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Homework 5 solutions

1. Find the general solution of
H′′ − 6H′ + 9H = 0.

Solution. Let H = 4_G , where _ is a number. Then we obtain the first and second derivatives

H′ = _4_G ,

H′′ = _24_G .

So we have

0 = H′′ − 6H′ + 9H

= _24_G − 6_4_G + 94_G

= 4_G (_2 − 6_ + 9)
= 4_G (_ − 3)2.

Since we know 4_G ≠ 0, we must conclude (_ − 3)2 = 0, which gives the repeated root _1 = 3. So the general solution is

H = �14
_1G + �2G4

_1G

= �14
3G + �2G4

3G ,

where �1, �2 are constants. �

2. Find the general solution of
H′′ + 2H′ + 2H = 0.

Solution. Let H = 4_G , where _ is a number. Then we obtain the first and second derivatives

H′ = _4_G ,

H′′ = _24_G .

So we have

0 = H′′ + 2H′ + 2H

= _24_G + 2_4_G + 24_G

= 4_G (_2 + 2_ + 2).

Since we know 4_G ≠ 0, we must conclude _2 + 2_ + 2 = 0, which gives the imaginary roots _1 = −1 − 8 and _2 = −1 + 8. So
the general solution is

H = �14
_1G + �24

_2G

= �14
(−1−8)G + �24

(−1+8)G

= 4−G (�14
−8G + �24

8G)

= 4−G (�1 cos(G) + �2 sin(G)) ,

where �1, �2 are constants. �

3. Find the general solution of
H′′′′ + H′′ − 6H = 0.

Solution. Let H = 4_G , where _ is a number. Then we obtain the first, second, third, and fourth derivatives

H′ = _4_G ,

H′′ = _24_G ,

H′′′ = _34_G ,

H′′′′ = _44_G .



So we have

0 = H′′′′ + H′′ − 6H

= _44_G + _24_G − 64_G

= 4_G (_4 + _2 − 6)
= 4_G (_2 − 2) (_2 + 3).

Since we know 4_G ≠ 0, we must conclude (_2 − 2) (_2 + 3) = 0. which gives the real roots _1 = −
√

2 and _2 =
√

2 and the
imaginary roots _3 = −

√
38 and _4 =

√
38. So the general solution is

H = �14
_1G + �24

_2G + �34
_3G + �44

_4G

= �14
−
√

2G + �24
√

2G + �34
−
√

38G + �44
√

38G

= �14
−
√

2G + �24
√

2G + �3 cos(
√

3G) + �4 sin(
√

3G) ,

where �1, �2, �3, �4 are constants. �

4. Find the Wronskian matrix of the given sets of functions and use that information to determine whether the given sets are
linearly independent.

(1) {G3, G2 + 2G}

Solution. The Wronskian matrix is [
G3 G2 + 2G

3
3G
(G3) 3

3G
(G2 + 2G)

]
=

[
G3 G2 + 2G

3G2 2G + 2

]
.

So the Wronskian is

, (G3, G2 + G) =
���� G3 G2 + 2G
3G2 2G + 2

����
= (G3) (2G + 2) − (3G2) (G2 + 2G)
= 2G4 + 2G3 − 3G4 − 6G3

= −G4 − 4G3,

which is nonzero except G = −4 and G = 0. So we conclude that the set {G3, G2 + 2G} is linearly independent. �

(2) {4−G , 4G , 42G}

Solution. The Wronskian matrix is
4−G 4G 42G

3
3G
4−G 3

3G
4G 3

3G
42G

32

3G2 4
−G 32

3G2 4
G 32

3G2 4
2G

 =


4−G 4G 42G

−4−G 4G 242G

4−G 4G 442G

 .
So the Wronskian is

, (G3, G2 + G) =

������ 4
−G 4G 42G

−4−G 4G 242G

4−G 4G 442G

������
= 4−G

����4G 242G

4G 442G

���� − 4G ����−4−G 242G

4−G 442G

���� + 42G
����−4−G 4G

4−G 4G

����
= 4−G ((4G) (442G) − (4G) (242G)) − 4G ((−4−G) (442G) − (4−G) (242G))
+ 42G ((−4−G) (4G) − (4−G) (4G))

= 4−G (243G) − 4G (−64G) + 42G (−2)
= 242G + 642G − 242G

= 642G ,

which is nonzero for all real numbers G. So we conclude that the set {4−G , 4G , 42G} is linearly independent. �

5. Find the general solution of
H′′′ − H′′ − H′ + H = 5,

given that H = 5 is a particular solution.



Solution. The general solution for the ordinary differential equation is H = Hℎ + H? = Hℎ + 5, where H? = 5 is a particular
solution and Hℎ is a homogeneous solution of

H′′′ℎ − H
′′
ℎ − H

′
ℎ + Hℎ = 0.

Let H = 4_G , where _ is a number. Then we obtain the first, second, and third derivatives

H′ℎ = _4_G ,

H′′ℎ = _24_G ,

H′′′ℎ = _34_G .

So we have

0 = H′′′ℎ − H
′′
ℎ − H

′
ℎ + Hℎ

= _34_G − _24_G − _4_G + 4_G

= 4_G (_3 − _2 − _ + 1)
= 4_G (_ + 1) (_2 − 2_ + 1)
= 4_G (_ + 1) (_ − 1)2.

Since we know 4_G ≠ 0, we must conclude (_ + 1) (_ − 1)2. = 0. which gives the real root _1 = −1 and the repeated real roots
_2 = 1. So the general solution is

Hℎ = �14
_1G + �24

_2G + �3G4
_2G

= �14
−G + �24

G + �3G4
G ,

and so the general solution is

H = Hℎ (G) + H? (G)

= �14
−G + �24

G + �3G4
G + 5 ,

where �1, �2, �3, �4 are constants. �


