MATH 045 / EE 020A discussion Ryan Ta
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Solutions to Homework 9

Use the Laplace transform to solve the initial value problems.

1. y"+y =2y =-4,y(0) =2,y'(0) =3

Solution. By using

L) =Y(s),
Ly (t)) = sY(s) — y(0) = sY(s) — 2,
L (1) = s2Y (s) = sy(0) = y'(0) = s7¥ (s) — 25 = 3,
4
L=<,
s
we can take the Laplace transform of both sides of the differential equation, writing

L")+ L) =2L(y) = L(-4),

to obtain A
[s%Y (s5) — 25 — 3] + [sY(s) —2] — 2Y(s) = -

which is equivalent to
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Finally, the inverse Laplace transform of Y (i) is
y(0) = L7N(Y(s))
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2. y"+3y +2y=¢',y(0)=0,y"(0) =1

Solution. By using

L(y(1)) =Y(s),
L(y'(1) = sY(s) = y(0) = sY(s),
Ly (1) = s°Y(s) —sy(0) — y'(0) = s°Y(s) — 1,

L= ——,

s—1

we can take the Laplace transform of both sides of the differential equation, writing
L") +3LY) +2L(y) = L(),

to obtain 1

s—1

[s2Y (s) = 1] +3sY(s) + 2Y(s) =

b

which is equivalent to
1

s—1

(s> +3s+2)Y(s) = 1=

which is equivalent to

Y(s) : 1+ 1
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Finally, the inverse Laplace transform of Y (i) is

y(0) = LY (5))
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3.y +y =sin(2t),y(0) = 0,y'(0) = 1

Solution. By using
L(y(1) =Y (s),
L(y"(1) = 5Y(5) = sy(0) = y'(0) = s°Y (s) ~ 1,

. 2
L(sin(2t)) = i




we can take the Laplace transform of both sides of the differential equation, writing
L")+ L(y) = L(sin(20)),

to obtain

[s°Y(s) + 1] + Y (s) = SZ%,

which is equivalent to
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which is equivalent to

Y(s) =

s2+1
1

Finally, the inverse Laplace transform of Y (i) is
y(0) = L7 (Y (s))
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1
= g sint — 3 sin(2¢) |.

Express the given function f in terms of unit step functions and find the Laplace trans-
form. Use change of variables. Do not use Theorem 8.4.1.

2+2 0<r<1,
¢ 1<t

4. f(1) = {

Solution. The function f in terms of unit step functions is

F() =@ +2) +u(t—1)(r - (2 +2))
=2+ 2+u(t— (> +1-2).



We can write

L(f(1) = /0 () di

1 (o)
= / e (1% +2) drt + / et dt
0 1
1 00
= / e (2 +2) dt + / e 't dt
0 1
+/ ef”(l2 +2)dt - / 67‘\"(12 +2) dt
1 1

:/ e (1% +2) dt+/ e (t = (12 +2)) dt
0 1
=£(t2+2)+/ e (=1 +1-2)dt

1

Now, if we substitute 7 = ¢t — 1 and d7 = dt into the second term of our final expression
of L(f(t)), we obtain

/ e_S’(—t2+t—2) dt:/ e_s(7+1)(—(7+ 1)2+(T+1)—2) dr
1

0
R 1? D-2)d
e/oe((7'+)+(7'+) )dTt

_ =S = =St _ 2 —
=e /0 e (=(t+ 1)+ (t+1)-2)dt

e L(-(t+ 1) +(t+1)-2)

=e S (—L(t+ D+ L(t+1)=2L(1))

e (=L +2r+ D)+ L +1)=2L(D)

= e (=L =2L>) - L)+ L(1) + L(1) =2L(1))
= e (=L} - L(1) -2L(1))

e (2 +s+2s%)

53

We also have
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So the Laplace transform of f(¢) is

L(f(1)) =£(t2+2)+/ooe‘s’(—tz+t—2) dt
1
_ 2(1+5%) e *(2+s5+25%)
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2<t

e 0<1<2,

Solution. The function f in terms of unit step functions is
f(O)=e 2 +u(t-2)(e¥ —e™).

We can write

LF() = /0 () di

2 )
— / e—Ste—Zt dt +/ e_St€3t dl_
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= / e e dt + / e e dt
0 2
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o (]
= / e e dr + / e —e M) dt
0 2

=L(e™) + / e (e — e ) dt.
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Now, if we substitute 7 = # — 2 and d7 = dt into the second term of our final expression

of L(f(t)), we obtain

/ooe—st(eSI _ e—2t) dt = /ooe—s('r+2)(63(‘r+2) _ e—2(7+2)) drt
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So the Laplace transform of f(¢) is
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Solution. The function f in terms of unit step functions is
f(t) =2sint +u(t — m)(cost — 2sint).

We can write

L(f (1) = /0 e f (1) di

Ve (o)
= / e"(2sint) dt + / e costdt
0 n
/4 (o)
= / e "(2sint) dt + / e " costdt
0 T
+ / e (2sint) dt — / e ! (2sint) dt
Ve Vs

= / e!(2sint) dt + / e"(cost — 2sint) dt
0 n
= L(2sint) + / e *'(cost —2sint) dt.

Now, if we substitute 7 = ¢ — 7 and d7 = dt into the second term of our final expression



of L(f (1)), we obtain

/ e'(cost —2sint) dt = / e (cos(t + 7) — 2sin(t + 7)) dt
n 0

_ T / e ’"(cos(t+m) —2sin(t + 7)) dt
0

= / e (cos(t + ) — 2sin(t + 7)) dt
0

=e ™ L(cos(t +m) — 2sin(t + 7))

=e ™ L([costcosm —sintsinr]

—2[sintcosm + costsinx])

=e ™ L([cost - (=1) —sint - 0]

—2[sint - (=1) +cost - 0])

=e ™ L(—cost+2sint)
=e ™ (=L(cost) +2L(sint))
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We also have

L(2sint) =2L(sint)

So the Laplace transform of f(¢) is

L(f(t)) = L(2sint) + /00 e *!(cost — 2sint) dt
2 e m(5-2)
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3 0<t<?2,
Cf()=9-3t+2 2<t<4,
-4t 4<t

Solution. The function f in terms of unit step functions is

F(@)=3+u(t-2)((-3t+2)=3) +u(t —4)(—4t — (-3t +2))

=3+u(t-2)(-3t-1)+u(t—4)(-t-2).



We can write
— —st d
L) /0 e f(1) di
2 4 0
:/0 e (3)dt+/2 e (—3t+2)dt+/4 e (—4t) dt

2 4 )
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= L(3) +/ e (=3t - 1)dt+/ e (=4t - 3) dt.
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Now, if we substitute T = t — 2 and dt = dt into the second and third terms of our final
expression of L( f(¢)), we obtain

L(f(1)=L3)+ /24e‘s’(—3t —1)dr+ /4006_”(—4t -3)dt
=L(3)+ /0 ze_s(T+2)(—3(T+2) ~1)dr+ /2 ooe_S(T+2)(—4(T+2) ~3)dr
= L(3) +/026_S(T+2)(—3T—7) dT+/2we_s(T+2)(—4T ~11)dr
= L(3) +/02e—S<f+2>(—3t—7) dt+/2we_s(’+2)(—4t— 11) dt
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=L(3)+ / e (231 = 7) dr + / e (—4r — 11) dt
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=L£(3)+ / e (31 = 7) dr + / e (=4t = 11) = (=3t = 7)) dt
0 2
=L(3)+e / e (=3t —=T7)dt + e / e (=t — 4) dt
0 2
=L +e BL(-B3t-T)+e ¥ / e (—t—4)dt
2

= L(3)+e ¥ (=3L(1) =TL(1)) + e~ /m e (—t — 4) dt.
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Now, if we substitute 7 = ¢ — 2 into the third term of our final expression of

e / e (—t—4)dt=e™ / e (—(1+2) - 4) dr
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So the Laplace transform of f(¢) is

L(f(1) = LB3)+e > (=3L(1) = TL(1)) + e™* /200 e (=t — 4) dt
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