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3.56 Invertibility is equivalent to surjectivity and injectivity

A linear map t.tw invertible IH T is injective and surjective
Proof
Let T V 7W be a linear map
Forward direction If T is invertible then T is injective

surjective
Suppose T is invertible Then it's inverse T exists
First we will show that T is injective
Suppose there exist u.ve V that satisfy Tu TV
Then u I u

CT II U

T Tn

T flu
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Iv
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i T is injective
Next we will show that T is surjective
Suppose we have an arbitrary vector weWewe will argue
for all u cW
Then we have

W I w



w w

ITT lW
Tf N

Since w cW and T E Ll W V we haveT w E V
So W is of the form Tv for some EV and so WE range T

So W a
rangeT But 3.19 Axler rangeT is a subspaceofW

So we have range T W so T is surjective
Backward direction

if T is injective and surjective then T is invertible
Suppose T is injective andsurjective For each weW we can

let Su c V be a unique element that satisfies
T

because T injectiveIfs w W

Because T is surjective we range T
Or equivalently

Tos w W

So Tos I w where I is the identity map on W
Next we need to prove that Sot I v where Iu is the
identity map on V

We have
Tl 150Th TosoT v

TosKTu
since T is injective we get

Sot u
In other words

soT I

Finally we will show that 5 w su is linear 1show SeLi will



y we w th S w v s ca show L D
Suppose we have w WEW Then since T is linear we have

TCSw 1Sws TISwilt T lSws
WitWz

Since Sw and Sw are uniqueelementsof V that T maps
to w and we respectively it follows that SW 1 Sw is a unique
element of V that T maps to wit wa

Furthermore wehave
Saw Was SIT 1Suit Swd

so 1115W 15W

Iu Sw 1Sws
Sw 1 Swr

Satisfying additivity
Homogeneity

Suppose we have NEW and deft Then since T is linear
we have THSwk AT Isu

aw

since Sw is the unique elementof V that T maps to w it

follows that vow is the uniqueelement of V that T maps to
KW
Furthermore We have

Slaw SCTinsult
Sot Nsw
Iv KSw
Nsw

satisfying homogeneity
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Se Lew V T is invertible

Isomorphic Vector Spaces
3 58 Definition

An isomorphism is an invertible linearmap
Two vector spaces V andW are called isomorphic if there
exists an isomorphism T W

359 Dimension shows whether vector spaces are isomorphic
Let V and W be finite dimensional vector spaces over Tt Then
V and W are isomorphiciH dimV dimW

Proof
Forward direction

If V and W are isomorphic then dimV dim W

Suppose V and W are isomorphic there exists an isomorphism

T V W Since T is isomorphism it is invertible By 3.56
T is injective andsurjective In other words we have null1401
and rangeT W By the Fundamental TheoremofLinearMaps
We obtain

dimV dim nullTt dimrangeT
dim It dimW
OtdimW
dimW

Backward direction

If dimV dimW thenVand W are isomorphic



If di V d W thenV d are so 1
Since V and W are finite dimensional by 2.32 there exist
a basis V Nn of V and W Wnof W Where n dimVdim

Define T V7W by
T C Vit t CaVn C Wit 1CnWh

Then T is linear andwell defined according to the proof of3.5
Since w Wn is a basis ofW it spans W Since every vector
in W can be written uniquely as C Wit tenWn T is surjectiv
Since w Wn is a basis of W it is linearly independent
In other words if c Cn ETt satisfy

men
aw www.o

i 0 Cn O

Suppose c v t CnVn Cnull T Then
Tlc Vi t t cuUn O

c w t t cnwn 0

Consequently
CiU 1 it CnUn OV t t OVn

O

null 1401 Also since 1101 0 we have Oknull T
null 1 101 By 3.16 Axler T is injective

Finally as 1 is both injective and surjective
By3 56 T is an isomorphism
Note if A dimV then

dimV n dimFln



d
And 3.59 says that V is isomorphic to F 9

3 60 LIV W and F M are isomorphic
Suppose v un is a basisof V and W Wn is a basisofW
Then M f V W Fm n is an isomorphism
Proof

From 3C M LIV W Fm is linear We willprove
that M is injective and surjective

First We will show that M is injective

Suppose Te nullM Then MIKO So we have
Ai I Al k Al n O r O
iIii I IAm I 1

In other words Aj k O for each j I M and K I n

i for each k I n

T via EIAj KWj be definition 3.32

FfOng
0

Next we will prove that Mi's surjective Suppose AeFmn
which means A is an mxn matrix DefineTELLVWI by

Tv JIYA'sKW

for each k ti n Then
m t it

so A c rangeM and so F m C range M



So A rangeM o s n ng M
By 3.19 range M is a subspaceof Fmm
So range M Fmm and so it is surjective
Therefore M LIV WI Fm is both injective and surjective
By 3.56 M is invertible
Since M is both linear and invertible it is an isomorphism

361 dimLIV Wfldimbldim W
Suppose V and W are finite dimensional vector spaces Then

LIV W is finite dimensional and
dim LIV.wt ldi.mu ldimW

proof suppose m dimV and n dimW

By 3GO LIV W and Fm are isomorphic
359 dim flu wk dimFm n
3.40 dimFm Mn

din fer w dimFm
Mn

LdimVKdimW

Linear maps thought of as Matrix multiplication
3.62 Definition

Suppose ve V and V Un is a basis of V
Then the matrix of a vector with respect to this basis

is the nxt matrix
mas fit



I
Where c Cnet satisfy

Civ 1 4CnUn

3.63 Example
The matrix of 2 7 5

3 with respectto the standard
basis 1 x Xl Xl of PscIR is

MC2 7 15 31
1

The matrix of XE Fh with respect to the standard basis
of

µux int
final

3 64 MIT k MltVia
Suppose Te LIU W and V vn is a basis of V and
W Wm is a basis of W let K I n Then the
K columnof MIT equals Mahal In other words

Mtl k MlTuk

Proof
Let A MIT Then we have
nets na A k

cC
and Mtv MIA i Wit 1An.kWm by 3 32

pig



Kal
MIT K MTV

3.65 Linear maps act like matrix multiplication
Suppose TELLVW and veld Suppose v Un is a basis

of V and W Wm is a basis of W
Then

Mtv MITIMIV
Proof
Since v Vn is a basis of V we can write every VEV

uniquely as
I C V t 1 CuVu

for some Ci Cn C Fl Then we have

Tv Tcc Vit Count

TCC Vit Tan Vn

C Tv 1 1 CntVn

Therefore as Mitt a MIT n is a basis ofFM
Mev Mlc Tv 1 t CnTVn

Ml City 1 tnCnTVn
GMcTu.lt tCnMlTVn
C IM LTD t tcnlmltull.in by3.64
MI 11 NIV by 3.52

367 Operators

Definition



Del
A linear map T V 7V is called an operator
Lhs denotes the set of all operators on V

Lhs LIV V

369 Injectivity is equivalent to surjectivity in finite dimensions

Suppose U is a finitedimensional vector space and Te f w
Then the following are equivalent
a T is invertible
b T is injective
C T is surjective

Proof 1a implies lb
Suppose Cal holds suppose T is invertible By 3.56 3lb
b implies KS

Suppose b holds suppose T is injective By3.16 will 140
By 3.22 we have dimrangeT dimV dimnullT

dumb dimEl
dimU

By 2C I we have range F V so T is surjective
which is 14
cc implies cat

Suppose IC l holds i suppose 1 is surjective Then rangeF

By 3.22 We have
dim null F dimV dimrangeT

dimV dimV
O dim10



O d

By 2C I we have null 1 901 By 3.16 T is injective
So T is both injectiveand surjective which is Cal


