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3A The vector space of linear maps

3.2 Definition
A linear map from V to W is a function

T W that satisfies
additivity
Tutty Trust Tw for all u V EV
homogeneity

Timi D TW for all u cV def
The set of all linearmaps T V W
is denoted Lcu W

3.4 Examples
Let 0 be the zero map defined by auto
0 EL V W
that is o is a linear map because

additivity If u V EV then
0 Utv O

D to

Out OV

homogeneity If ueU and AEF then
0 NU O

go



NIU

A identity map
Define 1 v su by Iv V

Then I c Ll V.V because

additivity If u u EV then
UTV Utv

Icu 1 IV

homogeneity If he and VE U then

I Chul NV
XIN

D Differentiation

Define D PHR 3131112 by
Dp p

Then DELCPHRI PURI because

additivity ftp.qc PCIR then

DlpIqs Pty
p'tg
DptDq

homogeneity if AEF PEPUR then
Dap Capt

xDep
Integration
Define T PAR 3112 by

Tp fo pix DX
Then we have TE Ll PUR IR because



n we ve l Ll l il l Il I se cause
Additivity if p.EEPCR then

Tcp191 16 Ipt g Ix DX
fb pix iq DX
op dx t f'oqcx DX
Tpt Tq

Homogeneity If AEF and PEPURI then
1caps Jbexplixidx

g X pix DX
Hope DX

Np
Multiplication by X
Define T Pak PHR by Tp X x'pix

for all x EIR Then TELL PURIPURI because

Additivity If P.gePURI then for all XER we have

Tiptoes X X'Cptg x

XYpix taxi l
Xp exit X'quit
Tp X 11Tq IX
LITpltag CX

i Tiptop TptTq
Homogeneity if AEF and pepCR thenforallXER wehav

lTraps X Xp IX
xscapexD
Mip ex
http x



I
B From R to 1122 Define T pi 1122 by

T IX y 21 12X y 132 7Xt5y 621
Then TELL 1123,1122 because

additivity If ix y Z ix 5 E ER then
Tl ix y 2 It ix 5 It T lxtx.yty.EE

l2lxtx1 lyty1t3CztEy71XtnJH5fyty1 6124

IX y 132 112K It351,17 54 621417445
62T

Tix y21 t Tix Y E
homogeneity If rett and IX y Z1 EIR then
1 lux yall THX NY AZ

3.5 Linear maps and basis of domain
suppose v Vn is a basis of V and W Wn E w

Then there exists a unique linear map T V W s t

Ty Wj for each j I h

Proof
First we will prove that the linear map T exists
Define T V W by

T CV t 1CnVn C Wit t CnWn



V l Caw

for some c CneFl Since v Un is a basis of V
every vector in V is uniquely of the form out ten Vn

So this map 1 as we defined aboveindeed define a

function T W
Furthermore for each j I m if
G fj it j iit j ti

then T satisfies Ty Wj

Next we will prove that T is linear that is TELL Vivi
additivity If u.ve V then since v Un is a basis ofV

we can write
a a Vit tanvir and
C Vit Chun

for some a au C CnEFI So we have

Tcu V T la V t tanVal C v t 1Cnbn

T a c V t 1 Ian 1Cn Un
la 141W 1 t cantCn Wn
la W 1GW 1 t lanwntenwn
a Wit tanWn tCc Wit 1CaWn

TcaVit tanUn tTCC Vit 1 nun

TutTV
Homogeneity If AEF and veld then we can write

C V 1 t CnUn
for some c Ca EF So we have



I s e c CaCH S h e

Tau TIN lab t 1 Cnn

Tha V 1 1kcalUn
Kc wit 1 HcnWn
AC W 1 t Nn Wn
Nc Wit 1 CaWn

ATCC Vit at Cnu
AT v

T V ow satisfies additivity and homogeneity
TE L N W

Finally we needto prove that T is unique
Suppose we have Te Ll v w and T satisfies Ty W foreach

j I N

Let c Cnet then the homogeneity and additivity of 1
give us

TCC Vit 1 Cnn T cc v It 1 TCCnun
C Tv 1 t CnTun
C Wit 1 CnWh

So T is uniquely determined on
span V Un

But U Un is a basis of V meaning we have
SparkV Unl V

So T is uniquely determined on V

Addition and scalar multiplication on Liv w

3 6 Definition



36 Def nil on
Suppose S T CLC V W and AEF

The sum St T is a linearmap definedby CstThiel Svt Tv
The product AT is a linearmap definedby I w kN Tul

3.7 Liv W is a vector space
The set Liu w is a vector space with respect to the
operations defined in Definition3.6 of Axler
Proof Let R.s.TELN.nl and def be arbitrary

Communitivity

For all u cV we have
1StT v Su 1 Tv

Tut Su
CT t 5 V

i StT Tts
Associativity
For all u c V we have
CRTs 1T V Rts t Tv

Rut Svt Tv

Rut 1StT v
Rt 1StTHv

Rts IT Rt1stTl
Additive identity
let OELW.ws be the zero function Forall u eV we

have IT10 v Tut OV
Tut O



Iv I
Tv

SO TtO T
Additive inverse
Note that we have TELL u wi For all EV weha

Tt f T v Tut l T v
Tu Tu
D
Dv

T t l T O

Multiplicative identity
For all v e V we have
CIT V ITV

Tv
i IT T

Distributive properties
For all aett all ve V we have
Ca Stt V a Csv 1 Tv

as v t a Tv

fast at 1 V
i e a 1StT a Stat
For all a be F for all u e U we have
catb T V at b Tv

a Tut bTu
att btw

i at b T AT BT



I lo I l 1
Therefore Liv WI is a vector space with respect to
the defined operations

3.8 Definition
If Se Liu WI TE Le v w then the product STELiuw
is defined by CST n Stu for all ne V

3.9 Algebraic properties of products of linear maps
Associativity

tf R S T are linear maps such that the product RST
makes sense then Rs T RIST

Identity
It Te Ll v w and I V is an identity map
then T I T IT
Distributive properties

If T Ti 12 C LIU V and S Si S C Liu w then
IS it Sa T S Tt S T and
SCT 1Tz ST t STL

3.11 Linear maps take 0 to 0

If T c Li V W then Ti01 0
Proof Since 1 is linear we can use addition to get

1101 110 10
Tco 1101
21 10



i Tco D as desired


