The kst (1,19, (10,-1) is o basis of focy,2reR?
Aty 220 §
(xy2) = (x .:1.-/)(':\)
= (10, A)E 3(0,“—()

L0, =0 5 (0, 0-) spans U,
Suppose abelF smt\‘sfﬂ
0, 0,-1) % BCY,[,=1)=(0,0.0)

(0, b,a-b) =0,0,0

. azlFQ
2 othe lst (1,0,4),(0.01a) is L.T,
S (0L9,0,(04,-1) iy o basis af u.

*The (st l.2,...,2™ is a basis of PmcF).

Every polynomtel pEPm(E) is written

PlRI7 Aot QL4024 ... 40m2™,

for ol 2eC. for all a0, 0,...,0meF

Notice that pe2) is & linewr combiration of [ 2,2, ..., 2™,
Also. for example.

1,243, @B, .. @Y is o bosis af R(F)
Anofler example,

|, 2-6,(2-6) s o bags &f P.UF)

2C  Dimension
Recoll 2.23 from 2B



2-36

237

2.23%: Lenaﬂu o{' h‘moml& tudepwdu\'b ¢ < lenafA df
spanning ist tn o {iwite - imenstonal vectr spaee,
2.38 ¢ The lenqth of o bosic of o vector space does not
depenol on the basis
Any W0 bages of a flutte dimensional vector spage hove e
some, [ength (some number of vectars in the bases)
Proof:
Suppae \/ is o fintte -olimenstono| vector space ,
let Biv,,...,Um ond By=W,, ..., Wa be two pmses {V
Then, by 223 of Axler, the length of Bi is legs then or
equal 40 the l?ﬂdﬂll. o Ba.
|v\'l:erd\w\ae. (swop) the roles 4P Bi onol By . By 2.23 gyler,
the levuﬂn.v[ Ba is legs thon or equol 4o the (en@ﬂxof B..
In ofher words, we howe

lengyth of B¢ lenﬂu\ d{ B
end, lenU(A 4-5; ¢ lenﬂ\a(' B

o lcv\a'u\ "[ B,: (w\a'u’\ ‘/{- B¢
.. the two bogs howg the souhe letladm

Definition
The okimenston of . finite-climenstonol, vectsr spmee /15
the lengthe of oy bosis B 4(3 \/. (Denoted dim V)

Example,
- dimF"FN  becone the lenath of oam bosts of F°
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e = : = U l e o e
s n (ony basis of F™ conforns n elements).

* dimP(F)=mt| becawse , for exomple, I, 2,2, ..., 2"

(s & basis of Pm(fF) ond the lsz'W\a{' the bogrs s mdl.

Dimensten of 2 subspoce .

if Vis finite-cimensional pnol Wis o subspae of V) then

odim U < olimV

Proo{i
since \/ i finite ~climensional and U S a subspace
°{' V. by 2.2b Axler, U is also f(m’ie 'c(zmzr\stonl»{.
By 231 of Acler, thert ext, o bosi o U anl
n basis o"[ \. This mewns in portieubr, Yhaof the
bosts of W &s a linearly independent list in V and
the, bosiz 01' Vs Sponning lest ft V.
Recall fmw\ 2.)3: th o l\heafﬂ i/\dcpendmt list,

< lengih Sponning list.

The length of eur lincorly independent. ligt in U rs
dm V. Likewist, the leAgthn ft ow tpomihy 13 M
Vis dim, .. Aw<ofimy,

2.39  Linearly indlependent [t of the right lm\j-tla ‘s o basis

Suppose U is fiuite- dimensiona] . Then ewey linesr
independerls list of vectors in V with lengith. oim V s o0
basis o{- V.

Proof: Suopose dimVz=n  Let v......ua be a [ineari



independent, list in V. By 233 of Axler, we on extend
Vigeery Van, f{' necessory 1o o basls o‘(’\/-

But) every basts of |/ g ("‘Oﬂ“ N, Sin@ viyer Vi
o(reaol\;qm [QA%’HA A, (n this coce, we olg not
need 0 etend to r basrs 0'{ U. Thes menng , viye-,Un
(s Kself @ @ basy ff'\/-

2.4  Example

Show thot, the list (5:7) ) 14.3) s & basts a[' 2
Proot

We will show thot (5,7), (¢3) is IMWH tndependent
Suppt 0., 0.€ F satesy

(S 4 A L4, 3% 19,0)
= (Sa.tém, T0,439,): 19,0)
2 =0
?IO\; =J

S8 (3) s lineary independent i
Staee 18:1) ¢ (43) hos length 2 ond ohim F*=2,
by 239 o Arer . we Concldle that, (S,1),(43) 5
oL Lasr>4 ¥

2.4 Exomple
show thaf 1. (67, @s] 15 o bosis of the suspe
U of P dlefined by
U= TpePiR) : pis)=0f



Proof: let p@zl. Thew PlixFd so P'3F0
ond s0 peleld,
let Puty 1K-5) . Then pa'texp 2UX-5)
Lo Pa't8)=Q ond 50 p.ctAeS)E,
let Pl =(x-3p . Then pyyx)=30K-5)
o P90 , ond 50 Pa =Sy €Y
1L (Assy, -SPe,
‘Next, suppo ab.ceR satisty
ot b(x-gYy ¢ (x-55 =0 for wik el
Notice thot, the left-honl sice of the above eguston
contoing the ¢ term, but the rt‘kt hand side. net.

N =
LHS has b tem RHS nat, b0
Sfﬂ.& b.'O r C‘—'O ". iw\r\tes u:O

So 1, (@-8)", -5 is Lnesrl volependiont .
Citnce the [wa-tk, o |, st ueSP &3,
ond dim U=3 2.5,
*Note thof, oimU s af mest 4, but it cunnof
equa| 4 becouse 1t oiwll=4 e we con exfenc
O bosts of U 0 abosis of PtR) (whioh wel
proohce o sk with [eu&f/z\ K\' enfer Mnlt
So iml=3 ,

242 SPanMv\g list of the rigkt [em‘:}fh (& & hass.
Suppose U is o fincte- dimensional vectsr sdoce . Thea



2.4

every spanning (it of wectors in V with Iev“f/« olim V

is o basis of V.

?mofi
Suppesp dim\EW and Y, ., Va spans V.
By 2.3 Axler, N on reduce 40 o basis o‘f V.
But, every boss of U hos lerathn, 50 ( s
ase We do wet need to reda@ oury thing,
e ofp not neeol t0 remowve pny elements at Vi, -
Therefare , vi,.-, Vn itsef & oubose ef V.

Pimeneton of oA Sum
(t U ond U ore subspoces of o finite - dimensianal
veeldr <pace V, shen
dimu, s Jeodips ot dlim U = lim (U, OUL)
Praot:

Let me dim (WAW)  and et w,..., un be
o basis of (LU Then it i3 lineorly inelopendent, én
Wi. So by 2.3}, we tan extend this list €0 I
bosis ), Um , Vi, ... V5 of W, wiidh maows o(wlx.:ufj
Stmalody, vy, .. ttm is lineorly independent, i Ui, So
l)y 2.3, we can extend this Ik to a lm's teyeee, U,
W, Wn f U, which means olim U =Mt
We will prove thot the Ixt, W, ..U, Vi, GuW, ..o, W
is o bosts of Ut Uy . We hwe W, ULC spanto,,. s, Ve-.
e Wi ow Wie) which meons



'd' . = == e S A e
SPan CUley oo, Umy Vi oo oy, Wy oo WY Ut U

So the dimens{ons of (4h oack SPO (L., U, Ve, -\ i
002 aQuod . I Wy U Ve, VW, W B8 LT
by 339, it weuld be o bass.



Discussion  Noteg.

Re-explain  Eomple 2-H
Why does U:{ TE pis) =) hove dimenstond 2
Sine we Proved I, 8?18y is LI, in u.
dim U s 3 or %
Sine WU s o subspace of RCR) , by 2.38 o{ Axles -
3¢dimV<dimP R = 4 (it Wis a subspace £ Vo then
dina U< dim V).
However, g:#¥SEPJR) But q**-54U betw®
o5yl (s L oéu)
We fsww‘ o polynomiol such os -5 thot s in RGR)
but notin V.
Therefore , U#P, ()
This meons we howe
< dimU<dim P: (R)= 4
Qo we concluole  oltm U=3

283 Prowve
ey ooop U Vi oo Wy W Wy 18 LT
SUppER 01, Ut~ mlin by .4 B Uit CWE F G Wy =0
Need 49 prove 0. 20m=b,=...2bj=C.2..2C w2
Sinte Uy..., Um Vi, A N N have
CiW, 4.t CeWiE = QLU= .= Ombher bvi ... KY;.G (A,
Simee cmt. s Gl ¢ A, e hour.



CiWt -~ 4 CeWigen,.
S CoWit .. GWe e WU,
Since we M'urooluceo‘ W,...,un €0 be ot bosis otu.l\w
We @h write CW.4..-4 CeWi 2 d\ £t ooty
for some oo dmeB This mons ,
C Wit .t GeWgd W ~. .- daAm =]
Since Wy, Um W, NV [mw& .‘ndeperdw&,
old Hhe s@lofs ore zem ;
C.=9,. .. C«=0s ol (=0, ey dOND
n pwﬁcm‘ar, C=9,..., =0
So , the oridmo.( .
Okt ot Qualhat b 46 By FEWL -8 Cietla™ Q
Yeolutes W
OUlhi4 -t Oalhen & bty . b5V =
Since “';""u"‘ JWUje, U 88 o basis of U,
it s l:v\wl& inolependes, ,50
=0, ..., A, = l;s;o
So ok sole e 2009
SO Wl Vs gy We e We & L.
By 239.it B abo & bss of Ut
5 We have  dim (Utth) =mg) t & '
=mgj) * i) - m
2ohim U £ dim U gin ()



