
 

2 28 Example
The list 11 1,01 11,0 l is a basis of fixy 2left
Xty 12 0
IX y 2I X y X y

x 1,0 1 t yl 0 I 1
11 O 11 10 I 1 spans U

Suppose a be F satisfy
All O l t BlO l 1 CO O O

A b a b 0 0,0
a f 0

the list 1,0 11 10.1 l is L I
1.0 11 10.1 l is a basis of U

The list 1 z 2m is a basis of PmcAl

Every polynomial pEPmet is written

p 121 Got a z 1Azz't tAm2M

for all 2 Etc for all ao a Az Arnett
Notice that pc21 is a linear combinationof 1 z E Em

Also for example
I 2 3.12131 let 3 m is a basis of PmlF
Another example
I z b iz 61 is a basisof RCF

2C Dimension
Recall 2.23 from 2B



I U 23 I m

2.23 Length of linearly independent list a length of
spanning list in a finite dimensional vector space
2 35 The lengthof a basis of a vector space does not
depend on the basis

Any two bases of a finite dimensional vector space have the
same length 1same number of vectors in the bases
Proof
Suppose V is a finite dimensional vector space
Let Bi V Um and Bi W W n be two basesofV
Then by 2.23 of Axler the lengthof Bi is less than or
equal to the length of Bz
Interchange swap the roles of Bi and Ba By 2.23 Axler
the lengthof Bs is less than or equal to the lengthof B
In other words we have

length of B E length of Bs
and length of Bi E lengthof B

length of Bi length of B
i the two bases have the same length

2.36 Definition
The dimension of a finite dimensional vector space U is
the length of any basis B of V Denoted dom V

2.37 Example
dimAn n because the length of any basis ofAn



dim a e e ngth I ng b sis I k
is n l any basis of Fln contains n elements
dimPm ft Mtl because for example I z 2 2m

is a basis of Pml F and the lengthof the basis is anti

2.38 Dimension of a subspace
If V is finite dimensional and U is a subspace of V then
dim U E dimV
Proof

since V is finite dimensional and U is a subspace

of V by 2 26 Axle r U is also finite dimensional
By2.32of Axler there exist a basis of VI and
a basis of V This means in particular that the
basis of U is a linearly independent list in V and
the basis of V is a spanning list of V
Recall from 2.23 Length of linearly independent list

E length of spanning list
The length of our linearly independent list in U is

dimV Likewise the lengthof our spanning list in
V is dimV dim Us dimV

2 39 Linearly independent list of the right length is a basis
suppose V is finite dimensional then every linearly
independent list of vectors in V with length dim V is a
basis of V
Proof Suppose dimV n Let u Un be a linearly



I I Supp m V Un l e ly
independent list in V By 2.33 of Axler we can extend
V Vn if necessary to a basis ofV
But every basis of V has length n Since v Va

already has length n in this case we do not
need to extend to a basis of V This means V Un

is itself is a basis ofV

2 40 Example
Show that the list 15,71 14.3 is a basis of F
Proof
we will show that 15,71 14.31 is linearly independent
Suppose a as C IF satisfy

a 5,771 9214,3 10,0
Sa 14ha 7A 139,1 10,0

ga 0As D

i 15.71 14.3 is linearly independent in Tt
Since 15.71 14,3 has length 2 and dimA

2 2
by 2.39 of Ayler we conclude that 15,71 14.3 is
a basis of F

2.41 Example
show that I IX55 IXSP is a basis of the subspa
U of PsHR defined by
U peps IR p151 0



I 3 R p s 01
Proof Let p.int I Then piano so p 1570

and so pit EU
Let p.cn5 IX 5P Then pint 21 5
i pic55 0 and so p IX 5 Ell
Let 13h11 IX 513 Then psMl six 51
e Ps 1550 and so p ex 5 Ell
I I ex 55 IX 5 EU
Next suppose a b CER satisfy

at bix 55 ch 55 0 for all XEIR
Notice that the lefthandside of the above equation
contains the axs term but the right handside not
i EO
LHS has DX term RHS not i 6 0

Since b O GO implies a D

So I ex 55 IX 513 is linearly independent

Since the lengthof l IX si ex51 B 3
and dim U 3 by 2.39
Note that dimU is at most 4 but it cannot
equal 4 because it dined 4 then we can extend
a basis of U to a basisof Buk whichwould

produce a list with length greater than4
So dimU 3

2 42 Spanning list of the right length is a basis
Suppose V is a finite dimensional vector space Then



I p se s a i e dimensional ecco si Ce then

every spanning list of vectors in V with length dimV
is a basis of V
Proof

Suppose dim f h and V Un spans V
By 2.31 Axler we can reduce to a basis ofV
But every basis of V has length n so in this
case we do not need to reduce anything
we do not need to remove any elementsof v ir

Therefore v vn itself is a basis of V

2 43 Dimension of a sum
it u and Us are subspaces of a finite dimensional
vector space V then
dimcu tutdim Uit dimUs dim l U nu
Proof

Let me dim 1U A Us and let u um be
a basis of U Alk Then it is linearly independent in
Ui So by 2.33 we can extend this list to a
basis U Um Vi Vj of Ui Which means dimKimy
Similarly U um is linearly independent in Us So
by 2.33 we can extend this list to a basis u Um

W Wk of U2 which means dim Us Mtk
We will prove that the list u Un V Vj W Wi
is a basis of Uit Ui We have Un Uic spania mmVi

Vj Wi W k which means



Y i i WKI Whch me ng
span U Um Vi r Yj Wi WkF Urt Us
so the dimensions of U 1Us and spancu UmV viwe
are equal If U Um Vi Uj W ink is I I

by 2.39 it would be a basis



 

Discussion Notes

Re explain Example 2.41

Why does U pepsHR p151 01 have dimension3

Since we proved 1 ex 51 Ix sp is L I in U

din U is 3 or 4

Since U is a subspace of BCR by 2.38 of Axler
3EdimVE dimPack 4 lit it is a subspaceof V then

dim UedimV
However q x 5C P.dk Bntq X 5 CU because

9451 1 q'bHO r q U
We found a polynomial such as x 5 that is in BARI
but not in V
Therefore UF Ps Rl
This means we have

3Edimusdimps IR 4
So we conclude dim U 3

2.43 Prove
U Um Vi Vj Wi Wk is LI

Suppose a Uit r tamam lb v 1 fDjVj1GW 1 Gawk 0
Need to prove ai am b bj C Cia O
Since U Um Vi Vj is a basis of U we have

C W t it CKWKI A U AmUmb V bjvj.EU
Since GW 1 1Gawk C Us We have



S nee c W I 1Gawk C Ua We hue
C Wit t CkWkEUz
C W 1 at Crewe CU Alk

since we introduced u am to be a basis ofu.nu
We can write c Wit Crewe d U t 1dmum

for some d done't This means
C Wit 1 Clawed Ui denUm 0
Since U Um W Wk is linearly independent
all the scalars are zero

C O Ck 0 di O date
In particular a O ex 0

So the original eq
a U t 1 annum1 b v t tbjvjtc.W.fr t CKWED

reduces to

A U t t amUm1 bV t it bjVj 0
Since U Um Vi Uj is a basis of Ui
it is linearly independent so
Ai 0 Ami b i bj D
So all scalars are zero
So U Um V Nj Wi Wun B LI
By 2.39 it is also a basis of Utu
we have dimlUtU4 mtjtk

mtg f Cmtk M
din U t dinU dimlu.nu


