
 

2.7 Span is the smallest containing subspace
Every subspace of V containing u Von contains

span IV Um

In other words

if a subspace contains V Um then it contains

span IV Vm

In other words every subspace of V that contains v VmeV

must also contain span IV Um This makes span w Von

the smallest subspaceof V that contains v Um

Proof
Let U be a subspace of V that contains v Um
Since subspaces are closed under addition and scalar multiplicate
V UmCU implies a V t i t mumEU

for all a am EF By definition
spanIV Um a V t f AmUm A AmeF

span IV Vm CU



2 21 Linear Dependence Lemma

Suppose u Um is a linearly dependent list in V Then

there exists jest m such that
a Vj C Span V Vj l
Uj A U t taj aVj for some a aj I CTt

b If the j th term is removed from u Um

resulting in V Vj i Vjti Im
then span Vi Uj i Uja Um span IV Um

Proof of a
since u Um is linearly dependent there exist
a am CFt not all 0
such that

a Vit t amVm O
In particular there exists j 41 mI such that aj 0
So we have
A v t 1 Aj iUj it AjUj 1 AnUm D

Solve for Uj
Us Ev aa V I

In other words Vj is a linear combinationof u V 1

Therefore Vj Espana Uj il proving lat



eref e y spancu V il poving

Proof of b
suppose u cspan cu Um Then there exist C CME

such that a C v t 1cmVm

Recall from the proof of partial
Vj v aa Us
We have a C V t 1cmVm

C V 1 t cj.ivj.itCjVj 1 1 CmVm
Civ 1 tcj.ivj.itCj l ITH i i AajUj il 1GtUji

1Cmv
C Cj V t 11g cjadjllvj itg Vjtit.intCmvm
CSpan 14 Uj i Vg11 Um

Therefore span14 Um CSpann Vj i Uja Um

In otherwords let UCspan V Uj i Vj11 Um

Then there exist a amC F such that
U a U t r t Aj iUj i tAjaUjut tamVm
But also

U AU t taj ivj.it OVjtajttj.it it AmVm

CSpanIV Um

So span V Uji Vj11 Vml C spanIV Um1

Therefore we have the set equality
spanN Uj l Vjti Um5SpanIV Um

proving partCbl

2 24 Example



l I I e

Is the list 1.2.37 145.8 12 6,7 C3.2.81 linearly independent

in Rs

The list 140,01 CO l O 10 O l spans 1123

This list has length 3 No list of lengthgreater than 3 span112
Because the fourth vector in the list

1 2 3 4,518 12 6 7 L 3 2 8

is a linear combination of the other three

2.25 Example
Does the list l 2.3 51 14.5 8.3 i 12 6,7 1 span 1124

No the list 11 O O O O I OO 10 O l O O O O l spans1124

No list of length less than 4 spans 1124

2 26 Finite dimensional subspaces

Every subspaceof a finite dimensional vector space is finite dimension
Proof in textbook

2.27 Definition
A basis of V is a list of vectors V Um of V that is
linearly independentand spans V

2.28 Example
The list 11,0 Of 10 I 0 O 10 O l is a basis

of F
It is called the standard basis of Fn



L l a d e slandad as of
11,01 10.1 is a basis of ft standard basis
1.21 13.5 is a basis of F
12,31 14.6 is not a basis of F lH's linearly independents
142.31 12.1.31 is not a basisof F IOnly two vectors in Ft therefore
does not span F

3

11,21 13.51 14.13 is not a basisof F
Clinearly dependent
I l O CO D l is a basis of IX X yl EF X y C FI
because X Xyl XC l 1 At yl 0 0.1
11 1,01 11,0 11 is a basis of ex y Z E't XtytZ o

because Xty 12 0 implies z X y

2.29 Criterion for basis
A list V VnEU is a basis of V IH every VEV can be

written uniquely in only one way in the form
U A V t 1 anUn

for some a An CFt

Proof forward direction
Suppose V in is a basis of V For all u cV there
exist a an such that

U Aw 1 t AnVn

We need to show that this representation is unique
Suppose c Cn C I also satisfy

U C V 1 1 CnVn



c v n

Substracting A A We get
D Ai C U t t can Ca Vn

Since 0 can be written in only oneway we must have
Ai C D UnCa 0

Therefore a c an Cn

and so the representation is unique
Backward direction

suppose we can write every ve V uniquely in the form
a V t 1 anUn

Then u is a linear combination of V Vn Which means

V Un spans V
Now we must prove that V Un is linearly independent

Suppose a an EF satisfy aw 1 anUn o V 0
Since the representationof every VEV Luo in particular
is unique we must have a O An 0

Therefore V Vn is linearly independent

Since we proved that v Un is a linearly independent

set that spans V we conclude that v Un is a basis o

V

2 31 Spanning list contains a basis

Every sparring list in a vector space can be reduced to a
basis of the vector space
For example

I O O l 2 3



J
is a spanning list of F But we can reduce this list
to 11,01 10,11

2.32 Basis of a finite dimensional vector space
Proof According to 2.10 of Axler there exists a spanni

list of every finite dimensional vector space By 2.31
the spanning list can be reduced to a basis

2.33 Linearly independent list extends to a basis
Let U be a finite dimensional vector space and let u amCV

be a linearly independent list Then this list can be extende
to a basis w Wn ofV
Proof Suppose u umCV is linearly independent and

W WnEV

Then the list U Um W Wa
spans V Apply the procedure of 2.31 of Axler to
remove some vectors from u um W WmIifneae
saryl to reduce this spanning list to a basis of V

For example the list 12.3.41 19 6 8 is linearly independent

in Tt Then following the procedure of the proof of 2.33
Axler we can obtain a list

12 3 4 196181 CO I O

which is a basis of F's

2.34 Every subspace of V is part of a direct sum equal



2 si Ivery I ee l V p l of a r m equl
to V

Suppose V is a finite dimensional vector space and V
is a subspace of V Then there exists a subspace WofV
such that V U W can write V utW only one way Vov

VE U WEN
Proof Since V is finite dimensional and V is a subspace
of V by 2.26 of Axler U is also finite dimensional

By 2.32 of Axler there exists a basis U umofU
This means in particular that u um is linearly independe

in V By 2.33 Axler we can extend h um to a

Jasis U UmW Wn Ef V
Now let W span W Wn

To prove f UAW By 145 of Axler We just need to

prove V Ut W and Un w 01
First we will prove V UtW
Suppose u C V Since U um W Wh spans V

there exist a am b bnett such that
V A Uit I amVm t b Vit t bn n

U W

So V utW where u c U and WEW So V Ut W

Proof Next we will show UAW101
Suppose VEUAW Then new and new so

there exist a am b brett S t
A U t amUm b w t t bn Wn



V U I Um Wi l on

Substracting we get
A U 1 f mum b w bnWn d
Since u Um W Wn are l I all the
scalars are zero

A I i am't b O c but

Therefore V a.lt 1 tamum
OU 1 t 0am

D c 90
and Vsb Wit tbnWn

ow 1 1 Own

deal
Therefore UAW401
So UAW401 as desired


