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2A.

The vector spoce of linew maps.

3. Defi nition

34

A linear map from V to Wis a fund:tM
T: V=W that sodisfies :
- odlditivity .
Twtv) 2Ty + Teyy for ol wyveV
J komoaeneftg.
Tiwv) =ATw) fw ol veV/ , AefF
The set of oll Lneor mops T: yo>W
is denoted L v, w)

Exoumples
let O be the 2er0 mop olefined by avko.
oel(v.w)
thot is, o 1s a finear mop becouse :
©odditivity : If wveV, then
o(utv)=90
20+0
=Qutov
* homogenelty: If uel) oad AEF . then
0(Aw)=9
ZA,O



A0 ()
eeg' identity wap-
Define L:vev by Ivey
Then 1€L(v.v) becnuse
*additivty ¢ I wveV, then
[(UtV)= vy
=)ty
’ komo&ev\ei“: lf AsE ool ve\/, then
1av)z AV
Al W)
Ax- Differentiotion:
Defivw, D:PIR) > P(IR) lv)r
Dp=p.
Then De f PR), P(R)) becomnse :
odditivity: If p.gEPIR) .then
Dipig = (pty,)
= pg]
= Dpt Dy,
komnaeneitq: f ACF, PeP(R) ,then
Ap)= (rp)
= NDip)
<& . Iv\-tearuti‘en‘
Define  T: Pe)->R by
Tp= J; PCy oAex
Tuen we have Te L.(PUR).R) beconse:



-Adol{tivdd: f pEPR) . then
Tepth)= [5 (pHa) ) dley
* o p®) tq0 dc
= [ & peodac 1 [oqerde
:Tp 4Ty,
: Homo&el\eﬁai lf ACFEF ond peP(R), slen
T )= {5 thp) trolix
= J;xpux)olyc
*No pea dt
= ]\TP
“e& b A‘ul‘ﬁylimﬂoﬂ Ly o
Defive: T: P(R)=PR by (Tp) =0 pioy
for oll el . Thep TELPRLIM) becouge:
* Adlitivity: If PLEPR) . then for oll xeR , we hoe
(Tepeg)) ) = A’(ptq) (%)
> o (p) t4,(40)
2oC pLt Xy )
= (Tp) ()1t vy
= (1p) 47g)) ()
S Tepth)= TptTy,.
Homagereity: 1f A, ondl pePCR) then for oll CBR we ke
(Txpy) () = & (NP)(X)
= U\P(go)
2 AP
= AJp) )



% - From R 40 R”: Define T-R->R® by
TYi2) =208y 432, 7 +5y -62).
Then Te L(RN[R) becowse:
- oolditivity: If ctiyi2) , (R F D) ER”, then
Tlxy2) 4&,7, T=T (X X g4y 24 F)
(2ot @ ) (y 4914 X246, 7 0t )1 S (y+) "“"ﬁ)
* QY432 )+ QR -J43T) UK 48y-p204 KNG
~b2))
= Ty) 4T, § ,3)
» homsgencity: If AeF ond (X.yR)ER’ then
Tayiz)) 2 TIAX N, A2)

3.3 Linear maps oach basis of do moir\
Suppose Viyer, Vi is 00 bosis of UV andl wiy-..,vin EW.
Then there exists a unique lineor mop T: V->W 5.t
Ty Wi for emoh j=1,..., 1
Proot :
Frest » we will prove ot the linetwr Mmop T exists .
Define T: V=W by
T Lit. .. 4CaVA) CW it ... 1 CaWn .



fml‘ sowe Ci, .., (weF, Since Ui,...,Un ts & basls ff V-
every vectr in Vis uniguely of the form cvct -4 Catin.
So this map T as we deffnea obove indeeol defive
fw\cttor\ Tyosw.

Furthermore, for codh < I, .. m. if

Cj- f(') if §=i

“[ L Xy
then, T sotisfles Ty= W

Next, we will prove ot T x lineow, thot is TeLivw).
+ ooldlitivity : If wy eV . then stnce ui,...,Vn is a asts of Vi
we (on wWrite
N0WVig ... 1 nVan W\B\
V =C.Uit --- 4ChVan
fé*‘ SOME Oy .., 0, Gy, G €TF, So we hane
Tcu+v)-'-T((a.v.+ ot BaUp) 2 (Gt ot Calin) )
2 T((OACLot .- - 4 (Oa4Cr)Vin )
= (0tCIW,t oo + @nt Ca) Wi
2 (aw.tCw)t...4 (Qv\Wv\'('(AWn)
= (AW, t .. $AaWa) $CWit. . +CaWn)
=TVt - 0aUa) 4 TCC Vit .. .4 CaVn)
o Tu,‘(‘T\/.
© Homgeneity : 1 AEF ondl veV, then we an write
VWVt -t CalVn
{0”‘ SOME C......CaEF. S we hawe



-~y S I o

TW)= T(ALCWs 4.4 CaVin))
=T(ACIV, 4. 1ACA)VA)
=Ac)wit -t ) Wi
SACWE L 4 AW
= A(C W4 ok Cd\Wu)
= ATCC. Vit .. 4 Calin)
:)\TV
s T:vow satisties m(olu‘ﬁv('q le homoacue("i
S TeLv,w)
Fu'muﬂ, we need 0 prove Hod, T is AL,
Suppoe we hoe TeLiv,w) ovdl T sectisfies Ty=w; for each
30, ees
lat Co s Ca6F, then the homgeneity ool wlituty of T
GM ns*
TeCvit. ot CaVn)= T4 <. F TCCavn)
= CGTwteec # CaTyy
= QW L 4 CalWn
So Tis u_n\‘rluc(\lj determined on
Spon (U, ..., Un)
But V.o,V is 0 bosis éf v meaning we have
SPON V., ..., Uay =V
So T i un(iue(\u‘ determines on V.

Adglition ond scalar mubiplicatton o £ cv,w)
3.6 Definition



Suppose ST &Llv,w) wd Ael
* The sum StT is o lingy map o(zfu‘v\ed by (64T)y)=SviTv.
' The product, AT is @ (inepw mop defined by ) \v)= A(Tv)

37 Ltvw) s o vechr spoge
The set Lw,w) is o vectsr spoce Witht respoct £o the
operations olefines| in Definction 3.6 of Axler.
Proof: Let R.S.Telve, Owol NETF be arbitmva.
‘Conmv\(ﬁwtq:
For all veV, we hawe
(4T) v=Su+Tv
=Tut Sy
= (Tt5W
o SAl- s
* Asso Ciaivity:
For all veV, we haw:
((R¥9)+T)Y = (RtS) v & Tv
= Rut Sy tTu
= Rut(5tT)y
= (Rt (5t D)y
S, (R$S)4T = R
» Additive identity:
let 0e Liviw) be Hhe zero function. Forgll veV, we
hove . (T40)v=Tut OV
vt 0



=Tv
s0 T+0=T
* Adolitive. inverse*
Note thot we hove ~Tefiv,w). For all vEV, ur hee
(T4 (0 )y e Tut D
=Tv-Ty
=0
:0\,
L T41-T)=0
* Multiplicative fdentiiy:
For all veV, we howe:
@T)V=4Tv
= v
4721
' Distributive properties:
Fov oll aed, ol veV. ne howe:
L (str))v= A ls £ Ty)
= nSv+taTv
=@sStaT)v
2. G(5tT) :Ul.Si'aT
For all abef . for all vel, we hue
(o) T) V= (Gb)T v
= aTutbTy
=@l 46T,
S (046)T = aT + 6T



le\ere,fwe L) s o veetor spoce with respect to
the definedl eperetions.

3.8 Definition
£ SeLaww . Te Liw) thon e product STeLiyw
i< olcffmo\ by SHn=5(Tw) '[or au,mev,

39  Algebrocc properties of products of finesw maps.

. ASiOCl‘GﬁV{H
f RS, T ore [inewr mops such thot the product RST
makos gemse . then (RS)T= R(ST)

‘ lo(ev\ﬁtg
[t Te Lovuwy onol L2 VoV & on identity mop
hen T-1°T<17
Dateibutive properties
f T.0,Teliwy) ond S, S,8 € Lww), then
(St ST =5 T4S. T ol
NTAT) = ST+ ST,

3l Lnewr mops take ¢ 10 0.
|f Tedlcv.w) ,then Teo)=0,
Proof: Sine T (s knenr, we con nse adbdition €0 9e€
Tt0)= T(0+0)
=Tc0) +110)
=2T(0)



Two) =0, s desired.



