MATH 131: Linear Algebra I
University of California, Riverside
Homework 2 Solutions
July 8, 2019

Solutions to assigned homework problems from Linear Algebra Done Right (third edition) by Sheldon Axler

2.A:1,3,5,6,7,8,9,10, 11
2B:3,4,6,8
2C:1,2,3,11, 12,13, 15, 16, 17

2.A1.

2.A3.

Let V be a vector space. Suppose vi, Vo, v3, V4 is a basis of V. Prove that the list
Vi —V2,V2 = V3,V3 — V4, V4

is also a basis of V.

Proof. Suppose ai, as, as, a4 € F satisfy
ai(vi —v2) + ax(v2 = v3) + az(v3 — v4) + agvy = 0.
Algebraically rearranging the terms, we get
aivi + (—ay + ax)va + (—az + az)vs + (—az + ag)v4 = 0.
Since vy, vy, v3, v4 is linearly independent, all scalars are zero, which means we have
a1 =0,—a1+a, =0,—a +az =0,—az + a4 =0.

The second equation —a; + a, = 0 with a; = 0 implies a; = 0. The third equation —a, + a3 = 0 with a, = 0 implies a3 = 0.
The fourth equation —asz + a4 = 0 with a3 = 0 implies a4 = 0. So we have

a; =0,ap =0,a3 =0,a4 =0,

and so we conclude v — vy, vp — 13, V3 — V4, V4 is linearly independent. Next, we need to prove that vi — vy, vy — V3, V3 — V4, V4
spans V. Since vy, v, v3, v4 spans V, there exist aj, as, a3, a4 € F such that

vV =aivy +axvy +azvy + agvy.
Furthermore, observe that we can write
vi = (v —v2) + (V2 —v3) + (v3 — v4) + 14,

va = (V2 = v3) + (V3 — vg) + 4,

V3 = (V3 - V4) + vyq.
So we have
vV =aivy +axvy +azvs + agvy

=ai((vi =v2) + (v2 = v3) + (v3 = v4) + va) + aa((v2 = v3) + (v3 = v4) + v4) + a3((v3 — v4) + v4) + agvy
=ai(vi —w2) + (a1 + a2)(va = v3) + (a1 + ar + a3)(v3 — v4) + (a1 + a2 + a3 + as)vs.

Since we also have ai, a; + az, a1 + a» + az,a; + ar + a3 + a4 € F, it follows that the list vi — vy, Vo — v3,v3 — v4, v4 Spans V.
Therefore, vi — v, Vo — v3,v3 — 4, v4 is a basis of V. O

Find a number ¢ such that
(3,1,4),(2,-3,5),(5,9,1)

is not linearly independent in R3.

Proof. To find ¢ for which the list (3, 1,4), (2, -3,5), (5,9, ) is linearly independent, we can write the last vector (5,9,7) as a
linear combination of the first two vectors (3, 1,4), (2, -3, 5) as follows:

(5,9,1) = a1(3,1,4) + ax(2,-3,5)
for some ay, a; € F and solve for ¢. To do this, we can rewrite the above equation as
(5, 9, l) = (3a1 +2ap, a1 — 3ap, 4a; + Saz),

from which we can equate the coordinates of both sides to obtain the system of equations

5= 361] + 2(12,
9= a) — 3a2,
t =4a; + 5a;.

The first two of the three equations in the above system can be system-solved to get a; = 3, a = —2. Substituting these values
into the third equation, we get t = 4(3) + 5(2) = 22. O



2.A.5. (a) Show that if we think of C as a vector space over R, then the list (1 + 7, 1 — i) is linearly independent.
Proof. If C as a vector space over R, then the scalars are real numbers. Suppose aj, a; € R satisfy
ai(1+i)+a(1-i)=0+0i.
Then using the definition of addition on C for the left-hand side of the above equation, we get
(a1 + az) + (a1 — ap)i = 0+ 0,
from which we can equate the terms from both sides to obtain the system of equations
ay+ap =0,
ar—ap; =0.

The only pair of solutions in R to this system of equations is a; = 0,a, = 0. Therefore, the list (1 + i, 1 — i) is linearly
independent. o

(b) Show that if we think of C as a vector spae over C, then the list (1 + i, 1 — i) is linearly dependent.

Proof. 1If C as a vector space over C, then the scalars are complex numbers. Choose ¢; = i,c; = 1 € C. Then ¢, ¢

satisfy
ct(l+)+ce(1-0)=i(1+i)+1(1—1iQ)
=(i+i%)+(1-i)
=@@-D+0-10)
=0.
Since ¢; = 1, ¢, = 1 are nonzero scalars, we conclude that the list (1 + i, 1 — i) is linearly dependent. O

2.A.6. Suppose vi, V2, V3, V4 is a linearly independent in V. Prove that the list
V1 —V2,V2 —V3,V3 — V4, V4

is also linearly independent.

Proof. Suppose ai, as, as, a4 € F satisfy
ai(vi —v2) + ax(v2 — v3) + az(v3 — v4) + agvs = 0.
Algebraically rearranging the terms, we get
avy + (—a1 + az)VZ + (—a2 + (13)1/3 + (—a3 + a4)V4 =0.
Since vy, v, v3, v4 is linearly independent, all scalars are zero, which means we have
a1 =0,—a;+a, =0,—a +az =0,—az + a4 =0.

The second equation —a; + a = 0 with a; = 0 implies a, = 0. The third equation —a; + a3 = 0 with a, = 0 implies a3 = 0.
The fourth equation —a3 + a4 = 0 with a3 = 0 implies a4 = 0. So we have

a; =0,ap =0,a3 =0,a4 =0,

and so we conclude v| — v, vy — v3, V3 — 4, v4 is linearly independent. O
2.A.7. Prove or give a counterexample: If v, vy, v3, ..., vy, is a linearly independent list of vectors in V, then
S5vi—4vo,vo, V3, .., Vi

is linearly independent.

Proof. Suppose ay, ..., a, € F satisfy
a1(5vi —4vy) + apva + azvy + - - + amvy, = 0.
Algebraically rearranging the left-hand side of the above equation gives
(Say)vi + (—4ay + ax)va + azvy + -+ + ay vy = 0.
Since vy, v, v3, . . ., Vyy, 1s linearly independent, all scalars are zero, which means we have
S5a; =0,-4a; +a; =0,a3=0,...,a,, =0.
The first equation 5a; = 0 implies a; = 0. The second equation —4a; + a; = 0 with a; = 0 implies a; = 0. So we have
a;=0,ap=0,a3=0,...,a, =0,

and so we conclude that 5vi — 4vp, v, v3, . . ., vy, is linearly independent. O



2.A8.

2.A9.

2.A.10.

Prove or give a counterexample: If vi,vo,v ..., v, is a linearly independent list of vectors in V and A € F with 1 # 0, then
Avy, Ay, Avs, . .., Ay, is linearly independent.

Proof. Suppose ay, ..., a, € F satisfy
ay(Avy) + -+ am(Avy,) = 0.

Rewriting the parentheses on the left-hand side of the above equation gives
(ay)vy + -+ - + (@), = 0.
Since vy, . . ., v, is linearly independent, all scalars are zero, which means we have
aid=0,...,a,4=0.

Because we assumed A # 0, we arrive at

ar=0,...,a, =0,
and so we conclude that Avy, Avy, Avs, .. ., Avy, is linearly independent. |
Prove or give a counterexample: If vy,...,v,, and wy, ..., wy, are also linearly independent lists of vectors in V, then v| +

Wi, ..., Vm + Wy, is linearly independent.

Proof. We will give a counterexample to show that this statement is false. Let m = 2, let V = RZ let v, = (1,0), v, =(0,1) be
a list of vectors in R?, and let w; = —v; = (=1,0) and wy = —v, = (0, —1). Suppose aj, as satisfy

aivy +azvy = (0,0).
Then we have

(0, 0) =aivy +axvy
=a1(1,0) + a(0,1)
= (a1,0) + (0,a2)
= (al»a2)’
from which we get a; = 0, a; = 0, and so vy, v; is linearly independent. Similarly, we have
(0,0) = bywy + baw,
= bl(_l’ 0) + bZ(O» _1)
= (_bl’o) + (03 _bz)
= (_bl9 _bZ),

from which we get —b; = 0,—b, = 0, or equivalently b; = 0, b, = 0, and so wy, w; is linearly independent. However, if we
choose ¢; = 1, ¢; = 1, then we have
c1(vi +wi) + ca(v2 + wa) = 1((1,0) + (=1,0)) + 1((0, 1) + (0, - 1))
=1(0,0) + 1(0,0)

=(0,0) + (0,0)

=(0,0),
which means v + wy, v + wy is not linearly independent. 0O
Suppose vy, ..., v, is linearly dependent in V and w € V. Prove that if vi + w,...,v, + w is linearly dependent, then
w € span(vy, . .., Vi)
Proof. Suppose vi +w, ..., v, + w is linearly independent. Then there exist scalars ay, . . ., a,,, not all zero, that satisfy

aivi+w)+ -+ ap(viy +w) =0.
We can algebraically rearrange the terms in the left-hand side of the above equation to get
apvi+ -+ amvpm + (a1 + -+ a)w = 0.

We claim that, if ay, . . ., a,, are not all zero, then we have a; + - - - + a,, # 0. To prove this claim, suppose by contradiction
that we have a; + - - - + a,,;, = 0. Then the last equation reduces to

aipvi + -+ ayuvm = 0.



According to the premises, vy, . . ., v, is linearly independent in V, which means all the scalars are zero:
ar=0,...,a, =0,

which contradicts our earlier result saying that not all the scalars ay, . . ., a,, are zero. Therefore, we proved our claim, and so
we have a; + - - - + ap, # 0. Therefore, we can use the above equation

apvi+ -+ amvm + (a1 + - + a)w = 0.

to obtain

ag am
w=s|l-—|vi+ | ———— | V.
ay+---+ap, ay+---+ap,

Since we have ——4— . ——9%m_ < F we conclude w is a linear combination of the vectors vy, ..., v, and so we
aj++am aj+-+am,

have w € span(vy, ..., vy). |

2.A.11. Suppose vy,..., vy, is linearly independent in V and w € V. Show that vy, ..., v, w is linearly independent if and only if
w ¢ span(vy, . .., Vy).

Proof. Forward direction: If vy, .. ., v, wis linearly independent, then w ¢ span(vy, . .., v;,). Suppose vi, . . ., vy, w is linearly
independent, and suppose by contradiction that we have w € span(vy, . . ., v;;;). Then there exist ay, . . ., a,, € F that satisfy

w=avy+---+auvm.

We can rewrite the above equation as
apvi + -+ amvy, —w =0.

This means that vy, .. ., v,,, w is linearly dependent, contradicting our assumption that vy, . . ., v, w is linearly independent.
Backward direction: If w ¢ span(vy, ..., v,,), thenvy, ..., vy, wis linearly independent. Suppose we have w ¢ span(vy, . . ., vy,),
and suppose to the contrary that vy, ..., v, w is linearly dependent. Then there exist ay, . . ., a,,, b € F, not all zero, such that

avi + -+ amv, + bw = 0.
At this point, we will continue our argument by breaking down into separate cases: b = 0 and b # 0.
e (Case 1: Suppose b = 0. Then the equation
apvi+ -+ auvm +bw =0

reduces to
aivy + -+ amvm = 0.

Since we assumed in the premises that vy, .. ., v, is linearly independent in V, all the scalars are zero:
a1 =0,...,a, =0.
Combining our assumption and results, we have
a1 =0,...,a,=0,b=0,

which means vy, ..., v, w is linearly independent, which contradicts our assumption that vy,. .., v,,, w is linearly de-
pendent.

e Case 2: Suppose b # 0. Then we can solve the equation

ayvy+ -+ ayv, +bw =0

to get
ap ) am
w=|-— v1+---+(——)v .
( b b "
Since we have —%, e, —aT'" € F, we conclude that w is a linear combination of the vectors vy, ..., v,;, and so we have
w € span(vy, . . ., v,). But this contradicts our assumption w ¢ span(vy, ..., v;,).
Therefore, in either case of » = 0 or b # 0, we achieve a contradiction, and so we conclude that vy, ..., v,, w is linearly
independent. o

2.B.3. (a) Let U be the subspace of R defined by
U = {(x1, x2, X3, X4, X5) € R’ : x; = 3xy and x3 = Tx4}.

Find a basis of U.



(b)

(©

Proof. Let (x1, x3, X3, X4, x5) € U be arbitrary. Then we have x; = 3x; and x3 = 7x4, and so we can write

(x1, X2, X3, X4, X5) = (3x2, X2, TX4, X4, X5)
= (3x2,x2,0,0,0) + (0,0, 7x4, x4, 0) + (0, 0,0, 0, x5)
— %(3,1,0,0,0) + x4(0,0,7, 1,0) + x5(0,0,0,0, 1),

Since we have x;, x4, x5 € R, we have established that the list (3, 1,0, 0,0), (0,0,7, 1,0), (0,0, 0,0, 1) spans U. If we can
also show that the list is also linearly independent in U, then it would in fact be a basis of U. Suppose aj,az, a3 € R
satisfy

a1(3,1,0,0,0) + a2(0,0,7,1,0) + a3(0,0,0,0, 1) = (0,0,0,0,0).

Applying addition and scalar multiplication in R to the left-hand side of the above equation, we get
(Bay, a1, 7az, az, a3) = (0,0,0,0,0),
from which we can equate the second, fourth, and fifth coordinates of both sides to obtain
a; =0,ay =0,a3 =0,
and so the list (3, 1,0,0,0),(0,0,7, 1,0), (0,0,0, 0, 1) is linearly independent in U. So this list is a basis of U. |
Extend the basis in part (a) to a basis of R>.

Proof. Adjoin the vectors (1,0,0,0,0),(0,1,0,0,0) to the basis (3, 1,0,0,0),(0,0,7,1,0),(0,0,0,0,1) of U in order to
form the list (3, 1,0, 0, 0), (0,0, 7, 1,0), (0,0, 0,0, 1), (0, 1,0,0,0), (0,0, 1, 0,0) in R>. We need to show that this resulting list
is in fact a basis of R>. We need to show that this list is linearly independent. Suppose ay, a», a3, as, as € R’ satisfy

a1(3,1,0,0,0) + a2(0,0,7,1,0) + a3(0,0,0,0, 1) + a4(0, 1,0,0,0) + as(0,0,1,0,0) = (0,0,0,0, 0).
Applying addition and scalar multiplication in R to the left-hand side of the above equation, we get
(3ay, ay + a4, 7ay + as, az, az) = (0,0,0,0,0),
from which we can equate the coordinates of both sides to obtain
3a;=0,a1 +a4 =0,7a, + a5 = 0,a, = 0,a3 = 0.

The first equation 3a; = 0 implies a; = 0, the second equation with a; = 0 implies a4 = 0, and the third equation
Tay + as = 0 with a; = 0 implies a5 = 0. Therefore, we have

aq =O,a2 =O,a3 =O,a4 =0,a5 =0,

and so the list (3, 1,0, 0,0), (0,0, 7, 1,0),(0,0,0,0, 1), (0, 1,0, 0,0), (0, 0, 1, 0, 0) is linearly independent in R3. Furthermore,
since (3,1,0,0,0),(0,0,7,1,0),(0,0,0,0, 1),(0,1,0,0,0), (0,0, 1,0,0) has length 5 and we have dim R> = 5, it is of the
right length, which means, by 2.39 of Axler, this list is a basis of R>. O

Find a subspace W of R’ such that R> = U @ W.

Proof. Following the proof of 2.34 of Axler, let W = span((0, 1,0,0,0), (0,0, 1,0, 0)). Then, by 2.7 of Axler, W is a sub-
space of R3. To prove R> = UeW, we need to showR®> = U+W and UNW = {(0,0,0,0,0)}, according to 1.45 of Axler.
To prove R? = U + W, let (x1, x2, x3, x4, X5) € R’ be a vector. We need to show that (x, x2, x3, x4, x5) is a sum of a vector
in U and a vector in W. By part (b), we have the basis (3, 1,0,0,0), (0,0,7, 1,0),(0,0,0,0, 1), (0, 1,0,0,0), (0,0, 1,0, 0) of
V, which means it is a list that spans V. So there exist ai, as, a3, b1, by € R that satisfy

(X1, X2, X3, X4, X5) = U + W,

where
u=a(3,1,0,00)+ay0,0,7,1,0) + a3(0,0,0,0, 1)

and
w = b1(0,1,0,0,0) + (0,0, 1, 0,0).

Since we have (3, 1,0,0,0),(0,0,7,1,0),(0,0,0,0,1) € U and, as subspaces, U and W are closed under addition in V,
we have u = a1(3,1,0,0,0) + a2(0,0,7,1,0) + a3(0,0,0,0,1) € U and w = b;(0,1,0,0,0) + 5,(0,0,1,0,0) € W. So
we conclude (x1, x, x3, x4, x5) € U + W, and so R c U + W. However, according to 1.39 of Axler, U + W is a
subspace of R>. So we must have the set equality R’ = U + W. We are now left to prove U N W = {(0,0,0,0,0)}.
Suppose we have (xy, xp, X3, X4, x5) € U NW. Then we have (xi, xp, X3, X4, x5) € U and (x1, x2, X3, x4, x5) € W. According
to our proof of part (a), the list (3, 1,0,0,0),(0,0,7,1,0),(0,0,0,0, 1) is a basis of U, and so it spans U. Since we
originally let W = span((0, 1,0, 0,0), (0,0, 1,0,0)), by this construction the list (0, 1,0,0,0), (0,0, 1,0,0) spans W. So



2.B.A4.

()

(b)

(x1, X2, X3, X4, X5) € R3 can be written as a linear combination of the vectors in the two lists. In other words, there exist
scalars ay, ay, as, b1, by € R that saitsfy

(‘xl, x2’ x3’ x49 xs) = a] (3’ 1’ 0’ 0’ 0) + az(o, 0, 7, 1’ 0) + a3(0? 0? 0? 0’ 1)

and
(x1, X2, x3, x4, x5) = b1(0,1,0,0,0) + b(0,0, 1, 0,0).

Equating the two equations, we get
a1(3,1,0,0,0) + a2(0,0,7,1,0) + a3(0,0,0,0, 1) — b1(0, 1,0,0,0) — (0,0, 1,0,0) = (0,0, 0,0, 0).

Since, according to our proof of part (b), the list (3, 1,0, 0, 0), (0,0,7, 1,0),(0,0,0,0, 1), (0, 1,0, 0,0), (0,0, 1,0, 0) is a basis
of R, it is linearly independent in R>. So all the scalars are zero; that is, we have

a) = 0,(12 = 0,(13 = O,bl = O,bz =0.
Therefore, we have

(x1, X2, X3, X4, X5) = U+ W
=(a1(3,1,0,0,0) + a»(0,0,7,1,0) + a3(0,0,0,0, 1)) + (b1(0, 1,0,0,0) + b>(0, 0, 1,0,0))
=(0(3,1,0,0,0) + 0(0,0,7,1,0) + 0(0,0,0,0, 1)) + (0(0, 1,0, 0,0) + 0(0, 0, 1,0, 0))
=((0,0,0,0,0) + (0,0,0,0,0) + (0,0,0,0,0)) + ((0,0,0,0,0) + (0,0,0,0,0))
=(0,0,0,0,0).

Therefore, we have U N W < {(0,0,0,0,0)}. As subspaces, U and W contain the zero vector; that is, we have
(0,0,0,0,0) € U and (0,0,0,0,0) € W. So we have (0,0,0,0,0) € U N W, and so {(0,0,0,0,0)} ¢ U N W. There-
fore, we obtain the set equality UN'W = {(0,0,0,0,0)}. So we established RP=V+WandVnW = {(0,0,0,0,0)}. By
1.45 of Axler, we conclude R = U & W. O

Let U be the subspace of C° defined by
U= {(xl, X2, X3, X4, )C5) € CS 1671 =z0and 73 + 274 + 375 = 0}.
Find a basis of U.

Proof. Let (z1, 22, 23, 24, 25) € U be arbitrary. Then we have 6z; = z; and z3 + 2z4 + z5 = 0, and so we can write

(21, 22, 23, 24, 25) = (21,621, =224 — 25, 24, 25)
= (Zl’ 611’ 0’ 03 0) + (Oa Oa _2Z4s 24, O) + (09 09 09 —Z5, ZS)
= Zl(la 67 0’ 0’ 0) + Z4(07 07 _27 17 O) + ZS(Ov O, 07 _17 1)

Since we have 73, z4, z5 € R, we have established that the list (1, 6,0, 0,0), (0,0, -2, 1,0), (0,0,0, -1, 1) spans U. If we can
also show that the list is also linearly independent in U, then it would in fact be a basis of U. Suppose aj,as, a3 € C
satisfy

a1(1,6,0,0,0) + a»(0,0,-2,1,0) + a3(0,0,0,—1,1) = (0,0,0,0,0).

Applying addition and scalar multiplication in R to the left-hand side of the above equation, we get
(a1, 6a1, —2as,ar — as,az) = (0,0,0,0,0),
from which we can equate the first, thid, and fifth coordinates of both sides to obtain
a1 =0,-2a; =0,a3 = 0.

Since —2a, = 0 implies a; = 0, we get
a) = O,Clz = 0,613 = 0,

and so the list (1, 6,0,0,0), (0,0, -2, 1,0),(0,0,0, -1, 1) is linearly independent in U. So this list is a basis of U. O
Extend the basis in part (a) to a basis of C°.

Proof. Adjoin the vectors (1,0,0,0,0), (0, 1,0, 0,0) to the basis (1, 6,0,0,0),(0,0,-2,1,0),(0,0,0,—1, 1) of U in order to
form the list (1, 6,0, 0, 0), (0,0, -2, 1,0),(0,0,0,-1,1),(0, 1,0,0,0), (0,0, 1,0,0) in C3. We need to show that this resulting
list is in fact a basis of C°. We need to show that this list is linearly independent. Suppose ay, az, as, a4, as € (@ satisfy

al(la 6a Oa Oa O) + a2(0a Oa _25 15 0) + a3(07 07 07 _19 1) + a4(05 15 05 Oa O) + a5(07 07 17 07 0) = (07 07 07 07 0)'
Applying addition and scalar multiplication in C° to the left-hand side of the above equation, we get

(a1,6a1 + as, —2a3 + as,ar — a3, az) = (0,0,0,0,0),



from which we can equate the coordinates of both sides to obtain
a1 =0,6a; +ag4 =0,-2a3 +as =0,ap —az =0,a3 = 0.

The second equation 6a; + a4 = 0 with a; = 0 implies a4 = 0, the third equation with a3 = 0 implies as = 0, and the
fourth equation a; — a3 = 0 with a3 = 0 implies a, = 0. Therefore, we have

a; =0,a, =0,a3 =0,a4 =0,a5 =0,

and so the list (1, 6,0,0,0),(0,0,-2,1,0),(0,0,0,—1,1),(0, 1,0,0,0), (0,0, 1,0,0) is linearly independent in C°. Further-
more, since (1, 6,0, 0,0),(0,0,-2,1,0),(0,0,0,-1, 1), (0, 1,0, 0,0), (0,0, 1,0, 0) has length 5 and we have dim C5 =35, itis
of the right length, which means, by 2.39 of Axler, this list is a basis of C3, O

(c) Find a subspace W of C3 such that C> = U @ W.

Proof. Following the proof of 2.34 of Axler, let W = span((0, 1, 0,0, 0), (0,0, 1,0,0)). Then, by 2.7 of Axler, W is a sub-
space of C°. To prove C° = U®W, we need to show C° = U+W and UNnW = {(0,0,0,0,0)}, according to 1.45 of Axler.
To prove C° = U + W, let (z1, 22, 23, 24, 75) € R be a vector. We need to show that (z1, 22, 23, 24, z5) is a sum of a vector
in U and a vector in W. By part (b), we have the basis (1, 6,0, 0,0), (0,0,-2,1,0),(0,0,0,-1,1),(0, 1,0,0,0), (0,0, 1, 0, 0)
of V, which means it is a list that spans V. So there exist ay, as, as, by, b € C that satisfy

(21, 22, 23, 24, 25) = U + W,
where
u=ay(1,6,0,0,0) + ax(0,0,-2,1,0) + a3(0,0,0, -1, 1)
and
w = b1(0,1,0,0,0) + b2(0,0, 1,0,0).

Since we have (1,6,0,0,0),(0,0,-2,1,0),(0,0,0,—1,1) € U and, as subspaces, U and W are closed under addition in
V, we have u = a;(1,6,0,0,0) + a»(0,0,-2,1,0) + a3(0,0,0,—1,1) € U and w = b1(0,1,0,0,0) + ,(0,0,1,0,0) € W.
So we conclude (z1, 22, 23, 24, 25) € U + W, and so C> c U + W. However, according to 1.39 of Axler, U + W is a
subspace of R5. So we must have the set equality C5 = U + W. We are now left to prove U N'W = {(0,0,0,0,0)}.
Suppose we have (x1, xp, x3, X4, x5) € UNW. Then we have (x1, x, X3, x4, x5) € U and (x, x, X3, X4, x5) € W. According
to our proof of part (a), the list (3,1,0,0,0),(0,0,7,1,0),(0,0,0,0, 1) is a basis of U, and so it spans U. Since we
originally let W = span((0, 1, 0,0,0), (0,0, 1,0, 0)), by this construction the list (0, 1,0,0,0), (0,0, 1,0,0) spans W. So
(z1,22, 23,24, 25) € C> can be written as a linear combination of the vectors in the two lists. In other words, there exist
scalars ay, ay, as, by, by € C that saitsfy

(21, 22, 23, 24, 25) = a1(1,6,0,0,0) + a»(0,0, -2, 1,0) + a3(0,0,0, -1, 1)

and
(z1, 22, 23, 24, 75) = b1(0, 1,0,0,0) + 12(0,0, 1,0, 0).

Equating the two equations, we get
a1(1,6,0,0,0) + a2(0,0,-2, 1,0) + a3(0,0,0, -1, 1) — b1(0, 1,0,0,0) — 52(0,0, 1,0,0) = (0,0,0,0,0).

Since, according to our proof of part (b), the list (1, 6,0,0,0),(0,0,-2,1,0),(0,0,0,-1, 1),(0,1,0,0,0),(0,0,1,0,0) is a
basis of C?, it is linearly independent in C>. So all the scalars are zero; that is, we have

ay = 0,(12 = 0,(13 = O,bl = O,bz =0.
Therefore, we have

(21,22, 23, 24, 25) = U+ w
=(a1(1,6,0,0,0) + a»(0,0,-2,1,0) + a3(0,0,0, -1, 1)) + (b1(0, 1,0,0,0) + b,(0,0, 1, 0, 0))
=(0(1,6,0,0,0) + 0(0,0,-2,1,0) + 0(0,0,0, -1, 1)) + (0(0, 1,0,0,0) + 0(0,0, 1, 0,0))
=((0,0,0,0,0) + (0,0,0,0,0) + (0,0,0,0,0)) + ((0,0,0,0,0) + (0,0,0,0,0))
=1(0,0,0,0,0).
Therefore, we have U N W < {(0,0,0,0,0)}. As subspaces, U and W contain the zero vector; that is, we have
(0,0,0,0,0) € U and (0,0,0,0,0) € W. So we have (0,0,0,0,0) € U N W, and so {(0,0,0,0,0)} ¢ U N W. There-

fore, we obtain the set equality U N W = {(0,0,0,0,0)}. So we established C=V+WandVnW = {(0,0,0,0,0)}. By
1.45 of Axler, we conclude C> = U & W. O

2.B.6. Suppose vi, v, v3, v4 is a basis of V. Prove that the list
Vi + V2,V + V3, V3 + V4, V4

is also a basis of V.



2.B.8.

Proof. Suppose ay, as, a3, as € F satisfy
al(V1 + V2) + aQ(VQ + V3) + a3(V3 + V4) + agvy = 0.
Algebraically rearranging the terms, we get
avy + (al + az)Vz + (az + a3)V3 + ((13 + a4)V4 =0.
Since vy, v, v3, v4 is linearly independent, all scalars are zero, which means we have
a1 =0,a;+a;=0,a; +az =0,a3 +a4 =0.

The second equation a; + a; = 0 with a; = 0 implies a; = 0. The second equation a; + az = 0 with a, = 0 implies a3 = 0.
The third equation a3 + a4 = 0 with a3 = 0 implies a4 = 0. So we have

aq =0,a2=0,a3 =0,a4=0,

and so we conclude v| + v, vy + v3, V3 + V4, v4 is linearly independent. Next, we need to prove that vi + vo, vo + v3, V3 + v4, 14
spans V. Since vy, v, v3, v4 spans V, there exist ay, as, a3, as € F such that

vV =aivy +axvy +aszvsy + agvy.
Furthermore, observe that we can write
vi =1 +v2) — (12 +v3) — (V3 + va) — v,

vy = (v2 +v3) = (V3 +vg) — vy,
V3 = (V3 + V4) — V4.

So we have

vV =a1v) +axvy +azvy + asvy
=a((vi +v2) = (v2 +v3) = (v3 + v4) = v4) + a2((v2 + v3) — (v3 + v4) = v4) + a3((v3 + v4) — v4) + aqvy
=ai(vi +v)+ (a1 +ax)(v+2+v3) + (—a; —ax + a3)vz + (—a; — ay — az + ag)vy.

Since we also have ay, —a; + ap, —a; — a» + a3z, —a; — ax — az + a4 € F, it follows that the list vi + vy, vo + v3, V3 + V4, V4 spans
V. Therefore, v{ + vy, vy + v3, V3 + V4, V4 1s a basis of V. |

Suppose U and W are subspaces of V such that V = U @ W. Suppose also that uy, .. ., u,, is a basis of U and wy, ..., wy is a
basis of W. Prove that
Uty oo s Uy Wi, -« ., Why

is a basis of V.
Proof. First, we will show that uy, . .., u,,, wi, . . ., w, is linearly independent. Suppose ay, . . ., am, b1, . . ., b, € F satisfy
ajuy + -+ Ay, + bywy + - -+ byw,, = 0.

Since U and W are subspaces of V, in particular they are closed in addition, which means we have aju; + - - - + a1, € U and
biwi + - -+ + b,w, € W. But the above equation aju; + - - - + iy, + bywy + - - - + byw, = 0 implies that we also have

aiuy + -+ amity, = —(bywy + -+ byw,) €W

and
biwi + -+ bywy, = —(a1u1 + -+ - + amitym) € U,

since again U and W are subspaces, which means in particular that they are closed under scalar multiplication as well.
Altogether, we have
ajuy + -+ Ay, byw1 + -+ byw, e UNW.

Since we also assumed V = U & W, by 1.45 of Axler we have U N W = {0}. So we get
ajuy + -+ apiy, =0

and
b1w1+---+bnwn =0.

Since uy, . . ., Uy, is a basis of U, it is linearly independent in U and spans U. In other words, aju; + - - - + a,u,, = 0 implies

a1 =0,...,a, =0,



2.C.1.

2.C2.

2.C3.

and every vector u € U can be written
u=au+---+auuy

for some ay, .. .,a, € F. Similarly, since wi, ..., w,, is a basis of W, it is linearly independent in W and spans W. In other
words, bywy + - - - + b,w, = 0 implies
b1=0,...,b,=0,

and every vector u € U can be written
u=bywi+---+bywy

for some by, ..., b, € F. Therefore, aju; + - - - + apmiym, byw1 + - -+ + byw, = 0 + 0 = 0 implies
ar=0,...,a,, =0,01=0,...,b, =0,
and so uy, ..., Uy, Wi, . . ., Wy is linearly independent in V. Also, every vector v € V can be written

V=u+w
= (auy + -+ apity) + (1w + -+ + bywy)

=aiuy + -+ auly + bywy + -+ + bywy,

which means uj, . . ., iy, Wi, . . ., w, spans V. Therefore, uy, . .., uy, wy, . .., wy, is a basis of V. O
Suppose V is finite-dimensional and U is a subspace of V such that dim U = dim V. Prove that we have U = V.

Proof. Let uy,...,u, be a basis of U, which means we have n = dimU. This means uy, ..., u, spans U—that is, we have
span(uy, . . ., u,) = U—and is linearly independent in U. In fact, since U is a subspace of V, it is also true that uy, ..., u, is a
linearly independent list in V. Since we have dim U = dim V, it follows that we have dim V = n. So the linearly independent
list uy,...,u, in V has length n and dimV = n. By 2.39 of Axler, uy,...,u, is a basis of V. This means in particular that
uy, . ..,u, spans V, which means we have span(uy, . ..,u,) = U. Therefore, we conclude U = V, as desired. O

Show that the subspaces of R? are precisely {0}, R?, and all lines in R? through the origin.

Proof. Let U be a subspace of R%. Since 2.37 of Alxer asserts dimR? = 2, it follows by 2.38 of Axler that dim U is one of
0,1,2. So we will argue by cases.

e Case 1: Suppose dim U = 0. Notice that the dimension of the trivial set is zero; that is, we have dim{0} = 0. Therefore,
we have dim U = dim{0}. By Exercise 2.C.1, we conclude U = {0}.

e Case 2: Suppose dimU = 1. Then the length of the basis of U is 1; in other words, the basis of U contains only one
nonzero vector. This means in particular the list contains one nonzero vector that spans all of U; every vector in U is a
scalar multiple (linear combination) of the one basis vector. The set of all such vectors in U describes a line in RZ; in
other words, U is a line in R?. Furthermore, as U is a subspace, in particular it contains the additive identity (0, 0) € R?.
Therefore, U must be a line in R? that passes through the origin.

e Case 3: Suppose dim U = 2. Notice that we have dim R?> = 2. Therefore, we have dim U = dimR?. By Exercise 2.C.1,
we must have U = R?.

The cases complete our proof. O
Show that the subspaces of R? are precisely {0}, R?, all lines in R? through the origin, and all planes in R? through the origin.

Proof. Let U be a subspace of R?. Since 2.37 of Alxer asserts dimR? = 3, it follows by 2.38 of Axler that dim U is one of
0,1,2,3. So we will argue by cases.

e Case 1: Suppose dim U = 0. Notice that the dimension of the trivial set is zero; that is, we have dim{0} = 0. Therefore,
we have dim U = dim{0}. By Exercise 2.C.1, we conclude U = {0}.

e (Case 2: Suppose dimU = 1. Then the length of the basis of U is 1; in other words, the basis of U contains only one
nonzero vector. This means in particular the list contains one nonzero vector that spans all of U; every vector in U is a
scalar multiple (linear combination) of the one basis vector. The set of all such vectors in U describes a line in R3; in
other words, U is a line in R3. Furthermore, as U is a subspace, in particular it contains the additive identity (0,0, 0) € R3.
Therefore, U must be a line in R? that passes through the origin.

e Case 3: Suppose dim U = 2. Then the length of the basis of U is 2; in other words, the basis of U contains two nonzero
vectors. This means in particular the list contains two nonzero vectors that spans all of U; every vector in U is a linear
combination of the two basis vectors. The set of all such vectors in U describes a plane in R3: in other words, U is a
plane in R3. Furthermore, as U is a subspace, in particular it contains the additive identity (0,0,0) € R>. Therefore, U
must be a plane in R? that passes through the origin.
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e Case 4: Suppose dim U = 3. Notice that we have dim R® = 3. Therefore, we have dim U = dimR3. By Exercise 2.C.1,
we must have U = R,

The cases complete our proof. O
Suppose that U and W are subspaces of R® such that dim U = 3, dimW = 5,and U + W = R8. Prove that R® = U @ W.

Proof. We recall from 2.43 of Axler the formula for the dimension of a sum for our subspaces U and W of R8:
dim(U + W) =dim U + dim W — dim(U N W).
By 1.39 of Axler, U + W is a subspace of R®. By 2.38 of Axler, we get dim(U + W) < 8. So we have

dim(U NW) =dimU + dimW - dim(U + W)
=3+4+5-dim(U + W)

=8 —dim(U + W)
>8-8

=0

= dim{0}.

By Exercise 1.C.1, we get UN'W = {0}. So we have U +w = R8 and U N W = {0}, and so by 1.45 of Axler we conclude that
U + W is a direct sum, which means we have RE = U+ W =U o W. O

Suppose U and W are both five-dimensional subspaces of R”. Prove that we have U N W # {0}.

Proof. We recall from 2.43 of Axler the formula for the dimension of a sum for our subspaces U and W of R?:
dim(U + W) =dim U + dim W — dim(U N W).

Since U and W are both five-dimensional subspaces of R?, we have dimU = dimW = 5. By 1.39 of Axler, U + W is a
subspace of R?. By 2.38 of Axler, we get dim(U + W) < 9. So we have

dim(U N W) =dimU + dim W — dim(U + W)
=5+5-dim(U + W)
=10 — dim(U + W)
>10-9
=1.

If we assume by contradiction that we have U N W = {0}, then we would obtain

1 =dim(UNW)
= dim{0}
= O’
which is a contradiction. Therefore, we conclude U N W # {0}. O

Suppose U and W are both 4-dimensional subspaces of C°. Prove that there exist two vectors U N W such that neither of these
vectors is a scalar multiple of the other.

Proof. We recall from 2.43 of Axler the formula for the dimension of a sum for our subspaces U and W of R°:
dim(U + W) =dim U + dim W — dim(U N W).

Since U and W are both four-dimensional subspaces of C®, we have dim U = dim W = 4 and, according to Exercise 1.C.10 of
Axler, U N W is a subspace of C®. Furthermore, by 2.26 of Axler, U N W is finite-dimensional, and so by 2.32 of Axler there
exists a basis of U N W. By 1.39 of Axler, U + W is a subspace of R°. By 2.38 of Axler, we get dim(U + W) < 6. So we have

dim(UNW)=dimU +dim W — dim(U + W)
=4+4—-dim(U + W)

=8 —dim(U + W)
>8-6
=2.

Since we establsihed dim(U N W) > 2, the basis of U N W is at least length 2. As the basis of U N W is a linearly independent
setin U N W, we can find two of the vectors in the basis, neither of which is a scalar multiple of the other. O



2.C.15. Suppose V is finite-dimensional, with dimV = n > 1. Prove that there exist 1-dimensional subspaces Uy, ..., U, of V such
that
Vv=U®- - --oU,.

Proof. Since V is finite-dimensional, by 2.32 of Axler there exists a basis vi,...,v, of V. Let v € V be an arbitrary vector.
Then we can write it uniquely in the form
v=avy+---+ayvu

for some ay,...,a, € F. Let U; = span(v;) for eachi = 1,...,n. Then, since v; is a list of one vector in V, it follows by 2.7
of Axler that U; is a subspace of V. By construction, the list v; spans U;, which means we can write each vector in U; of the
form a;v; € U; for some a; € F. Furthermore, if a; € F satisfies

a;v; = 0,

then we must have a; = 0 because v; € U; is a nonzero vector, and so the list v; is linearly independent in U;. Therefore, v; is
a linearly independent list that spans U;, which means v; is a basis of U;. The length of the basis v; is 1, so we get dimU; = 1
foralli = 1,...,n. So we conclude that Uy, ..., U, are 1-dimensional subspaces of V. Now, since the sum U; + --- + U,
consists of all possible sums of elements of Uy, ..., U,, we have v € U; + - -- + U,, and so we obtain the set containment
V c Uy + -+ U,. However, by 1.39 of Axler, U; + --- + U, is a subspace of V. So we have, in fact, the set equality
V=U;+---+U,. Now, we need to show that the sum U; + - -- + U, is indeed the direct sum. Consider the vector v = 0.
Then we have
O=avi+---+av,

for some ajy,...,a, € F. Since the list vi,...,v, is a basis of V, the criterion for a basis (2.29 of Axler) asserts that the
form ayv; + - - + a,v, is unique. So the above equation implies that the only way to write the zero vector 0 as a sum of
aivy + -+ + auvy, is to take each a;v; € U; to be equal to 0. By 1.44 of Axler, the sum of the subspaces Uy, ..., U, of V is in
fact a direct sum; that is, we have U; +-- -+ U,, = U; @ - - - ® U,,. Therefore, we conclude V =U; & --- & U,,. O

2.C.16. Suppose Uy, ..., Uy, are finite-dimensional subspaces of V such that U; + - - - + U,, is a direct sum. Prove that U; & - - - & U,
is finite-dimensional and
dm(U; & ---® U,) =dimU; + --- +dim U,,.

Proof. Since U + - - - + U, is a direct sum, we can write Uy + - - - + U, = U; & - - - @ U,,,. We will use induction to prove the
statement
dm(U; & ---® U,) =dimU; +---+dimU,,

for all positive integers m.

e Base step: The statement for m = 1 is
dim(U; & U) = dim U} + dim Uy,

which we will need to prove. Since U + U is a direct sum, by 1.45 of Axler, we get U; N U, = {0}. Taking dimensions,
we get dim(U; N U) = dim{0} = 0. Using the formula for the dimension of a sum (2.43 of Axler), we have

dim(U1 o U,) = dim(U1 + Uz)
= dim U; + dim U, — dim(U; N U,)
=dimU; +dimU, - 0
=dim U; + dim U,.

This proves the statement for m = 1.

e Induction step: The statement for m = k is
dm(U; & ---® Ur) =dimUj + - - - + dim Uy.

We will prove that the statement holds true for m = k + 1. Using our result for the base step with two subspaces and our
assumption for the induction step, we have

dim(U1 D---D Uk+1) = dim((U1 DD Uk) @D Uk+1)
=dim((U; @ --- ® Ug) + Ugy1)
=dim(U; & - -- & Uy) + dim Uy
= (dimU; + - - - + dim Uy) + dim Uy,

=dimU; + -- -+ dim Up4;.
This proves the statement for m = k + 1.

This completes our proof by induction. O



2.C.17. You might guess, by analogy with the formula for the number of elements in the union of three subsets of a finite set, that if
Ui, U, U; are subspaces of a finite-dimensional vector space, then

dim(U1 + U, + U3) =dimU; + dim U, + dim Uz — din’l(Ul N U2) - dim(U1 N U3) - dim(Uz N U3) + dim(U1 NU, N U3).

Prove this or give a counterexample.

Proof. We will give a counterexample to show that this statement is false. Let V = R? be a vector space, and consider its
subspaces U; = {(x1,0) € R? : x; € R}, U> = {(x1,x1) € R? : x; € R}, and U3 = {(0, x2) € R? : x, € R}. Then we have the
intersections Uy NU, = U NU3 =U, NU3 =U; NU, NU;3 = {(0,0)} and the sum
Up + Uz + Us = {(x1,0) + (x1, x1) + (0, x2) € R* : (x1,0) € Uy, (x1, x1) € Un, (0, x2) € Us, x1, 2 € R}
= {2x1,x1) + (0, x2) € R? : x1, x» € R}
={(2x1,x1 + x) € R%: x;,x € R}
=R%
Taking dimensions, we get dim(U; N U,) = dim(U; N U3) = dim(Up N Uz) = dim(U; N U, N Us) = dim{(0,0)} = 0 and
dim(U; + U, + Usz) = dimR? = 2. If the above “equation” for dim(U, + U, + Uz) is true, then we would get
2 =dim(U; + Uy + Us)
=dimU; + dim U, + dim Uz — dim(U1 N Uz) - dim(U1 N U3) - dim(Uz NUs3) + dim(U1 N U, NU3)
=04+0+0-0-0-0+0
=0,

which is not a true statement. So the “equation” generally does not hold true. O



