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1 C Subspaces
1 32 Definition Let U be a subset of V

Let U be a vector space 1 with addition
and scalar multiplication
Then U is a Isusateof V if U is
a vector space with the same addition
and scalar multiplication

134 Conditions of subspace
U is a subspace of V if and only if it satisfies
Additive identity OEU



nd e ly O U
closed under addition u well implies utWEU
Closed under scalar multiplication a c F and ne U implies

x UEU
135 Examples of subspaces

a If BEA thenUi fix K X Xa CTt Xs 5Xutb
is a subspace of A if and only if b O

Proof X XzX Xu
Additive identity OEU 10.0 0,01 EU

43 5 4 1 b
0 5.10 t b

To
So additive identity is satisfied if and only if b O
Otherwise if BIO then

the statement a b would be false
0 1510 contradiction
Closed under addition
Let CX Xz Xs Xa y Yi Ys Yu c U
Then X 5Xu t b Ys 5y4tb
So we have Xsty 5h14lb 115Yulb 51 41Yu 2b

If b O We have Xs 5h14 Ys 594
and Xstys 5 X4tY4

So if b O then IX Xz Xs 44 t ly ya ya Ya
IX ty Natya Xs 1Ys Xu tYu C Ua

so if b O then U is closed under addition
Closed under multiplication
Let AE F and Xi Xs Xs 941 Ell



Let a 1 a d N il CU
Then 43 5 4 tb

A Xs 50 4 tab

If b O 9 3 52 4

So if b O then
A IX Xs Xs Xy AX Ah Axs AX4 C U

So Ui is closed under scalar multiplication

Therefore Ui is a subspace of V

b Let Us be the set of continuous real valued functions
on the interval 0 II Then Ur is a subspace of
112 f 0.11 IRI
Additive identity
The zero function is continuous So 0 Us
Closed under addition
Let f g EU I Let f g IO II IR be continuous 7
Sum of two continuous functions is continuous
So fig CUs
Closed under multiplication
let a CTt i f CUs I let f 0 II IR be continuous
scalar multiplication of continuous functions is continuous
So a f EU

So Us is a subspace of 1kW

Sums of subspace



u s l s s e

1 36 Definition sum of subsets
Let U Um be subsets of V The sum of 4 Um

is denoted U t i 1 Um

and is the set of all possible sums of elementsof U rum

In other words

U t 1 Um f U t 1 Um i U E U Um CUm

1.37 Example let F be a vector space
Let U IX O.O CIF 3 XE Al
and w lay o CFts YE F I
then Utw fix y o CE3 X YEAI
ix 0,0 CU CO Y O EN

X o.O 110 y Ol E Ut W IX y O E UtW

1.39 Sum of subspaces is the smallest containing subspace
Suppose U i Um are subspacesof V Prove that
U t 1 Um is the SMALLEST subspace of V containing
Ui Um

Proof
First we claim that a t tum is a subspaceof

V Since U Um are subspaces of U We have
Additive identities OEU O CUm
Closedunder addition U W EV Um WmCVm

imply U.tw EV a Um1WmCUm

Closedunder scalar multiplication a cIF U.EU s UmeUm



losed a der s lov l plc a 11 U s Um

imply AU EV s AU MEVm

We have
0 01 O E W t 4 Um

mm

so U t turn contains the additive identity
We also have

If u we U t t Um then we can write

U U t 1 Um and W W t t Wm
So ut W I l U 1 t Um t W 1 1Wm

U t w 1 t Um 1Nm
C U t r v t Um

Therefore U 1 1 Um is closed under addition
Let a CTt We also have
an Al U t it Um

au 1 t a Um EU 1 1Um

Therefore U t r't Um is closed under scalar multiplicatio
So Uit f Um is a subspace of V
Next we claim that Ut turn is the smallest subspace

of V containing U Um
Let i l m let Xie Ui then
Xi Ot to 1 Xi f O to EU 1 it Ui i I Uit 1Um

un w un
i i ith M i U t 1 Um

Observe that every subspaceof V that contains U Um

must also contain finite sums of elements of U aUm

This is due to the propertyof closedunder addition for



this is due to lie properlyof oed der b n

subspaces

This means in particular that every subspace that contain
U Um must contain the subspace U t 1Um

since U t 1Um is contained in every subspace that contain
Us Um So Uit turn is the smallest subspace that
contains U Um

Direct sums
1.40 Definition

Let U Um be subspaces of U Then u 1 tum is a

direct sum it each element of Ut turn is written in

only one way as the sum a t 1 Um

where U EV Um EUm

U Um is the notation to denote the direct sum
1.44 Condition for a direct sum
Let U Um be subspaces of V Then Vit 1Vm is a direct
sum it and only if the only way to write 0 as a sum
Ui i 1 Um where U E Vi a a UmCUm is by taking
U O a Um D

Forward direction

if U t 4 Um is a direct sum then the only way to writ
0 is taking U O Un 0

Suppose U 0 Um is a direct sum Then by definition

of the direct sum we can only write 0 as a sum Uit t

O U t 4Uml in one way by taking Ui Oi UmO



U one way y g i m 0
Backward direction

If the only way to write 0 as a sum U t Um is by
taking U O UmO then Uit 1 Um is a direct sum

Suppose the only way to write D uit 1dm is to take
U O Um O

We claim that Uit turn is a direct sum Let VEUH.ie
Then by 1.40 we can write
A U UH 1Um U EVi Um CUm

we need to show that this representation is unique
To show this consider another representation

V V t 1Vm where theVi s UmeUm
Substract B B we get

D U V t 1 Um Um
Since we assumed in the backward direction that the
only way to write 0 as a sum uit turn is to take
u o Um o we have from A B that we need

to take Ui V O Um Um 0
So U U Um Vm
SO V V t Um U t i 1 Um

therefore our representation of V is unique that is
written in only one way
So U t i t Um is a direct sum

1.45 Direct sum of two subspaces
Suppose V and W are subspaces of V then Vtw is a direc

sum it and only if ur w 01



M l a yl U w I
Forward direction if Utw is a direct sum then

unw 901

Suppose U 1W is a direct sum Suppose VE Un W

Then D Vt l V
where Vell and V EW since OE Ut w by the definite

of direct sum we can write 0 in only one way
Namely we conclude to Therefore un w C401
At the same time we know that UAW is a subspace

of V which means in particular 0EURW or 101cmw
since uh we 01 and soI can W we conclude Unutso
Backward direction if UnWHOI then atW B a direct su

suppose UhW 901 Let UE V we W Satisfy
D utW

Bue a ut w implies a W EW
So UE V and UEW namely ne Un W So he 101 and
so u D

And f Ut w with u o implies W 0 so theonly
way to write 0 as a sum ut w is to take
a O W 0

By 144 Ut w is a direct sum

Discussion
set containment proofs
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