
 

Possible problems on Group exam 2
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2A Span and linear independence

2.3 Definition
A linearcembin of a list V Um C V
is a vector of the form

a V 4 1 annum for some a Am EF

ft Is in 4 a linear combination of the
list 12 I s Cl 2 4

If yes then there exist a a CFt such that
17 4 A 12.17 t Az 11 2 4

That is we have
17 4 za a 3A t CA Zaz 494

129 19 A 2ha 39 1492

117
29 ta I a 6 as 5

4 A 2A

39 14A 2 3 6 14 5 V
5 1 3 6 14 5 X

Therefore 117 4,21 is a linear combination of 12.1 3
11 2 4 but 117 4.5 is not



I s l l 7 I s s not

25 Definition
The span of V Vm is the set of all linearcombinationsof V um c V and is denoted

span V m fail 1 tamVm a am EF
linear combinationof V Um

The span of the empty list l is defined to be so

2 6 Example
In V F3
17 4.2 is a linear combination of 12 I 3 I 2.41

Therefore 117 4.2 CSpan 12 I 31,11 2 4

117 4.51 is not a linear combination of 12.1 3111 2,41
Therefore 117 4 5 span 12,1 31 11 2,41

2.7
Span is the smallest containing subspace
The span of a list of vectors V Umc V is the smallest
subspace of U containg v Um

Proof First we will prove that span IV Vm is a subspac

of V
Additive identity O OV t t OVm C span Vi mm
Closed under addition Let a v t t amUm c V CmVm

C Span IV Um for some a am C Cm C IF
Then we have A V t 1 amVml t C V t f CmVm



a e i l V l
fatal V t t 1am1cm Vm CSpan IV Um

Closed under scalar multiplication
Let a CTt be arbitrary Then
Ala V t 1 amVm RayV t 1dam Vm CSpan Ith Vm

Therefore span IV Vm is a subspace of V

Now we will prove that span IV Vm is the smallest

subspace of V

First note that each Vj Lj l m I can be written as
a linear combinationof v Vm

Vj O v t 10Vj i t IUj t 0Vj t t OVm C span IV Vm1
In other words span iv Um1 contains each v or equity
span IV Um contains V Um
Also because every subspace of V is closed under scalar
and addition every subspace containing Vj contains all
linear combination of V Um In other words every subspa
contains span IV Um

This makes span cu Um the smallest subspace of V

2.8 Definition
If we have span V Um V the we say V Um

stays V

2.9 Example



q mple
The list 11 O O CO I 01 10 O l spans E3
Proof Let IX Xz Xs C F be arbitrary
Then we can write

X X X Xi O.O 1CO Xi 0 t 10,0 Xs
X 11 0,0 t X I 0 110 t X 310 0,11

So IX Xz Xs CSpan 11,0 O CO 1,0 10 O l

In other words 11,0 01 10 I 01,10 0,1 spans Tt

2 10 Definition
A function p Ft Ft is a polynomial if there exist

ao amC IF such that

Pl Aot a 27 t Az72 t f Aman

for all 2 EF
The set of all polynomials with coefficients in F is
called Pitts

2.12 A polynomial p c Pitt is said to have degree in it there
exist ao a amett with am 0 such that
p Czk Ao ta 2 t f amZon for all ZEF

Definition
A vector space V is called finite dimensional if there exis
a list v UmEV that spans V that is

span LV UmI V



2.15 Definition
A vector space V is calledinfinite dimensional if it is
not finite dimensional

Linear Independence
2.17 Definition

A list V Um C V is called linearly independent

if the only choiceof a Am C IF that satisfies
A Vi t t am Vm D

is a O am D

2.19 Definition
A list V Um C V is linearly dependent it thereexis
a am CFt not all zero such there

a V t t amVmt

In otherwords v VinEV is not linearly independent

2 18 Example Linearly independent lists

A list V of one vector v c V is linearly independent

iff Vito Then it a C IF satisfies
A V 0

then a O

A list l D O O 10.1 0,0 10,01,0 is linearly independent

in F 4

Suppose a a Aa Aa EF satisfy



l I i e Ai s f I
A I OOOH Arlo I 0,01 1As 10,0 I D O O O O

Then we have
a O O O 110 As O O 110 O as 01 10 O O O

A As As 0 10 O O O

Equate the coordinates
A O as O a O

2.20 Example Linearly dependent lists
12.3.11 11 1,4 17.3.81 is linearly dependent in E3
suppose a oh AEE satisfy
a 12 3 l t A H 1,2 T A 17 3,81 10 O.O
12A 39 a It Aa a 2A 117A 39,8A 10 0,0
2A 1 Art 7A la Az1393 A 1202489 7 100,0

I i t

So at least one of scalars is non Zero
so 12.3.11 11 1.21 17.3.81 is linearly dependent in F
Every list of vectors in V containing the zero rector
such as U Va O Va Us Vb

is linearly dependent

Suppose a as as acids au E Ft satisfy
A V t AV 1Az Ot AaVa 1AsUs t AbVol D
Then set
ai O.ai O.AE ay 0 Ag O Ab O



i j l A 1 s i 0

So the scalars are not all zero
i linearly dependent


