3.8

3.12

Nl space  owidl ronges.

:Dﬂ'[f nition .

I{ we hove T €L v,w), then the null space o[' Tis

the subset of V consisting of vectors tn \/ thot T wmaps 1y

0.

3.1

null T *fuel/: To =07

Exomples

+ Consider Hhe zer0 mop delLviw), For oll vel, we

hwe Ov =0
Tku‘efsfe , nmll @ =€v6\/1 0v=0i
=\/

'De]‘fﬂe, pel(C,C) by 9:(z.,2.,2,)=2 428, 13,

Then we howe

null = f (2,2, B)ECHL 2, 25)0)

=f(z. 2:,25)€ €, 2,422, 832,20}
Tre bosis of null ¢ is (2.1, 0),63,9,1).
(20, 20,2,) 222,732, , 2., 2s)
=2, (2.1, 0) 1 Za(3.0.1)

O =2000),(3 04)  gans null @,
Then prove thot  (2:10),03,0,1) is linearly indepent.
So (2,1,01 (3.0, ts o bass of null ©



* let DE LPWR),PRY) be the dlifferentintion mop definee
by Dp= p'
Then we hwe
nwll D= §pePR): p'a)=0 for all 2 6F 3
={pePR): parzc for oll zek. for some constmdc]
= {pePR): p is m constant fW\Cﬂ’V\j
‘ Define Te LPUR) ,PR) by
(Tp) w)=ac PIx) far Ml x e
Then e hove
awll T=£peP(R) ;Tp=0]
=fpePR :Tp)xE 0 for ol x el
*{pePuR: Xp=0 fov alk XER]
= {pePtR): pxy=0 for all e}
={pe Pcr): p=0)
= {od
The ank\i Polymmo“ sotsfies 75 the O,

3.4 Null spoe ¢z 0 subspa®

Sappase we hove Ted tuw). Tl'\eV\ Al T s 5(465?&(1

of v- alditiye tdentity

Proot: Since we hawe TeLiv,w)y, it follous thot T:vaw
(5 0 [inesr mop, By 3.|( of Axler, we hoy To)0,
Therefore, 9€nulT,
o Closed wnder ouololction
Supposes We howe myvenwlh T, Then we hae Tu™, T



So we hme: Tiuew 2TatTy
=040 =0

Souwtvennll T

+ Closeol patler scalor mattiplcation.

Suppoeﬂ, we hove wenwh T ook AcfF, then Te<q

So we hwe TAW:=ATA
ﬁk.O:O

Lo ehlh T
. We conclude thef mull T 2 o subspace -‘( V.

S Defin'uﬁ'w\
A tm{cm Tv>wW 8 cullf.ol rv\‘\ecﬂve,
it Tu=Tu impltes ey . for oll uveV

2.1b lv\iectrvif& fs equivalent, t0 will spoce equobs $4].

let Te Liv,w) . Then Tis tyjective it null T =50}

Proof: Forwwrdl divection : if T is injechive . then null 60},
Suppose_ Tis injective . Stnce T is olso liner , we hove
Ty =0, which mems 9¢ nullT , ond s0 3wl T.
We will prove nwll TS0y . Suppoee ve null T .
Then Tv=0. But e ok howe Tw0)=0,
. Tv=Tw). (Ty=9= Two))
Since T s injective, V=0 ln other word, Vel |,
So mll T}, So we get, the set equivelently nullT: fo).
Rockwordl clirection: If nullT=F03 . then T {5 iniective.



Suppose nullT=60}. Suppose uve\/ sutisty %&‘Tv.
Then we hove 0= Tu-Ty

=T wv)
Therefore . -y €null T. But, aullT=103 . So avef},
which implies w-v=Q , o equivolently , =y, - Tis infective

Rowge omol sungec ﬁv\’*ﬂ

3.17 Definitoon
The ronge of o function T: vow is o subset of W
consisting of oMl vectors of the fom Tu for some vel awl
is olensted
ronge T= {Tv: vﬁ\/j

3.3  Example
Covsider +he. 2er0 mop  O:v->w. Then Qu=0 for oll veVl
So we howe ronge 0= §Qu: vel i
= f() 2 d&\/j
-}
" Defie TEL(R,R) by Texyy= (14, 8Y.%ty)
Then we have
ronge T={Teotyg: (xy)ER')
= Jaxsy, %y Ry R
A base o{ rorse Tis (20.0) , (0,5.0)
Texy)= &X2.0,0 4 Y(O.5])



. (2,9.1), 19,5.1) s;m ronge T.
Show that, €2:9,1),(0,81) is also ln‘neadg independent,
Then (2,0,1)(9,8.0 is o basis of rompe T,
* let DeL(P(R),PR)) be the o{i{p:rmﬂaﬁm\ P clefiner|
by Dp=p'
For eoch polynominl 9eP(R) |, there exists o polynomin|
pePR) that sudisfies  p'=y,

So we howe
ronge D= {Dp: p<PIRY]
"'t pe PR3
={]: 96 Pi))
= PUR)

311 The ronge is o subspace
Proof: - Addolitive iolentity
Svppese we hawe Te SV, Tuen by 3M1 of Arkr,
we hwe Ti=9 .So0 0€e "w\he T
* Closedl wnoler oolditon:
Suppose Wi, W, eVDngR T. Then weTviond we=Ty, f"f
some V., Ve\/.
So we heve Tt W)= Tu 4 Ty,
= Wetha
Since vitwel/ . it fultws thoty we hove it eqme1
o Closedd qnder scolar mu&.‘p[icmﬁan
Suppose. AEF ool WErmaeT. Then w/=Tu for some



ve V.
So we haue:
Tow)= ATv
=ATw
Sine AveV, it fellons that, we howe Aw ErnneT.
S ronge T IS 01 subspace :ff w.

322 Fundomental Theorem of [meor MOPs,
Suppose v is o finite “clinensiono] vector spoce ol Tediuw
Then rome. T is finite “dimensigal ond
olimV < dimandl T ol rongeT
Prao'fi let w.,...,um be a bosis ot all T . Then
oimenullT) =\, Also, Wiy s Um 15 0t lineor
idependent [ist . By 233, we can extend this i,
10 o bosls © Uy U, Viseoos Un 4 VA
Then olim'Vzman,
So we veed 40 st show ot ronge T is flaife-obmes
with dim (m\aeT)W\. To actomplist this geol, we
need to show that, Tv.,..., Tun s o0 bosts of rerg® T.
Let, veV be orbitory , St Uy eyUmlhse,Un 5 4
basis afv, it spans V.
Sv e N Write:
V= 0l .. O E bt oo BV
for some Q.0 by, ..., bac F. So we hak,
Tuz Tt . ..4QmUnT b Ve .. % bavn )



alilby 3
’:j TMT(mv)t +T(a..~vm)+ Tcs.v.)-r -rT( baVn)
ot = ATU)E oo tOmTum 4 bTVA ..+ baTVa
=0u04...4Am0+4 b Tuit .- $baTVn
= b 4...t baTVn
e [t TV, TUa spons remae T,
Stnce we fourd o dist thot spons range T, we conclune tlst
ronge T s finite -dimensionod.
Now we will show that, Tui,..., Tun is linesrly indepeslent,
Suppose. Ci,..., (hETF theet smbfsf,
CTVt... # Ca TV
Then we, have
0= CTVit...f Ca T Va
=T eeWt.. 4T tcaVn)
=T (CU 'l’.."meVa\)
© CWWi... 4 (Ve V\WMT
S W, in 052 bosi of Wl Ty (& spans nulT,
0 We can write cwv +...4 cala ot -t daVm
fmr sme O ,...on&F. So we gt
~dfi~ .= BV tCiVit ... £ (aVa =0
BV\L Ml,--';um/\/\,---,\/n 3 o b”f‘ ‘ft V- S RAWS!
linenrly - irclependent, tn V.
So oMl scolaps owe 2009
~0h:0,..., -0 , ¢, =0, ..., (FO
ln particulor, ceo, ... , GO
So TViy.TVa s lineorls indenendadt .



éo ttt; a&ases ‘f ':M;"T
olim (ﬂ»\% T)=

]V\ Smmﬂn we M/Q.

dim V2 me N
Oimimll TF M
dim ranat 1)= |

. dimyz mtns dim kT tolm trowr T)

0s  olesited

323 A map to o smallen dimensiona| spoce. is not injectie

324

Suppose Vond W arg fn‘m‘tvdimemsiomul vector spauts
that, sa:biSfy dmV > o(tml/\}, Thamy no lineay
mop (mm V o W i< tn&ecﬁve.
Prodf:
Suppoe by centrvdiction shot we hwe Te Livw)
Thew , by the Thm of linear maps (322) we e
dlim tnwllT) =clim V = dim Urange T)

%7 dimy = ok MV\I

> dinW = dimW/=0
o V\MMT#Q} - B\l 3.16 QJ( Axler, T i not t'n\ieot:ve.

A mup t n lw‘dw Spate s not Sjechve .
Suppose. U and W ore fintte-dimensiow| vector spaces
thet, sotisty climV<dimW, Then no linese mod  fwom



Vt W 1'5, sur(jectfde .
Provt:
et Tefw.w). Then by e 322,
We have dim llm\at T) =dim V- dem nv»lh’[
< oimy/-0
Zdim
By Exercise 3C1 of Axler ronge T#W.
o T s wob swijective,



Example
Consider the homogencous system of lineor equations
E_‘A.,KIXK:-O

g‘An;kIXK:O
for some Ajx el . for NELIS ool for kely,n,

Rephrase in terms of o lineor mop the ouestion of whether
this system of equortions hes o ponzero  solution .
Proof:

Define T=|F":’ F™ by .

Tem,.., %) 2 (5 A ic, ..., 2 AmNW

v 2
" coordinntes M Coonoli nats

Then the esuntion
T(O, ...,O) = (Ol g -0 ,0)
n ™M
Is equivalent to the hemopeneous system of equtions,

Note thut,
(Keyena5XKa)=(0,...,9) is & solution to -t ‘«modenem

system of equotions . This ts equwa(ent %0 soyim
T(O,... O)S(O) esay 0)
n ! M
There exist, nomaers solubims ,...,Xa to '6‘42 L\Wosmm

System of eymtions ift nullT 2703,
In other words. ift there extst A.....%n _ not ol 2zero



’ "‘ L s = % ’ B g Tt 2 w. Ch 18

such. that (Kiy ..., Kn) & nall T,

3.26 Homoaeneous system of lineor equovtions

A homogeneons system of ltnear equations withh wore veriables
then equotions hos nonzerp solutions.
Proet: Again, deffu% T:F"> ™ by

Tty ) (g Al ., S Ao

Thew we hove o knm(aemw.s system of m lineor oquations
with. n voriobles A.,...,%n . Since there are more varrables, then
thore ore efiuo«t\‘om , we hawe

dmF" =0 :Msdl‘mﬂ-"‘
By 323 , T-F*">F™ s nd a'n\iecft\lz,
By 316 « nullT#§0,...,u} S0 there extt nonzers solutions
of the system of equodions.

327 Exemple
Rephrase fa terms of O lineor map the questlon of whether

the mkomoaqneous system of lmear eguations.
%‘Ac.k Xz Cy

é‘.‘ﬁm,slxK"Cm
for any A€ tft,c,m ond ke, m) Oad for  Some

Coponr, Gm EFF hoe no solution.

Define T'F*SF™ by



3.29

T (’Xl,---, /Xl\_) (é‘ A(.K,Xl(, ces s lé: AM:K’X&)
N~ coovdlinetfes M - (oo (ncfes
Ten '“Q/ M’W\ : T(’X., o~|,”ﬂ)’(cn"‘lu)
(5 equivelent to the Mhomaenews system of equtions.

lakomaemous system of linor equations.

Rp inhomogeeous system of linear Fuatiols with mare
epations the Voriables hos no solution for some ohsice
of constant, terms .
Proc: Defiwe T:F*2F" by

T ey 8 7 (R, ooy 3y A P

Stnce there are more equations thon there ove voniobles.,
we hove  dimF=nem=dimE™

By 324 , T:F*"2 F™ is not sunjechive . In olher words,
ronge T#F"

So there €xiE, Ci,.., Cm EF™ \mnaeT

st.  Tex,.. %) #Coe,y ()

So we hove 2 A':&'Xk #Cy

%“ Am ik XcF Cm
which meons the systom of mkomo&mm equotions with hy
choitg o} CowyCm does ad contuih omy Solutions,



