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Homework 6 solutions

1. Find the general solution of
vy’ -6y’ +10y = 0.

Solution. Lety = e**, where A is a number. Then we obtain the first and second derivatives

y/ — /le/lx’

yr/ — /128/1)(.

So we have

0=y" -6y’ +10y
= 2™ — 61e™ + 10
=™ (2> - 64+ 10).
Since we know e* # 0, we must conclude A% — 61 + 10 = 0, which gives the imaginary roots 1; = 3 —i and 1, = 3 +i. So
the general solution is
y = CreM* + Cret™
— Cle(3*i)x + Cze(3+i)x

= &> (C1e™ + Cre™™)

=|e3*(C) cos(x) + Cysin(x)) |,

where C1, C, are constants. O

2

2. Given that y; = x* is a solution of

x2yu +xy/ _ 4y =0,

find the general solution using reduction of order.

Solution. Write y = x>u, where u = u(x). Then we obtain the first and second derivatives

y' = 2xu +x%u’,

v = 2u +4xu’ +xu”.
So we obtain

0=x2y" +xy —4y
= x2Qu + 4xu’ +x2u”) + x(2xu + x*u’) — 4x*u
4

= 2x%u + 43U + x*u” + 2x%u + xXu’ - 4x%u

14

=x*u" +5x3°u’

= x> (xu” +5u’),

which implies either x = 0 or xu”” + 5u’ = 0. If we have x = 0, then y = x2u = 0%u = 0, which is a trivial solution. But we are
interested only in a nontrivial solution, which means we should assume

xu” +5u’ =0.

Let w = u’. Then we obtain
xw’ + 5w =0,

which is a separable first-order equation in w. We can rewrite the separable equation as

1 5
—dw = ——dkx,
w X

and we can integrate both sides of the separable equation, writing

1 5
/—dw:/——dx,
w X



in order to obtain
In(|w|) = =51n(]x|) + In(Cy),

or equivalently the solution

u' =w= 20
x5’
where C is an arbitrary constant. We can rewrite this separable equation as
C
du = =2 dx,
o

and we can integrate both sides of the separable equation, writing

/lduz/.c—;)dx,
x

where C is an arbitrary constant, in order to obtain

y G
— =u=—+=+ Cz,
x2 x4
or equivalently
C
= x? (—1 +C )
4
(o
= —21 + szz .
X
where C, C, are arbitrary constants. O

. Find the solution of the initial value problem

y' =4y +5y=0,
y(0) =3,
y'(0) = 1.

Solution. Lety = e, where A is a number. Then we obtain the first and second derivatives
y' = e,
y" = 22t
So we have
0=y" —4y" +5y
= V2™ — 4™ + 5%
= e - 41+45).
Since we know e* # 0, we must conclude A2 — 41 + 5 = 0, which gives the imaginary roots 1; =2 +i and 1, = 2 —i. So the
general solution is

/llx /12x

y=Cire™" + Che
— Cle(2+i)x + Cze(Z—i)x
eZX(Cleix + Cre™™)

e**(C) cos(x) + Cy sin(x)),

where Cy, C, are constants. We also obtain the derivative
y' =2e>*(C cos(x) + Ca sin(x)) + ¢** (=C; sin(x) + C5 cos(x))
= e ((2C; + C) cos(x) + (2C, — Cy) sin(x)).
Now, we can apply the initial condition y(0) = 3 and y’(0) = 1 to obtain the linear system of equations

3=Cy,
1=2C; + Gy,

from which we can solve simultaneously to deduce C; = 3 and C, = —5. Therefore,

y = e**(Cj cos(x) + Cy sin(x))

=[e** (3 cos(x) — 5sin(x)) |,

is the solution to the initial value problem. O



4. Find the solution of
y" =5y +6y = &>*.

Solution. First, we will find the homogeneous solution y;, which solves

Y =Sy, +6yn =0.

Let y;, = e*, where A is a number. Then we obtain the first and second derivatives

V= eV,
y;ll — /lze/lx.

So we have

0=y, =5y, + 6y
= 2™ — 50 + 6™
= e (A2 -51+46)
=e™(1-2)(1-3).

Since we know e** # 0, we must conclude (A — 2)(A — 3) = 0, which gives the distinct real roots A; = 2 and 1 = 3. So the
homogeneous solution is

Yh = C]E/llx + Cze/lzx

2x 3x
= Cle +C26 .

where Cy, C; are constants. Now, we will find the particular solution y,,, which solves

3x
9

Y, =Sy, +6y,=e

using the method of undetermined coefficients. We cannot assume the form y,, = Ae>* because that would make y,, a linear
combination of yj. Instead, the particular solution takes the form y,, = Axe>, where A is a constant. We obtain the derivatives

Yp = Ae¥(Bx+1),
Yy =3Ae*(3x+2).

So we have

e = Yp =5y, +6yp

=3Ae>(3x +2) - 5(Ae>* (3x + 1)) + 6Axe™
= 9Axe™ + 6Ae> — 15Axe> — 5Ae> + 6Axe™™

— AeSx,

from which we deduce A = 1, and so our particular solution is

yp = Axe™™
= xe>~.
Therefore,
Y=Ynt+Yp
=|Cre** + Cre> + x|,
is the general solution to the problem. O

5. Find the solution of
V' 4y +2y =x*+4.

Solution. First, we will find the homogeneous solution yj,, which solves
Y+ Y, +2yn =0.
Let y, = e, where A is a number. Then we obtain the first and second derivatives

v, = e,

y;{ — /128/1)5.



So we have

0=y, +y,+2yn
= P2e™ + 1e + 2™

= e (A2 +A+2).

Since we know e # 0, we must conclude A% + 1+ 2 = 0, which gives the imaginary roots 4 = —% + gi and Ap = —% —

So the homogeneous solution is

o

i.

Yh = Cle/llx + Cze/lzx
= Cre 1 0x 4 i Fix

_1 N _Vi;
=e 2%(Cie T+ Cre™ 2 )

= ef%x (Cl cos (gx) + C2 sin (gX)) s

where Cy, C; are constants. Now, we will find the particular solution y,, which solves
Yo+ +2yp =x’+4,

using the method of undetermined coeflicients. The particular solution takes the form y, = Ax% + Bx + C, where A, B, C are
constants. We obtain the derivatives

yp =2Ax + B,
Yy =2A.
So we have
x2+4=y;,’+y;, +2yp
=2A+ (2Ax + B) +2(Ax*> + Bx + C)

=2A+2Ax + B +2Ax> +2Bx +2C
=2Ax* + (2A+2B)x + (2A + B +20),

from which we can equate the coefficients to obtain a linear system of equations

2A =1,
2A+2B =0,
2A+B+2C =4.

We can solve simultaneously this linear system to deduce A = %, B = —%, C= %. So our particular solution is

ypzAx2+Bx+C

1, 1 N 7
=—x"—=x+-.
2 2 4
Therefore,
Y=YntYp
7 7 1 1 7
= |2 (C1 cos TX + (5 sin %x)) + zxz - Ex + il
is the general solution to the problem. O

. Find the solution of
y” +y" =sin(x).

Solution. First, we will find the homogeneous solution yj,, which solves

y,+y,=0.

Let z = y; . Then we obtain

’

7’+2z=0,



which is a separable first-order equation in z. We can rewrite the separable equation as
1
——dz = dx,
Z

and we can integrate both sides of the separable equation, writing
1
/ ——dz = / 1dx,
Z

—In(Jz[) = x + Co,

in order to obtain

or equivalently the solution

Coe—x,

) -
y h= z=e

where Cy is an arbitrary constant. We can rewrite this separable equation as
dyp = e e dx,

and we can integrate both sides of the separable equation, writing

/ ldyy = / e~ e dx,

yhn=Cre ™ +Cy,

in order to obtain the homogeneous solution

where Cy, C; are arbitrary constants. Now, we will find the particular solution y,, which solves

Yp + V), =sin(x),

using the method of undetermined coefficients. The particular solution takes the form y, = A cos(x) + Bsin(x), where A, B
are constants. We obtain the derivatives

¥, = —Asin(x) + B cos(x),
yp = —Acos(x) = Bsin(x).

So we have

sin(x) =y +y),
= (=Acos(x) — Bsin(x)) + (—A sin(x) + B cos(x))
= (-=A+ B)cos(x) + (—A — B) sin(x),

from which we can equate the coefficients to obtain a linear system of equations

~A+B=0,
~A-B=1.

We can solve simultaneously this linear system to deduce A = —% and B = —%. So our particular solution is
yp = Acos(x) + B sin(x)

1 1
=-3 cos(x) — 3 sin(x).

Therefore,

~<
I

YhtYp

1 1
=|Cie ™ +Cy - 3 cos(x) — 3 sin(x) |,

is the general solution to the problem. O



