-20A +90B = -3,



6 3
from which we can simultaneously solve to find A = 35 B = “Tio° Therefore, the
particular solution of the current for all # > 0 is

I,(t) = 0, (1)
= —10A sin(10¢) + 10B cos(10¢)

6\ . 3
=-10 (g) sin(10¢) + 10 (—m) cos(10¢)

12 . 3
=17 sin(10¢) — L cos(10¢)

3 12
P 107) — —= sin(108) |
17cos( 0r) 7 sin(10¢)

O

(b) Compare the amplitude of the steady-state current between problem 2 and 3. Which
is larger?

Solution. In general, we can express the steady-state current as a single sine wave:

I1,(t) = asin(kt + B)
= a[sin(kt) cos B + cos(kt) sin 3]
= a sin(kt) cos B+ a cos(kt) sin B
= [a sin 8] cos(kt) + [a cos B] sin(kt),

where a denotes the amplitude of the steady-state current.
For Problem 2: We have

[ sin B] cos(50¢) + [a@ cos B] sin(501) = I,(t) = % cos(50¢) — 13—3 sin(501),

from which we equate the terms to obtain

in 24

sinf8 = —,
¢ 13
acosff = 3

So we have

a? = *(sin? B + cos” B)

= (asinB)? + (@ cos B)?

C(24) [ 3
“(5) + ()
45
-2,

[45
from which we conclude that our amplitude is @ = i 1.86.



For Problem 3: We have
: . 3 12 .
[ sin ] cos(10¢) + [a@ cos B] sin(101) = I,(t) = 7 cos(10z) — 7 sin(101),

from which we equate the terms to obtain

Cl’Sll'lﬁ = ﬁ’
: 12
@COSp =——.
17

So we have

a? = &*(sin? B + cos” B)

= (asin B)? + (a cos B)?

(5]

/9
from which we conclude that our amplitude is @ = 7~ 0.73.

Therefore, we conclude that the amplitude of the steady-state current from Problem
2 is larger than that from Problem 3. O

4. Find the Laplace transformation of the following functions and the range of s that it is
valid.

(a) 12

Solution. We already know from your professor’s notes for the lecture on May 18,
1

2022 that the Laplace transform of ¢z is £L(¢) = — forall s > 0. Using this, we find
s

that the Laplace transform of ¢ is

.E(tz):/ e 't dt
0

[o¢]
2 ™ _
+—/ te™*" dt
o $Jo

= =2 0-0%e=0) 4 2 £
S S

I, _
_ t26 st

S

2
=-L(1)

s
_21
o582

2
$3

forall s > 0. O

(b) e + 3¢



Solution. We already know from your professor’s notes for the lecture on May 18,

2022 that the Laplace transform of ¢ is £(e%) =

for all s > a. In particular,
a

S_
we have
L) = ! s> =2
s+2° ’
1
L(e") = , s> 1.
s—1

Using these facts and the linearity of the Laplace transform, we find that the Laplace
transform of e~ + 3¢’ is

L(e™)+3L(e")
1 1
s+2 +3s -1
4s +5
(s=D(s+2)

L(e7? 436"

forall s > 1. a

5. Find the Laplace transformation of the following functions and the range of s that it is
valid.

. b8
a) sin t+—)
@ i+
Solution. We can rewrite

s'n(t+ﬂ) sintcos(ﬂ)+costs'n(ﬂ)
1 — | = p— 1 —_
4 4 4

.1 1
=sinf—— +Ccost——

V2 V2

! (sint + cost)
= —\(S1 .
V2

Also, we already know from your professor’s notes for the lecture on May 18, 2022
that the Laplace transforms of sin(wt) and cos(wt) are

w
L(sin(wt)) = —, > 0,
(sin(wr)) = . s
s
-E(COS(Q)I)) = m, s> 0.
In particular, we have
L(sint) ! >0
sint) = , §>0,
s2+1
s

L(cost) =
s



By the linearity of the Laplace transform, we find that the Laplace transform of
. TN .
t+—
sin ( 4) is

: m L.
L (sm (t + Z)) =L ($(smt + cos t))
= %(L(sin t)+ L(cost))

1 1 s
_%(s2+1+s2+1)
1 1+
BT
s+1

V2(s2+1)

for all s > 0. O
(b) sin®(7)
Solution. We already know from your professor’s notes for the lecture on May 18,
2022 that the Laplace transforms of 1 and cos(wt) are
1
L(1)=-, s5s>0,
s

L(cos(wr) = 5——, 5> 0.
S°+ W

In particular, we have

1
L(1)y=—-, s>0,
S

s

: , §>0.
s*+4

L(cos(2t)) =

By the linearity of the Laplace transform, we find that the Laplace transform of
.0,
sin“t is

L(sin?1) = £ (%(1 - COS(ZI)))

- %(1(1) — L(cos(21)))

(1 s
:E(;_sz+4)
1 4
_Es(s2+4)

2

forall s > 0. O



