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Homework 8 solutions

1. Find the general solution of
4x%y" +4xy’ —y = 0.

Solution. Lety = x1, where A is a number. Then we obtain the first and second derivatives
yr — /lx’l_l,
V' =A(A-1)x* 2.
So we have
0=4x>y" +4xy —y
= 42 (A = D) + dx () — 1t
= x1 (427 - 42) + x1(42) - x*
=x'(422 - 1).
If we assume x* = 0, then we would have y = x* = 0, meaning that the solution would be trivial. As we are interested in a

nontrivial solution, we should assume 412 — 1 = 0, which gives the distinct real roots 4| = % and 1, = —%. So the general
solution is

y = CixY + Cpx™
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where C1, C, are constants. O

2. Find the general solution of
x2y” = 3xy’ +4y = 0.

Solution. Lety = x?, where A is a number. Then we obtain the first and second derivatives

yl - ﬂx/l_l,
y” =2(4 - 1)x'2.
So we have
0=x%y"” —3xy’ +4y
= x2(A(A - Dxt2) = 3x(Axt ) + 4xt
=xY (A% = 1) = x*(32) + 4x?
=xY (A2 —4a+4)
=xY(1-2)°.

If we assume x? = 0, then we would have y = x1 =0, meaning that the solution would be trivial. As we are interested in a
nontrivial solution, we should assume (1 — 2)? = 0, which gives the repeated roots A; = 2. So the general solution is

y= CixM + Coxt In(x)

=| C1x* + Cox* In(x) |,

where Cy, C, are constants. O

3. Find the general solution of

2x2y" + 1xy’ +4y = 0.



Solution. Lety = x1, where A is a number. Then we obtain the first and second derivatives

y/ — /lx’l_l,

v =2(1 - 1)x'2.
So we have

0=2x2y" + 11xy’ +4y

=202 (A2 = Dx¥72) + 1x (A + 4x?

= x1(22% = 22) +xY(112) + 4x*

=x' (222 + 91+ 4)

=x'2x + 1) (x +4).
If we assume x*! = 0, then we would have y = x! = 0, meaning that the solution would be trivial. As we are interested in a
nontrivial solution, we should assume (2x + 1)(x + 4) = 0, which gives the distinct real roots 1; = —% and A, = —4. So the
general solution is

y= Clx’l‘ + ng’lz
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where Cy, C, are constants. O
. Find the general solution of
X2y =2y =0.

Solution. Lety = x1, where A is a number. Then we obtain the first and second derivatives

yr — /lx’l_l,

y” =2(1 - 1)x*2.
So we have

0=x%y" -2y

= x2(A(A = 1xt2) — 2x?

=x' (2% -1) -2t

=x'(A%>-1-2)

=x'(1-2)(A+1).
If we assume x* = 0, then we would have y = x! = 0, meaning that the solution would be trivial. As we are interested in
a nontrivial solution, we should assume (1 — 2)(4 + 1) = 0, which gives the distinct real roots 1; = 2 and A, = —1. So the
general solution is

y = Clx’l‘ + sz’12
=C 1x2 + ng’l
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where Cy, C, are constants. O

. Find the general solution of
x%y” —6xy’ =0.

Solution. Lety = x1, where A is a number. Then we obtain the first and second derivatives

y/ — /lx’l_l,

y” =21 - 1)x'2.



So we have
0=x2y" - 6xy’
= x> - Dxt2) — 6x(axt)
=xY(2% = 1) — 6x?

=x'(A2-1-62)
=xY (22 =172)
=x(1-17).

If we assume x? = 0, then we would have y = x1 =0, meaning that the solution would be trivial. As we are interested in a
nontrivial solution, we should assume (A —7) = 0, which gives the distinct real roots roots 1; = 7 and A, = 0. So the general
solution is

y = CixY + Cox®

= C1x7 + C2x0

=1Cx +Cyl,

where Cy, C, are constants. O



