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356 |wertibility ©s equialest to swrjectivity ovd injectivify

A lineov map T Invertible iﬂ Tis fvﬁecﬁ\le owd swdqcf,] W,
Proof -
Llet T:V2W be o [neor mop.
Forwsrd directton® If T is invertible, then T ts injecthe 3
surjective.
Suppose T is tmvertible . Then i3 fverse T exists.
Fiest, we will show thot) T (s injective.
Suppose there exist w.weV thot, satisfy Tu=Tv.
Then w=lu
*T'v
*T'(Tw)
=T7'0v)
('
= ]-V
=
- T is injective .
Next, we will show thot T is surjective.
Suppase we bove gm arbitmey vector wel (Wa will argue
for ol weW)
Then we hove
w: Lw



=W

=T(["w)
Since weW and T e Lwvy, we how Tine V.
So w (s of the form Ty for some yeV, ond so wWeromgeT.
So W e N‘\T’T . But 3.9 Axler, rw\ag'[ s o smbspau_ q[ W,
So we hoe ronge T=W,s0 Tis safjective.
Boackward dinection
if Tis injective onoel surjective , then T is inver tible .
Suppose. T is injective ondl surfective, For each we W, we can
let SweV be o unique eloment thot sotisftes

TEw)=wW

Or equivalently .
(T"S)w:W

So TeS=Iw, where 1 ts the ioku’du MOP 0w W.
Next,, we need t0 prove thet S-T=Iy, where Iy is the
lolmﬁtg Mmep On V.
We howe :

TCSTv)= (TosSeT)y

= (T5)Tv)

Since T is «'vgectivc, we aet

SoTlv=v
n other words,

SoT=Tuy
Finolu, we will show thet S:w=u s lineor tshow Sefiww)



v -

* Suppose. we hove. w,,w.eW, Then, stnce. T ts lineur, we hove
TCSw.tSwd = TSwd4 T (Sws)
SR
Since Sw. oad Sw. Owe i ue elements o{' VUHdat T wMapSs
to W, ontl Wy, respectivefy . it follows thot, Sw.tSwh is o unigee
element, of V that T maps 10 Wit Wa .
Forther move, wWe hove
Stwit Wy = S(T(Swd Sw,)
= (SoT) (Sw,+ Sw,)
= Iy (Sw.t Swa)
= St Swa
: Snﬂ'st(dl'ﬁa MJI.'&\.V{'(n.
* Howmogeneity :
Suppose, we hove welNl gnd AEF, Tlhen, since T is linear,
we hove TtASw)= ATEw)
=AW
Sine Swis the unique element, of \/ thot T meps o w. it
follws that ASw is the unigue element, of V thet T maps o
AW .
Furthermeve., we havp
S(Aw) = ST (ASw))
= (SoT) RSw)
2 Ty RSw)
= ASw
sotisfying  homogtneity
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o SeLw V) . Tis mvertible.

|.'>0m0rpktc Vector SPGCQS
3.53  Definition
* An tsomorphism is an invertible lineor mop.

' Two vector spaces V and W pre called rsomorphic. if There
exists on isomorphtsm T:ysw.

359 Dimension shons whether vactor spaces ave isomaphic.,
let, \/ ond W be ftm‘{e -dimenstonol vecter spowes over F. Then
U ond W pre isomorphic if olim\/=dim W.
Proof:
= Forward direction’
(F V ond W are isomorphic, then owmV= dim W.
Suppose \/ ond W owe isomorphic , Hhere exists an (somsrphism
T:va>W. Sine T is isomorphism, it ¢s invertible. By 356
T is injective onol surjective. [a other words, we hae nllT<{s
ool ronge 1= W. By the Fundoments| Theorem of Linewr Meps.
We obtain:
dtmV= dim sl T4 dltw range T

= dimfo] t dimW

= of dimV\I

= dimW.
& Bockworel direction:
It dimV/= clim W then \/ and W cre. isomorphic .



L

Since V ondk W ave finite-dimensions| ,by 232, there exist
o bass Viy..,Un of V and wi,y..,Wa o’( . where neolimVedW
Define. T: V2W by

T Vit .t CaVp) = CWit...t (hWh
Then T is linear and well- ole{meel,accord\'va to the proof of 3§
Stae Wiy, Wa {5 o bosis o{ W it gpons w. Sine evu‘ﬁ Veclor
in W con be writen um‘quel! as CWet..tCalWn , [ i Siakfedie.
3L Wiy, Wa 5 o basts of W, it is linear by inde pendent .
In other words, it C,-2Cneff soctesf\[

Cw t...4CnWw=0

then
€0 ,..., Ca*0
Suppose vt ...4CaVa6aull T, Then
TCCWVid...4 CaVa)= 0,
ov
Cw, 1 ...4 CaWw 0
(evisequently,
CiVit.. £ CnUn=QUit... 4 9Vn
=0

. nwlTed Q. Alse, sinee T(0)20, we howe {olcnll T.
JonallT=0) . By 300 Ader, T ts injective,
Fnally, o5 T is hoth tnjective arol surfective .
By>.56 , T is an tsomorphism
Note: :( nedimV |, then

oimV = n =dim "



Andk 339 soys that U s somorphic to F"

3.0 LV W ond ™™ are tsomorphic

Suppost  Viy...,Va 15 0 bosis of U ond w.ye,Wa ts o bisisd W,

Then M: oL(V: W) >F™0 g on fsompktsm.

Proof:
From 3C, M: £V, W)= B™" is lmenr. We will prove
thet, M injective owol sujective.

First, We will show thot M is injective.

Suppose Tenwl M . Then MER0. So we howe

Aur o Ak un 0 0""¢

‘ : e ~.\:
- apmal = (8705

Aq.| Ak A-m 0 - ..70---9Q
In oﬂm‘ wordls, Ajk=0 for eoch [=hm and lel,..., n
!, for eoch [Gl,---,ﬂ
T R S AKW, e defimitien 3.3
: ‘i‘.' 0w
=0
Next, we will prave that Mis surjective . Suppose A ™",
which meors A ts on men matnx . Define Tef(v.w) by
Tve: f.':‘ Aj.kV\L
for coch kli~.n Then
MLT) = l/-\u : Al‘\J A
Ami- - Am
S0 Aeronar M . andss ™"  romat M,



By 3.9, po.“v\lae M s o subspacg, "t E“‘?"‘ ;

So ronge M=F"", and 50 M i surjective.

Then(m, M: LWViW) S E™N iy hoth a‘v“'ective, onck stryective
By 356 , M {5 invertible.

Sinte M is bath Hneor cnpl invertible , it & an isomorphism.

360 cimZV W= (kim V) Llim W)
Suppose.  V andl W pre {inste-cimensional vecter spaces . Then
L(VM/) s fivﬁfe'dfmv\s:oml ond,
dim LIV,W) (dimV) (dimW)
Procrt! Suppe me=gipV gk A= dimW
By 360 , LIV, W) omdl F™" aro isomar phic

38, olimfL(v,WFF dimE™"

340 . ol F " <mn

dom £ ty,w) = dim ™

= mn

=(imV ) (chim W)

Lineor Mops ﬂ«ow“\k df ns Metric multpliction,
3.6 Definition
Suppose. Ve U gndk 1., Un is 0 bass of V.
Then the matrix ot o vechr v with respect to this bosis
(s the nx( motrix
M) = ( ¢ )



Whert, (.,...,CheF satisfy
VECWit..1 Calin

3.65 Exomple
" The matrix of 2-7x+5%" with respect/to the stonderd
bosts | 4K of P(R) i
M2 -1 15) = ",)
%

' The matrix of XEF™ it respect; t0 the stomdordl bosrs
of ¥ rs

Mewy =M (..., )2 Ko

Xa

3.64 MM M(Twi)
Suppose Te LW, W) ondl viy-.Vn (5 @ bosis of V and
Wiy, Win 15 o bosts of W, let k2[,...n . Then the
k¥ column of MT) equals Mive). |n ofirer words,
Wﬂ'))-,k-’- M(Ty)
Preot-
Let. A= M(T) . Then we howe
MO k= A ks | Ak
c{.'\;'k) Ca
oo M(Tve) “MAGE Wit...t AmeWm) by 332

™



ot

M.k M

365  Lineor maps act like naotrix muttiplicateon
Suppoe. Te L(vW) ond veV. Suppase vi,...,VUn is G basis
of V ond Wi, W ts & bass of W.
Then
M(Tv) e M(TIM(v)
Pr‘oo't"
State Voo, Un (s o basis of |/, we con write every ve\/
Miq\le(j ns
Vz Colh - Calln
for some Coy-.,ChCR . Then we hoe
Toz ((Cut.. ACaV)
= Teevat ... TekaVin)
2 CTvit ... CnTvgy
Thertfoe 08 (MT).,r, =, (AT) ). )n 3 ox basts of F**
Ru)z MCTy 4.4 CaTva)
= MUICTy,) t--FMEa TU)
=CM(Tu) 1.4 CaMITY,)
2C, (M), ¢4 Ca (MTl)om by 3.6%
= MT) M) by 552

3.6] Qperatory
Definitoon:



v

A [ineor mop T:VI7V s colled an gprrodar.
‘L (V) denctes the set of oll openors ow
£.\-V): i—(.\h\/)

3. L"l |n5ect:vﬂ3 s equtva\leu’v t0 5Wdecttv;‘§j N fl’v\\'iz Amensigng,
Sinw. U & o f(‘m“(e'dmw.ml Vectdr spoc@ ondl Tef w),
Then  the (.-Alow\a ore equivnlent .

0)- Tis ivwverfible.
b). Tis in("ecf«'w..
Q).Tis surjectir.
Proot: (0) implies ).
Suppre (@) holds, cuppose T ® tavergble. By 3.56 =
®) | wplies (C5.
Suppose, (b) halds, suppose T s ivgective. By 3.16, madl Ty
By 322, we hewe dimronge T=dimV- dim asllT
= dimV- dip €)
SdimV
By 201 we howe ronge T2V. 50 Tts swrjpctive,
which (s (Cl
©) implies @).
Suppese (C) holds ; suppose Tis surjective. Then mw(']er'-v
By 3.22. we howo
clim wml| T dimV- dim ronge T
= dimV - diml/
2Q * dimio)



By 20| . we have mllT=70) b 316, Tis injecfite.
SO Tts boﬂk (‘V\"ecﬁw. MJ sw(ic.t‘.‘[\'g/g‘ vc‘Mok 5 ().



