
 

3 B Null space and ranges

3 12 Definition

If we have T E L w w then the null space of T is

the subset of V consisting of vectors in V that T maps to

0

null T SueV Tu 01

3.12 Examples
Consider the zero map OELCV.ws For all u CV we

have Ov 0

Therefore null O EuEU Ou of

Define p ELLES IC by 9 12,2 2,231 2 1222 1323
Then we have

null 4 12,22,23 C63,412722 231 0

Z Zz Zz CE's Z 12221323 0
The basis of null 0 is l 2.1.01 I 3,0 l
Z Zz Zz L 22,2 323 Zz Zz

Z L 2 I O t 231 3,0 1
r I 2 1,0 C 3 O il spans null 6
Then prove that I 2,101,13,0 1 is linearly indepent
So C2 1,01 I 3.0 l is a basis of null 0



So C i 01 I 3 is sass of all 9
Let DELIPURI PURI be the differentiation map defined

by Dp p
Then we have
null D SpePGR plz 5 0 for all 2 EF

pep11121 plz c for all zett for some constantc
PERRI p is a constant function

Define TE Ic PVR PHRI by
Tp txt X pix for all x EIR

Then we have
null T EpEP IR iTp 01

fpc.plRl lTp iXI 0 for all XER
pep11121 Xlpix 0 for all XERI
SPERM p1 5 0 for all XEIR
EptPURI p 0
901

The only polynomial satisfies is the 0

3.14 Null space is a subspace

Suppose we have TEL IV WI Then null T is a subspace
Ot U additive identity
Proof Since we have TEL iv w it follows that T V7W

is a linear map By 3.11 of Axler we have Toko
Therefore OE nu T
Closed under addition
suppose we have a.ve null T Then we have Tu 0 Tune



S I I e h n v l en w

so we have Tsuru TutTu
Ot0 0

i ut v E nu UT
Closed under scalar multiplication
Suppose we have nenullT and AEF Then Ta 0
So we have Tidus Nu

p 0 0

au C hull T
we conclude thatmullet is a subspace of V

3 15 Definition
A function T v w is called injective
if Tu Tv implies a V for all u uEV

3 16 Injectivity is equivalent to null space equals 501
Let TELL u w Then T is injective ift nullT401
Proof Forward direction if T is injective then null F fol

Suppose T is injective Since T is also linear We have

Tsoi 0 which means OE nullT and so 03CnullT
We will prove null 1401 Suppose ve nullT
Then Tv D But we also have Tco 0
Tv Tco Tu D Tco

since T is injective V 0 In other word ve 01

So null 1401 So we get the set equivalently nulthfol
Backward direction If nullT 03 then T is injective



B l wa d ee Il null 3 the i injecive
Suppose null1 903 Suppose u VEV satisfy TueTv
Then we have a Tu Tu

Tiu ul
Therefore u v Cnull T But null 1 903 So aVEfol
which implies u u O or equivalently u v i Tis injectiv

Range and surgectivity

3.17 Definition
The rangeof a function T W is a subset of W
consisting of all vectors of the form Tv for some veld and
is denoted

range T Tui v EV

3.18 Example
consider the zero map 0 W Then Ou forall ve V
So we have range 0 9Ou veld I

fo i v EV
03

Define TELL 112,1123 by Tex y 5 IX 54 Xty
Then we have

range T Tix yl ix y EIRY
12 5y Xtyl IX HER

A basis of range T is 12,0 1 10 5,1
1 ix y XC 2 O D t Y10.511



1 2.0 OJ

I 2 0,1 10,5 D spans range T
Show that 12,0 D 10,5 l is also linearly independent
Then 12,0 1 CO 5 l is a basis of range T
Let DELIPUR Plk be the differentiation map defined
by Dp p
For eachpolynomial QEPHRS there exists a polynomial

PERKS that satisfies pkg
so we have

rangeD Dp p cPURI
gpl i p e PUR

Iq qepak
PUR

3 19 The range is a subspace
Proof Additive identity

Suppose we have TELL V W Then by 3.11 of Axler
we have Teo So OC range T
Closed under addition

Suppose w w crange T Then WE Tu and WE Tv for
some V KEV
So we have Tcu 1 Vi I Tu t Tu

W.tw
Since VitusEV it follows that we have w.tw crange

Closed under scalar multiplication
Suppose REF and WE rangeT Then w Tv for some



I i se i CH an range1 h n w v f om

VE V
So we have

Tew 5 ATV
AT w

since Ave V it follows that we have hw Crange1
So range T is a subspace of W

3 22 Fundamental Theorem of linear maps
Suppose u is a finite dimensional vector space and Tedium
Thenrange T is finite dimensional and

dimV dimnullT tdim range1
Proof Let u Um be a basis of null T Then

dimenull Tt M Also uh um is a linear
independent list By 2.33 we can extend this list
to a basis U Um Vis Vn of V
Then dim V Mtn
So we need to just show that range 1 is finitedimensi
with dimcrangeTI n To accomplish this goal we
need to show that Tv Tun is a basis of rangeT
Let VEV be arbitrary Since U um V Un is a
basis of V it spans V
So we can write

a U t f amum t.b.at 1 b nUn
for some a am b bnC It So we have

Tv Tca V t tamumTb v t it bnUn
d



V C U m m l b V l Un
additivity
of T T law.lt TTIamvmlttcb.v.lt TTCbarn
If'EY a Iv f tamTum t b.TV 1 bnTVN

Ai Ot 1hmOt bTV 1 1bnTVn
b.TV t t b n TVA

the list TV Tvn spans range T
Since we found a list that spans rangeT we concludetha

range T is finite dimensional
Now we will showthat Tv Tun is linearly independent
Suppose c Cuff that satisfy

CTV I t CnTVaO
Then we have

E C T Vit 1 CNTUn
T CcVa 1 1T CcaUn

T CC Vi t 1CaVu
C Vit t CaVa E null 1

Since n um is a basis of null T it spans null 1
so we can write c v t talk d V t t dn V m

for some d dmEF So we get
div In mtc V t t caUn D

But hi Um V Un is a basisof V so it is

linearly independent in V
So all scalars are zero

d O dm O c 0 CEO
In particular CEO Cio

So TV s Tun is linearly independent



So s l n s ne rly indep de
So it is a basis of rangeT
i dim range 1 I N

In summary we have
dim V Mtn
diminull TIM
dimcrangett n
dimV on the dim cnwUT t din crange T
as desired

3.23 A map to a smaller dimensional space is not injective
Suppose Wand W are finite dimensional vector spaces
that satisfy dimV 7 dimW Then no linear
map from V to W is injective
Proof
Suppose by contradiction that we have TELW.ws
Then by the Thon of linearmaps 3.22 we have

diminullT dim V dimiranget
3 dimV diMW
dimW dimW O

So null THO By 3.16of Axler T is not injective

3.24 A map to a larger space is not surjective
Suppose V and W are finite dimensional vector spaces
that satisfy dimVadimW Then no linear map from



th l al Il W h n linear mp IN
V to W is surjective
Proof

Let TELCV.ws Then by the 3.22
we have dim range 1 dimV din nun1

E dimV O
IdimV

By Exercise 2 CI of Axler rangeTFW
i T is not surjective



 

3.25 Example
Consider the homogeneous system of linear equations
II Ask XiaoIIIIf i

and for i in

Am kXk O

for some Ajk cFt for j l m

Rephrase in terms of a linear map the questionof whether
this system of equations has a nonzero solution

Proof

Define T Fn Fm by
Tex g Xn EeAi kXK Am kNK

tt th
n coordinates in coordinates

Then the equation
TCO 0 10 O

n m
is equivalent to the homogeneous systemof equations

Note that
IX Xn 10 O is a solution to the homogeneous

system of equations This is equivalent to saying
TCO

n
01 10 0

m
There exist nonzero solutions X Xu to the homogeneou

systemof equations if null'T SO

In other words if there exist x Xn not all zero



n o e w r 11 there v l r n nd al 2e
such that ix Xn C null T

3 26 Homogeneous system of linear equations
A homogeneous systemof linear equations with more variables
than equations has nonzero solutions

Proof Again define Tien Fm by
T IX Xn Fehn Ai kXia 2 Am kXk
Then we have a homogeneoussystemof m linear equations

with n variables X Xn Since there are more variables then
there are equations we have

dimF h nom dimAm

By 3.23 T Fn Fm is not injective
By 3.16 null TF 0 ul so there exist nonzero solution

of the systemofequations

3 27 Example
Rephrase in terms of a linear map the question of whethe
the inhomogeneous system of linear equations
IeAt.la k Ci

II AmkXk Cm
for any Asic E ft Ij I m and k I m and for some
C cm CTt has no solution

Define T Fn Fm by



I 1
T Ix xn EI Ai kXk IFAm kXk
n coordinates M coordinates

Then the equation TX Mn Ic Cn

is equivalent to the inhomogeneous systemof equations

3.29 Inhomogeneous systemof linear equations
An inhomogeneous system of linear equations with more
equations than the variables has no solution for some choice
of constant terms
Proof Define IT IF FM by

T IX Xn IEAriana EtAm.k Xk
Since there are more equations than there are variables
we have dimfn ncmdimttm.BY3.24 T In Fm is not surjective In other words

rangeT Fm
so there exist G CmCFm l range1
S t Tex Xn K's m

So we have II Ai kXk Cs

4 AmKKK Cm
which means the system of inhomogeneous equations with this
choice of c Con does not contain any solutions


