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Homework 5 solutions

1. Find the general solution of
y’ =6y +9y=0.

Solution. Lety = e where A is a number. Then we obtain the first and second derivatives

y/ — /le/lx,

y// — /lZe/lx.
So we have

0=y" -6y +9y
= 12e™ — 61 + 9e™
= e (A2 -61+49)
=e™(1-3)%

Since we know e* # 0, we must conclude (1 — 3)? = 0, which gives the repeated root 1; = 3. So the general solution is

y = CieM* + Coxett™

=|C1e3* + Cyxe* |,

where C1, C, are constants. O

2. Find the general solution of
¥ +2y +2y=0.

Solution. Lety = e where 1 is a number. Then we obtain the first and second derivatives

So we have

0=y"+2y" +2y
= e™ +22e™ +2e™
= e (A2 +21+2).
Since we know e** # 0, we must conclude A% + 24 + 2 = 0, which gives the imaginary roots 1; = =1 —iand 1, = —1 +i. So
the general solution is

/l]x /12)(

y= C1€ + Cze
— Cle(—l—i)x + C2€<_1+i)x
= e (Cre™™ + Cre™)

= ‘ e~ (C cos(x) + Cy sin(x)) ‘,

where Cy, C, are constants. O

3. Find the general solution of
yll// +y// _ 6y — 0.

Solution. Lety = e, where A is a number. Then we obtain the first, second, third, and fourth derivatives

y' — /le/lx’
yu — /l2e/lx,
ylu — /136/1)6,

yuu — /146/1)(-



So we have
0 = leII + yll _ 6y
— /l4e/lx +/12€/lx _ 6exlx
=™+ 2% -6)
= e (12 =2)(22 +3).
Since we know e?* # 0, we must conclude (1% — 2)(A% + 3) = 0. which gives the real roots 1; = — V2 and 1, = V2 and the
imaginary roots A3 = — V3i and 14 = V3i. So the general solution is
y = CreM™ + Coe™™ + C3e™* + Che™™

= Cle_\/ix + Cze‘ V2x + C3e_\6ix + C46 V3ix

= Cle“ﬁ" + Che Vax C3 cos( V3x) + Cy sin( V3x) |,

where Cy, C,, C3, C4 are constants. O
. Find the Wronskian matrix of the given sets of functions and use that information to determine whether the given sets are
linearly independent.

(1) {x3,x%+2x}

Solution. The Wronskian matrix is

x3 x2 +2x
3x2 2x+2

L% L(x?+2x)

_ [x3 x% +2x

So the Wronskian is

X xr+2x
322 2x+2
= (x3)(2x +2) — 3x?) (% + 2x)

=2x* 4203 -3t — 6P

WS, x%+x) =

= —x* — 423,
which is nonzero except x = —4 and x = 0. So we conclude that the set {x?, x> + 2x} is linearly independent. O
(2) {e™*,e*, ™}
Solution. The Wronskian matrix is
e ex €2X e e er
d ,—x d ,x d 2x | _ —-x x 2x
“11)2( e Z)zc e ?1)2( e = |—e e 262 .
da- ,—x d- x d° 2x -X X x
az€ axz€ ax2€ € € de
So the Wronskian is
e X er
WS, x2+x) =|—e™* F 2™
e ex 462x
ex zer —e X 262)( X X
= - +e>x| ¢ €
eX 462x e 462x e~ e

e ((e¥)(4€™) = (€¥)(2¢™)) — € ((—e ™) (4e™) — (e7¥)(2¢™))
+e™ ((—e™¥)(e¥) = (e7)(eY))

e (2e%) — eX(—6e%) + > (-2)

=2¢% 4 6> — 22

= 6e*,

which is nonzero for all real numbers x. So we conclude that the set {e™*, ¥, ¢>*} is linearly independent. O

. Find the general solution of
y//l_y//_yl+y:5,

given that y = 5 is a particular solution.



Solution. The general solution for the ordinary differential equation is y = y, +y, = y5 + 5, where y, = 5 is a particular
solution and yj, is a homogeneous solution of

"’

Yu =y =y +yn=0.

Lety = e, where A is a number. Then we obtain the first, second, and third derivatives

Y = e,

y;ll — /lze/lx’

y;,” — /13€/lx.
So we have

1’

0=y, =Y, =Yy +¥n
— /138/1)( _/lZe/lx _/le/lx +e/lx
=P -2 -1+1)
=ePA+1)(A2-21+1)
=eA+1)(A- 12
Since we know e** # 0, we must conclude (1 + 1)(1 — 1)2. = 0. which gives the real root 1; = —1 and the repeated real roots
A> = 1. So the general solution is
yi = CreM* + Cre®* + Cyxe™”

=Cie ™™ + Cre™ + Czxe™,
and so the general solution is

y=yn(x)+yp(x)

=‘Cle_x + Cre* + Czxe* +5],

where Cy, C», C3, C4 are constants. O



