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Homework 6 solutions

1. Find the general solution of
H′′ − 6H′ + 10H = 0.

Solution. Let H = 4_G , where _ is a number. Then we obtain the first and second derivatives

H′ = _4_G ,

H′′ = _24_G .

So we have

0 = H′′ − 6H′ + 10H

= _24_G − 6_4_G + 104_G

= 4_G (_2 − 6_ + 10).

Since we know 4_G ≠ 0, we must conclude _2 − 6_ + 10 = 0, which gives the imaginary roots _1 = 3 − 8 and _2 = 3 + 8. So
the general solution is

H = �14
_1G + �24

_2G

= �14
(3−8)G + �24

(3+8)G

= 43G (�14
8G + �24

−8G)

= 43G (�1 cos(G) + �2 sin(G)) ,

where �1, �2 are constants. �

2. Given that H1 = G2 is a solution of
G2H′′ + GH′ − 4H = 0,

find the general solution using reduction of order.

Solution. Write H = G2D, where D = D(G). Then we obtain the first and second derivatives

H′ = 2GD + G2D′,

H′′ = 2D + 4GD′ + G2D′′.

So we obtain

0 = G2H′′ + GH′ − 4H

= G2 (2D + 4GD′ + G2D′′) + G(2GD + G2D′) − 4G2D

= 2G2D + 4G3D′ + G4D′′ + 2G2D + G3D′ − 4G2D

= G4D′′ + 5G3D′

= G3 (GD′′ + 5D′),

which implies either G = 0 or GD′′ + 5D′ = 0. If we have G = 0, then H = G2D = 02D = 0, which is a trivial solution. But we are
interested only in a nontrivial solution, which means we should assume

GD′′ + 5D′ = 0.

Let F = D′. Then we obtain
GF′ + 5F = 0,

which is a separable first-order equation in F. We can rewrite the separable equation as

1
F
3F = −5

G
3G,

and we can integrate both sides of the separable equation, writing∫
1
F
3F =

∫
−5
G
3G,



in order to obtain
ln( |F |) = −5 ln( |G |) + ln(�0),

or equivalently the solution

D′ = F =
�0

G5 ,

where �0 is an arbitrary constant. We can rewrite this separable equation as

3D =
�0

G5 3G,

and we can integrate both sides of the separable equation, writing∫
1 3D =

∫
�0

G5 3G,

where �0 is an arbitrary constant, in order to obtain

H

G2 = D =
�1

G4 + �2,

or equivalently

H = G2
(
�1

G4 + �2

)
=
�1

G2 + �2G
2 ,

where �1, �2 are arbitrary constants. �

3. Find the solution of the initial value problem

H′′ − 4H′ + 5H = 0,
H(0) = 3,
H′(0) = 1.

Solution. Let H = 4_G , where _ is a number. Then we obtain the first and second derivatives

H′ = _4_G ,

H′′ = _24_G .

So we have

0 = H′′ − 4H′ + 5H

= _24_G − 4_4_G + 54_G

= 4_G (_2 − 4_ + 5).

Since we know 4_G ≠ 0, we must conclude _2 − 4_ + 5 = 0, which gives the imaginary roots _1 = 2 + 8 and _2 = 2 − 8. So the
general solution is

H = �14
_1G + �24

_2G

= �14
(2+8)G + �24

(2−8)G

= 42G (�14
8G + �24

−8G)
= 42G (�1 cos(G) + �2 sin(G)),

where �1, �2 are constants. We also obtain the derivative

H′ = 242G (�1 cos(G) + �2 sin(G)) + 42G (−�1 sin(G) + �2 cos(G))
= 42G ((2�1 + �2) cos(G) + (2�2 − �1) sin(G)).

Now, we can apply the initial condition H(0) = 3 and H′(0) = 1 to obtain the linear system of equations

3 = �1,

1 = 2�1 + �2,

from which we can solve simultaneously to deduce �1 = 3 and �2 = −5. Therefore,

H = 42G (�1 cos(G) + �2 sin(G))

= 42G (3 cos(G) − 5 sin(G)) ,

is the solution to the initial value problem. �



4. Find the solution of
H′′ − 5H′ + 6H = 43G .

Solution. First, we will find the homogeneous solution Hℎ , which solves

H′′ℎ − 5H′ℎ + 6Hℎ = 0.

Let Hℎ = 4_G , where _ is a number. Then we obtain the first and second derivatives

H′ℎ = _4_G ,

H′′ℎ = _24_G .

So we have

0 = H′′ℎ − 5H′ℎ + 6Hℎ

= _24_G − 5_4_G + 64_G

= 4_G (_2 − 5_ + 6)
= 4_G (_ − 2) (_ − 3).

Since we know 4_G ≠ 0, we must conclude (_ − 2) (_ − 3) = 0, which gives the distinct real roots _1 = 2 and _2 = 3. So the
homogeneous solution is

Hℎ = �14
_1G + �24

_2G

= �14
2G + �24

3G ,

where �1, �2 are constants. Now, we will find the particular solution H? , which solves

H′′? − 5H′? + 6H? = 43G ,

using the method of undetermined coefficients. We cannot assume the form H? = �43G because that would make H? a linear
combination of Hℎ . Instead, the particular solution takes the form H? = �G43G , where � is a constant. We obtain the derivatives

H′? = �43G (3G + 1),
H′′? = 3�43G (3G + 2).

So we have

43G = H′′? − 5H′? + 6H?

= 3�43G (3G + 2) − 5(�43G (3G + 1)) + 6�G43G

= 9�G43G + 6�43G − 15�G43G − 5�43G + 6�G43G

= �43G ,

from which we deduce � = 1, and so our particular solution is

H? = �G43G

= G43G .

Therefore,

H = Hℎ + H?

= �14
2G + �24

3G + G43G ,

is the general solution to the problem. �

5. Find the solution of
H′′ + H′ + 2H = G2 + 4.

Solution. First, we will find the homogeneous solution Hℎ , which solves

H′′ℎ + H
′
ℎ + 2Hℎ = 0.

Let Hℎ = 4_G , where _ is a number. Then we obtain the first and second derivatives

H′ℎ = _4_G ,

H′′ℎ = _24_G .



So we have

0 = H′′ℎ + H
′
ℎ + 2Hℎ

= _24_G + _4_G + 24_G

= 4_G (_2 + _ + 2).

Since we know 4_G ≠ 0, we must conclude _2 +_ + 2 = 0, which gives the imaginary roots _1 = − 1
2 +

√
7

2 8 and _2 = − 1
2 −

√
7

2 8.
So the homogeneous solution is

Hℎ = �14
_1G + �24

_2G

= �14
(− 1

2+
√

7
2 8)G + �24

(− 1
2−
√

7
2 8)G

= 4−
1
2 G (�14

√
7

2 8G + �24
−
√

7
2 8G)

= 4−
1
2 G

(
�1 cos

( √
7

2
G

)
+ �2 sin

( √
7

2
G

))
,

where �1, �2 are constants. Now, we will find the particular solution H? , which solves

H′′? + H′? + 2H? = G2 + 4,

using the method of undetermined coefficients. The particular solution takes the form H? = �G2 + �G + �, where �, �, � are
constants. We obtain the derivatives

H′? = 2�G + �,
H′′? = 2�.

So we have

G2 + 4 = H′′? + H′? + 2H?

= 2� + (2�G + �) + 2(�G2 + �G + �)
= 2� + 2�G + � + 2�G2 + 2�G + 2�

= 2�G2 + (2� + 2�)G + (2� + � + 2�),

from which we can equate the coefficients to obtain a linear system of equations

2� = 1,
2� + 2� = 0,

2� + � + 2� = 4.

We can solve simultaneously this linear system to deduce � = 1
2 , � = − 1

2 , � = 7
4 . So our particular solution is

H? = �G2 + �G + �

=
1
2
G2 − 1

2
G + 7

4
.

Therefore,

H = Hℎ + H?

= 4−
1
2 G

(
�1 cos

( √
7

2
G

)
+ �2 sin

( √
7

2
G

))
+ 1

2
G2 − 1

2
G + 7

4
,

is the general solution to the problem. �

6. Find the solution of
H′′ + H′ = sin(G).

Solution. First, we will find the homogeneous solution Hℎ , which solves

H′′ℎ + H
′
ℎ = 0.

Let I = H′
ℎ
. Then we obtain

I′ + I = 0,



which is a separable first-order equation in I. We can rewrite the separable equation as

−1
I
3I = 3G,

and we can integrate both sides of the separable equation, writing∫
−1
I
3I =

∫
1 3G,

in order to obtain
− ln( |I |) = G + �0,

or equivalently the solution
H′ℎ = I = 4−�04−G ,

where �0 is an arbitrary constant. We can rewrite this separable equation as

3Hℎ = 4−�04−G 3G,

and we can integrate both sides of the separable equation, writing∫
1 3Hℎ =

∫
4−�04−G 3G,

in order to obtain the homogeneous solution
Hℎ = �14

−G + �2,

where �1, �2 are arbitrary constants. Now, we will find the particular solution H? , which solves

H′′? + H′? = sin(G),

using the method of undetermined coefficients. The particular solution takes the form H? = � cos(G) + � sin(G), where �, �
are constants. We obtain the derivatives

H′? = −� sin(G) + � cos(G),
H′′? = −� cos(G) − � sin(G).

So we have

sin(G) = H′′? + H′?
= (−� cos(G) − � sin(G)) + (−� sin(G) + � cos(G))
= (−� + �) cos(G) + (−� − �) sin(G),

from which we can equate the coefficients to obtain a linear system of equations

−� + � = 0,
−� − � = 1.

We can solve simultaneously this linear system to deduce � = − 1
2 and � = − 1

2 . So our particular solution is

H? = � cos(G) + � sin(G)

= −1
2

cos(G) − 1
2

sin(G).

Therefore,

H = Hℎ + H?

= �14
−G + �2 −

1
2

cos(G) − 1
2

sin(G) ,

is the general solution to the problem. �


