27 Spw is the smallest contolning subspoce.
Every subspoce of \/ cowtomming Ui,.-.,um cContoins

5”’\ (V\ )u-, Vﬁ\)

In gther wards,

If o subspo contains Vi, ..., Vm , then it confeing
span (v, , ..., Vm).

In obher wortls , eary subspace of U thot  contobs v.,...,V..e\/
must als0 Contoin  Spon(vi,...,Vm). This mokes &pontui,-..,Vm)
the smollest ewbspace of V that comfoips y.,...,Un,

Proof :
let U be o subspoce of V thot contatng v.,.., Unm.
Sinte subspaps are closedl under addition al smlr mwhoplitm
Viyoors Um €U tmplics OV #-2- 4 AmVine U
for ol o,..,0m €F. By definition,
SPOAVey ..oy Vm) 2 fouvet < OV O, GueFF |
L SpAA(VL, . VW) UL



2.21  Linear Deper\okme Lemma.
Suppose  Vy..,Um is o (ineorhy odlepeadeat, kst m V. Thea
there exists jefr,...,m3 such thot:
®). vjespmv,..., Vi)

b). If the j& tem is removed from v,...,vm,
(resutting 14 V..., Vs, Vjn, V)
then  spun (Vi..., Vi, Vjn, coey Um) = SpRA (Viyene) Vim)
Proof of O):
Sine  U1,...,Vm (s linearly dependent, , there exist
O, .-, O EFF, naot oll O,
such ot
DNt oot OmUmzd
ln particulor, there exssts jefl,...,mj such ot a; 0.
So we have,
OVt .o d Ot Vit £ 05 5t L ot Q= 0.
Solve for Uj:
Vjz ~8FVe ... - %i\lj-l .
In other words, Uj s o liner combinotion of Vi, ove, Vel -
Therefore . vi€spomt...... \na) . Dfovina (O,



Proof of b):

Suppo®  UESPONLV,,-..,Um). Then there exist C,-..,(EF

such thot (=€ 4...4 Coalim.

Recall from the proof of part i:

Vj= -% Vs o= %’-’-VJ.‘

We have u=Cwit...#CalUn
2Clhtn GVt QU .- 4 CVUm
ZCVet .t Gt Ut G (B = = T v G Vit
= (C.~Lj2-:'|) Vit (cj..' g%ij)v‘--; t Galjut - x a'vcﬂ':v“
€ Span (Y eeey Vpet, Vet - 2 Un)

Therefore, spon (U, ..., Um) € SpoALY. y.os, U, Uy, .-, V)

In other words, let, wespoan(V.,...)Ya, Vi, ...\ Um)
Then there extst 0u,..., Om&F suchh thot

U0t -+t Oy Vit 4 Dnliat .. 20t
But olso,

U= it 4 Bja Vit QU ¢ Oyt -t OV

€SPOn (Vs onv, Un)
So spon(v.,..., Ust, Vj#, -..Vm) S SPaRLV,, ..., Un)
Therefore , we howe the st equality
SPOA Wy, -, Via, g1, ..., UmESPONLV,, ..., Va)

pl‘oviﬂ part, (b1,

224 Exomple



ls the list (1.2.3), (4S3), (1.6,7), (-3.2.8) lmemn inolependat
m 37
The st (14,9:0),(0.1,90), 10,0,1) spans R3,
This list has lcr\aﬂ\ 3. No list of Ienﬂih. Greotel thoa 3 spon B,
Becouse the fourth vector in the st

€h2,3) ,(a.88), 0,6,7), (-3,2.%)
Is g lineos comblaction of the other thireg.

2.15  Exomple
Does the lisk (1,2.3.-8), 4.5,%3) :(2.6,7,1) Spon n*’
No, the (st €1,0,4,9),(0,1.0,0), (0,0,1,9) , (0,9,9,1) spons RE
No list of (evaﬂw las tlen 4 spuns RT,

2.26  Finite oltmensional SMBSPMS-
EW-"& swbspoce 01 o fm(fg-o(imensioml vectyr space s f(f\('ﬂ dim onsiana |
(Proof in textbook),

2271 Detim’tiOV\
A basts of V ts o list of vectors Ui,...,Vm of V thet i3
lineorly indlependent. amd spans V.

233  Exemple
" The list (1,0,...,9} , (9.1,0,...,0), -+ ,(0,--,0,1) {5 & bosis

of ",

L ts called the standardk boasis of K"



2.2%

* (1,0) ,(0,1) fs o bosis of a (ls(‘av\dw\d basts)

© (L), 3:8) s o basis ef F.

C(1,3), .0 is ot o bowis of BY (Y linenrly inclejen dent).

* (12.3),41,3) is ot o bosts of F2.(0aly two vectars in iF there o

does not. spon FF?)

*(12),5:5), (#8) is not o bosis of F*

( (\'newrb ole)u\dc#\‘{")

. (I,I,O), (ol Ol') is 0‘6“5\3 0{ ?(’x. M.Y)‘F‘ £’X.56F}

beconse (¢, = XKLL LD+ 4(0,0,1)

(L7000, (10,7008 o bosis of §ex, g 2)E) Xt 210)

becanse AYt2ZR  (mphies Z:-x-y.

Criterion, fov‘ bowts ,
A list V..., Va€V is a bass of V iff vy vel om be
Written uniquely (tn only one woy) tae (m

V =z vttt QnVa

for some a,,.., OnEFF.

Proo{' ( ferword olévection)
SuppOsL ViyeoVa is oo basts of V. Fsr all vel, there
exist ou,...,0m such thef
KV= (Wit ... 4 OV
We need 10 show thot, this representation /s upique.
SUppOR Ci,..., Cn € F b0 saitisfy
V=CUit ..t Caln



Substracting £ - €1, e got,
0= @cC) Vit - ..o 4 10n=Ca)Vn
Siane 0 con be Writkwin on&‘ One woy . We must hoye
020, ..., OCa=0
Tkerefwe, Lo yonn MatCn
ond so the representstion s unique.
(Backword direction)
Suppose wWe ma write wery veV "'“'i“dj in the fw\
V=0Vt -t Qnla
Then v (s o liness combination of V.,...,Vn , whih means
V,...,Un spms V.
Now we must prove that v.,...,un (s linenrly tadepenvlent
Suppass 0y, .-, 0n F sutisfy  OWy 4.4 Outhzo 5 /<0
Swmee €he anse.v\’(erb\'oﬂ o(' eWQj Ve\/ (V=0 , in Parf,{culur)
is unigne , e must how  0=0, ..., 000
Tkere'(am,, Vi ooy Va U8 Imarﬂ independlent .
Stace we proved thot v, ...Vn is o linewly indepentlent

set thot spws V , we concude thot vi,..., U i5 & basts of
V.

2.3 SP"‘"""'EI list contains o bosis,
Every sponing kst n o vector spae con be redued to a
bosts of the vector spoce.
Fer exomple,
(LQ) (0,1) (2.3)



is ou spoaning (st of 7, But we @ redwn i (st
u (l,Q) ’ (01').

23) Boss of o fintte~ dimensiond vector space.
Proof: According o 2.10 of Axler, there exssts o spamin
(ist 0‘(’ e(/ers f(‘ﬂﬁe'dimensfo'\ml vector spm.gy 2-3|:
the sponnirg kst (wn be redverd © o boss.

2:3% Lincorly independent L3t extends €0 oo bosis,
let U beon finite-dimensional vectsr spece , andl let w,,...pa€V
be o [menrly independlent [ist . Then this 13t o be ectended
to o boss w,,..,Wa of V.
Proof: Suppmse wi,...,uméV fs linearyy indepondent onol
Why-- WalV
Then the list W, , ..., Um , W, ..., Wi
spons Vi Apply the procedure ot 2.3 of Axler to
Temove some yectors fmw\ u.,...,u..,w.....,w,\ufm
'suru) 0 redwie His spmmnﬂ st to o boets o‘l’ V.
For exomple, the (st (1.3.4),(9.6,8) 3 ltnewlﬂ fndepeqdw\t
I B Then following the procecurs of the proof of 2.33
Arler, we con obtoin o list.
(2.3.4) , (%6,8), 9,1,9),
which ts o basis of £

2.34 Eveu subspag of \/ 1S pert of & olirett sum eswol



e - = e
to V.
Suppse U 65 00 finste - dimensiovel  vectow spoce , and \/
ts o svbspoce of V. Then there exats o subspae W er
such thot V= @W- (con witte v/ d"-{] e wy ve\/,
velk, wein))

Pfao]". Stnce Vi fintte - dimensiomal ovel Vis a sopspace
of Vi by 2:26 of Ader, U 3 also fonite “dlimensiondl

By 232 of Axler, there exats a busis  w,...,un 4 U
This means . parbiculer thof w,....um 5 Knearly indepeniont
V. By 235 Rvlor , we o extend W, e £ o
bosis Wiy M W, .- Wa 6‘[’ V.

New, let W= gpuntw.,..,wn)

To prove U= UBW By [4S of Avler, we et need €
prove V= UEW pad N W= 70}

First, we will prove V=UsW.

Suppose yel/, Smee Uy...,um,W., ..., Wn Spans V
Here exist, 0. Om, biyos,badF such that

Ve Lt - 1 GnVin 'l'w
W

So V=Mfw,v\’nwfe wel and wcw' ) U’IMV\/,

Pfoo{"' Next we will show (1N W=§03
Suppose velNW. Then neV ond well. so
there ex® o,...,Qm b, ... ba&F s,
/=00t 4 40thm “biWid-o- 4 bala



Smksflﬂﬁlﬂ , We ae{, 5
BeUiges 4 Oalhon Bty = « o2~ bawp={)
Sin® @, ., U W, ., ae LI, o fhe
scafs e 28ro.
.20, :o- ,Gm, -b=0, ..., -bazQ
rhue.fm. V=R, Ut -- -+ Omlim
=004 -t Ol
=90 ¢ 10}
ondl /= b Wit 4 baWy
2 QW t-+ W,
= Qeiqy
Trerefore, . UNACTO)
So WAW 50| , a5 desired.



