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[.C  Subspaces
.32 'De'['(m'tiov\: Le.t u be o subset df \V.
Llet V be m vedor spae ( with adoliton
ond scolor mubiplication)
Then U is a@o‘f V if Uis
o vector space with the some molohton
ond scaley  muHiplicoction.

.34 Conditions of subspoce :
Uis a su')space o{ V "f anol 0'\3 :-t it sq’(:fsft’es .
Adoitive folentitu: DEU



Closed tuder ao!d\\"tfovﬁ wiweldl implies urwé(],
Closed wnder scaloy multipliotion: XefFr gnodl w&lf implies
x-Udell
.3  BExomples of subspoces
0). If beF, then:{(X. %, %, M) ER : %= $%utb ]

Is o subspace of K4 l{ onol Onh l'{ L:si)t'
PY'oOf: % 0 Ny N
- Additive (olentl'-ta= oeu , (0,90,0,00¢€([-?
XKy= 8%y +b
0:=5-00)tb

So odditive identity s \iaﬁsft‘ed it onol oaly f b=9.
O\‘lum.’se : f{ bZD , then the stotement 0:=p would be f&l‘C
0=b%0 , contraclic tion.
* Closed wnder odoliton
let (X%, %, %a) . (g Y, o o) € U, .
Then  Ny=§Xatb, Ya=SYsth .
So we have @ X+ o =(SXu1b)t ‘5{1“”7) = 8 (Kys Yo) 4B
If b20. we hove o=k, UYi2s e
antl, 1Y, =S (9‘4""44)
So it b*0, then W& K Oy ) H O, Yy, Y, )
(Ktgfe, Bty Kot iy, Xy +u..) e U,
So it b=0, then W is closedl undey odldition,
* Closedl wacler w\ulﬁplimﬁon:
let AEF ond (i, %, %. %) €I



Then % =28 N4 4b .
XX = Sy tathb
It b0. a%=soak
So if b0, then:
QX O, O, %) = (RY, , 0%, 0, 0%) € U
So W is closed pnder scalor mubtiplicoction

Therefore, Ut is o subspoce of V.

b). let U he the et of contlruens real-valuel finctions.
on the interval [0.11. Then Wi is & subspoce o{-
R = {1002 R}

v Additive -'a(ev\t\"lqi
The 2e¢0 fuﬂcﬁ’av\ 15 continwins , So 0€ U .

* Closed wnder ndldition:
let f,qe W Clet fq: [011>R be comtinuons)
Sum of two continuous func‘t"ous is continuous .
So {i1geW
Closed wnder multiplication
let 0. fels (Lot f:(0.132R be continuous)
Scolor mul-t:plu'm&on d[ comb nwons fw«ﬁleus (s continwons,
So a-feu,

So, W is o subspoce of M7

Sums of subspace:



136 Definition: sum of subsets.
let My .--, Um be subsets o{ V. The sum of U, Um
is oenoted Ui, *~ -1 Um

omd ¢ 'H/‘Q set °{' M posS(b’e Swns a-f Qltmﬁ of‘ uu,-",lh\
la other wovds,

Uit 4 Um = §U 4 =4 Um U U5 U €U S

137 Example: let F’ Lo o vectr space.
let U=§1at,00) e ®: XER {
ond W ={l0y,0) €FE: YEF]
then UtW-= f(q,y.o)elpz ‘x-laCFf
(x.00)eUd . 0.y 0)eW
(%, 0.0)+ 0.y, 0) e Ut W =D (fx.g,O)‘-wfb\)

131  Sum of subspaes is the smallest Contmintng subspace .
Surpose. U =, Um owe subspaces of V. Prove thaf

Uit --dUm s the SMALLEST subspue of U omfaw:j
UI, Sz um

Proofﬁ
First, . we clim thot Uot-=+Um is & subspece of

V. Sine Ui,">, Um ove subspoces of U, We howe:
- Adelitive tdentitles: 0€U, = 0 € Um.

* Closed wunder oddition- u.Weu. g e Um , WmC\/m

fW\Pln M\‘H\I.G' l/. "", (‘.p"‘ W"\e u»\
- Closedd andwr scolov mubtilicction: o el . ueV . Am & Vi



{ o3 Srily e Ty >

tmplﬂ PUEVi .- AUME Un,
We howe
0: Ot -;;‘*0 E Ut =t U
S0 (A4 tUm Containy the adohfive rolentity.
* We aleo hawe:
1t wweldit-—f Un then we on write
Uz Ut f Um Mo{ WeW. 4+ W,
So wtWz(Ut--suhm)+ (W 4- 4 Wm)
= (W AW f (Ut W)
C U A - & Um
Ti‘/cretm_, Uet---% Um s closed wnder acllition,
et 0CE , e olso hawve
AUz AU gt Unm)
S Wit fOURM € Uit ot U
TM"{WQ. Uit~ + Um is closedd wngler scaby mutiplicedio
S0 Ut dUm a3 a subspoe df V.
Next, we clatm that W4t Um 5 the smallest subspace
o{ Vv Cowtuining U, ==, Um
let =l = m (et Xie U then:
Xi= O+t 04¢ ﬁﬁ Q- 40, Clit-t Uradtlid- +Um
| i M- = Ut oot Unm
Observe that every subepece of V thot coutains U, -, Um
must, olso Coutoin fMi'lQ slams of elements a‘l’ Uepe Unm
(Thee ¢s due fo dhe prosertu of closed wnoler sdditie o



PR EM T S s =i EEe NS z oEE e
subspares )

This means o porticulor thaf Wom subspoe that contotns
Wyees, Um must contoln the subspa® Uit -4 Unm

Stacg Uit =<4 Uny is contoined in eery subipar thaf, contele
Ui, Un | So tht-ttm 5 the sinallest subspue thot,
containg U, -, Um .

Direet Sums:
[-40 Definition:
let Wi, -, Um be subspoces of U/. Then wt--typm s &
¢ direct sum if ench element ( WtiUa 13 writfen in
onld we woy RS the sum Wt -1 Un,
wWheve (U EV, ==, UmE Um
- UWO---OUan is the nototien o denote the ohirect swm.
l.44 Conditim for & olirect sum.
let W, .-, Un be subspaces of V. Thhen Vit-=4+Vm s o derect
SuM it ond ony if the only woy to write O os o sum
Wit t Uy o here eV, o, W, s by takeiny
W= 5 oo Um=0
For wowol olivection :
'f W% Um (s o drect sum , then the Oﬁ woy to wrrle
0 s tuk(va W=0, --°, kr=Q
Suppose U®---@©Unm 5 o et sum . Thep by defintion
of the direct swm, we con only write 0 as o cum U4l
(0= hi-tUn) M ome wow : bu tokainy Ue0 -, Um0



_ = 4
Rackwend direction”
if the bn% woy to write 005 o gum Uet-+Un s &)
’tm\cina Uz0,- Um0, then Wit -+ Um 18 & direck sum.
Suppose the gy woy to write Ozt -t Um s 4o toke
Uez0 . o, Um=Q-
We Cloim that tit--dum 3 o oivect sum . (ot veu&"jn
Then by 4.40, We on write,
& V= d=tUm , WEVI, ", UpEVp
We need 40 show qu\f, ths rprecentotion Mi‘lae -
To show this, comstdot another rapresentation
Uz Vet -~ 4Un  whee Vi8V0 oo, Vel
Substract, HI 4 |, we qet/
0= (U- V)t -t (hm-Um)
Ctnte we tsspuned v the backwovol olérection thot, the
oy woy 10 write 0 05 o Sm Wt ~tun s 4> foke
Ue0, = Um0, we have from 8- Hof we need
W foke W0, Um-VnA
$0 UizVy, ~-, Umz Vi
SO Vit Um = Kt -—1UN
Thero{or® , swr representotion st U 3 wague, thot s,
writtun M oy ene way
So W4t Um 4 o0 odivect sum,
145 Divect sum of two Subspoce;,

Suppose / onck W ore sebspaces of /., Ben VW rs o olrect
swm f md only :f AW <50



* Forword dtrc:t\’an'- f W s o olivect sum , then
UNwWs= {03 .
Suppoe  UtW s o direct sam, Suppese Ve WOW
Ten Q= Yt V)
where VEUL owd ~VEW | StaR 0€V+W . by the dlefiuitir
of direct sum , we can writt 9 M o‘uh one
Nmeg we cowclude V=0 . Therefsre u/\wcﬁﬁj
At the soame time, we know thed UNAW 3 & subspoe
o V. whith maus m portiowor OSUAW: o fRCUnw,
Swee uNWe 3 ond [0} CUNW , we comelude UNWER,
- Backword oivection’ tf UNW={0}, then W B o diret sun
Suppe UNW =103, Let ueV, welW .S&tt‘sfn,
0= wiW
‘But 0= wtw implies w=weW.
So ne Vv and ueWw, mmeln. ReUNW, So ue (’*7‘ ond
so n=Q.
Anl O=utrwW Within=0 , implies W=D , g0 'ﬂ«nonb
woy to write 0 as O sum WrW i o dake
=0 , w=0
5\/ .44 , At W 15 ov olrect, swin .

D(s(usslm :
set containment prods.

Exl. Proe (ANB) U(C\D): (AUC)I\B



