371 pmdv\c\- of vector spaces
Sunppose. \i ... Um ove vector spaces over T
The pmc\u\c,\— Vo x - x Um e defired by
Vi x oo x Vim= 3 oo Umd s Vi€V, o vm € Ven §
» Addiion on \, X - XVm s dedined oy
(Wi, Wm)t (Ve Vm ) = Ve, o, Wt Vim)
* Serler ynlipheotion en Vi xso X Vim o clefinedd by
NV, Vm) = Qvis. , AVm)
373  Prodwct of vecdor spuces is o vector space
Suppose Vi, Um Ove vector spraas over . Then Vo X xVm 45 & Vechr spae over I,
Poc: Do¥ wiLVi, wi Vi for each ;a1 o and et NEFF
374 exompe.  Is R'XR®  Ssomorpnic to RS
T (&%), O xa)) = 0%, K, %y 5 % L 7s)
Fiest, 4njective.
led ((x, %), (Ka, Xy %s)) ENWIT el means
Trm) , (Ko %, %)) = (0, 0.0, ©,0)
Wwe hove (005 0,09 ) s T(h, %), Kot %)) = (A, %o, s, %, %)
So, A= v XgTO
This wmeens (&%), (s, he, %5))= (020,00 ,0)
Se T e %(0,0)0)0,0)3
T (o0, (9,0,°))=(0,0,0.0,0)
We  also have fco)o),to, OJO)E < o\ T,
Thoedoe. Wl T = 360,03 ,(:0,0)§
By 3l , T s w‘nje,d,‘ve
Next , we will  ghow —hat T ¢ Surjectie.
For gl (%, %o, Xa, %4 Xs) €®E, we hae (X, %Xs, %o, Xa, %6) = (0% ), O, Xa, %)) € renoe T,
Soe R < vo\nse,T. Blst mnﬁe,T is & sbspace of RO So
ronee T < RS , So Tis schcfrive.

Thevefore \4\1 3.86 , T inveryible



Next. we will show wt T ig (inear
 AdOIVY » For /AL R Ka e s, Y Y, VoY, Ve €1R
We have —[(L@.m) 105, %0 %50) ¢ (s 22, s Yy Vo))
= T Loy, Rotys), (Xatys, Rty Xetys))
= (K, Koty Kotys , Xe 4 Ve s ¥stys)
=T (x5, (%a, 2 %))+ T (LYoYs), L\/_a,,\/“yg))
. Homoganerdy-. For ol ZWe T md for all =%, %% R
T OLx %, G ra 5)) = T (0% M), 106 , Wke, W)
= O 00 W 2o s ¥ ) =0T (0, %), (ke X xe))
Therefore , T 38 fineor
So, Tas Doear and savertille
Hexe , T 4s on  -somophism.
375  Exempe
Find o besis of Fa (B x R
Y. (1, L0,0), (x(00)), (&0, 0)), (0.(1,0)),(0, o, 1))

376 dim of o produt i He swm F Jimensions
dim(Vix-- XV ) = dimV;, 4~ 4 dim Vm

Products and  Dicect Swms

377 Produt ond Diceck dams

Seppore. et Wi, L (Am e sdosprces of V. Vefire. a Hoear AP

T xWm = Wit t\hm oy
U (W m) = Wy 4 +vim
Then Wt - +Um 45 o diceet swm S T a3 injg&i\x,.
P () 5 Wit o W 3¢ & direot gum, Hen T 4 Snjective.
Suppose. (i, lam) € NWIT S0 Aot
Vi, tam) = (o 5, 20)
Since Wt W r o et swm, \8 4y , e onla W% Hv e o 38
Ao ek W =9 .m0

S‘“ Lm,,..‘ Am) =o ond N ‘ﬂ\,\\\ v_—_ §o_$ Hﬂﬂ(‘l_ "]Y]\/BQC"\\,Q/



@ o v i i, Hen W Hhn s o diredt sum,
Since V4 ﬁnj&tl\lt\ by 3lb we hme Wl T= Yoo .. | K
So Mo oy woy o wrbe ot + 0 dsfo Hek
W0y oo ) =0
By (44, Wit o+ Um 48 0 direct sim.
o
3% A swn 46 p diceck sum S dimensions oaddl up.
Suppere. \ s Ainive - dmensonal  ond WL, Wm are Swospaces of V.
Tren Wt 40w % & diredt swm 4bf
dim LW - £ W)= dim W +---4dim Wy
Bed: T WoxotUhm =y Wt tWne  56 defined g,
VI, e, ) =t o im0 Snrjetive
dim Tonge U = hm( Wt )
So by 37, dim(WM 4 Ham) = dim X X ha) - dim naT?
dim(W, 4+ 4 ke dim % XU)
iU oas mjedrive.
Combine 377 ond 376 Fat Wt {Am 45 0 direck <vm
A din (Ut ) = dim (W %)
= dim b, 4. od WA
378 dim (it + Um ) = dliml + - + dim Un
3.79 veN and UeV  Tuen ViU is He eubset of V/
defined| b vl Iveneuwe U
380 o Lt V=R and Us 100206 #eR3
Then (A 56 the dine 30 R rn. e origin with  clope 2.
So (BN 5o @ lne 10 B e combins te poink (3.) and has slpe o and (-4, 0)tU s a
line in R Hut conteing He point (40) andl ns slope 2
3,104 A= Sen+m): mep] = $@1x, I12x) =7%1P\§
oyt W= § a0t (xax) XelR]= TE44%,2x) xR |



Sinee. (7,0) and (17,20) hawe the same sloge , (7,0)4U =(7,20)+WU.
Proof: (M, 20) 1= %(\’Hx,?,oﬂ)()- AERS
(2,°) +(A = ? (T4x, ax): Xéfkﬁ
= $ (17104, 20-2042%) %€k
={Q7 H(XH0Y, 204 2(x40) )+ % € R
Since AER x~\oeﬂl& = 10y, o00y): Y RS
= (17,00t \A Hene , proed.
390 « An offine svbet of Vois o subset of V of te form vtld fr some 1eV ond some sbospoce U of \/.
« For veV ond W o swbspae of V, the  offine  subset VtU s said 4o be Cparallel o U.
38y EX: U Soos o] VR 680 exampe 330
Tren ol lnes i R* with slope of 2 pre paralld +o U.
“ let =R and W= Cy0)e R3: %y R
Then the offine subsets oF R ore oll He planes i R® 4ot are all te planes in RS et are parnlie|
do W For example, (00,204 s T Lay2) : WyeR S
s an offie swbset of B and i parallel o U

35> eV, guetient spe VU s te ot of ol affie absds oF V paralel 4o W
\//U\ 5 f vel - veV7j
384 Bx - Uhs TR AR BT/ s e st of ol Bes an R ot e slope >
< Was o Bine an B cow‘rain]%ﬂ%e orfain ;e ’DE/\A 3s He ot -qL all B3 pardle 4o U
fo. W= Toyo) - wye]
113/\)\,- 1L90,% < = (x,y2) §
Wos 30,,0)0€ 13 yaem?
R/ S, 0, 0) U 75,\/,16{?33

380 Two offine sibseds  purvllelto U ave equal or  disgoint:
Suppose. U i & subsspace of Y ond v, we V. Then te ‘I%uow'\rg are. uivalent -
W) v-welk
(o) vtWU=w+ .
ey WO W) 24



Prool . Wok (&) » (b):
Shppose. v-w e . ForyweV ond eV,
leA we A
we Yoe  (U-w)rueld dexd wdtr  additHon
—tren VEW = Wty -w twn
= w&v—w)*u\) cwt A
Trerefore v W € wit
Sslerlg Yue W,
W =+ W -y + 1A
= VA (Gvtwhw ¢ vald
Thws Wi\ C vt W
Hence walhs v+ W
Went-: (b) > () .
Swppese  VtW = WA
Tren T we 0 gk, wtv eVt
tnd ity e wrlh
Qo wtre (W) O (wt W)
Thins (WY (W4l) # ¢
Wenk : (0)> @
Suppee. LV we W) ##
Fan  Tw,weW <k VA =Wty
Stnce W e\ stis closed onder oddidron  and scelar milp. , which  mheans
-tke € A Tn Aact,

v “W?=:= \/L—V"‘VH

- —(_l/'-l_(/\l—) S u

386 et UcV.
. Mdition: 3¢ defied on VAL By Gy 4wl = (uw ) (A
« Sealar Mgl cation:  4s clefined on '\// v by
VW) = () + A



387 Quotient SPA. 95 & wctor spac €
V/IA 5 o vedr sptce .
P Jek viwt) be NLM"YPA\"%.
fiest we need 4o shey That e operetiong of addlitron and scalar MitHplcetion meke gense oh in
Suppre U, We sﬂd"\Si'(:\/ vile U+ U wilne WAL
Firsh, we will ghow et addiHon wrkes sense on V/ WA,
Smee \A 4 & Sbgpeet o \/, & s closd under aclolion,  So
v+ )= (wr e\
By 385 (VAN = WHW )+
Thes  addition meles  sense. o /A,
Now Jof W, eV setisfies  vtlh- U+
by 335 o Axer, V-IAA  dnee eV
F 35 losed wnder sceler MWipicktion , which wmeans A= &) e\
Se W= AV =N -V A
b&;ﬁs NRALERI AV

So, scelar ma¥ghcotion Wekes cnse. o0 VW

Next . we wil show st VL satisfies al] groms of o Veofop space.
Pt vow. x e\l . and Xelf-.
I+ Commatztivity Qt Wt A= w3t A = (W v )R (wth )+ (st A)
s Bsso oty (Cnel W) $0eed = (W) WM Gt e (ot g) + A
= () 4 (il 4t )
3 AACX\Ar\lV'r‘f\j ’JCJ‘?-“*‘*\/: Wt (ot W)s Qo A= vt A
4 Ao\&r\'\v‘\%\/ VeI S - (Ot (W4« (i)t h: o+
3, \\’\\/\‘V\'\Q\icc%ive w‘c&exﬁ'ﬁ«j 0 AGr )= UAv s vt W
(. Disdrlodive propsty: a(w\NWHA)}—D\( )t (A) = (acew)t N = (o4 aw) +\A = @V (aw+A)
pd Qb)) = Qv WHBVHA)E  alut (A + 6LUHAY



3.55.  grotiemt map . T
Sppose. e\, Te Dlu,o-ﬁe/ﬂ- map T s He —Pinem- map 77-\/—9\//!/1 Oféﬁ'ntd l’)y
a(v-v+W. A eV,
389 dmV/W = dim V - dim |A.

Proofs e T\ V.
Cletim:  mdl 1= A
Sinte Vo-veld <o ba 382 of  Puder
VH(As 040,
In feed,  Tluk viW oA,
%o, vendn, ond 5o \AcnnlT
H Vernwlp gien T(1)s0 +\A.
Cinee W™l fwe  T(y):y 40,
we , concluele velL =0t A
By 753 vev-o W,
Seoonanlln c,
Theefwe  ndli= A
Cloim 2« range T = V/M-
For ol ve\I/W.
et W=l for some velA
In foct, k% 355
W = TlVv)
- vt e VL
So vonae T < v/
Swppee. VA cVIw,
%& 338
VW = ) € wene (7)
S. W/ ¢ oot
VS Yorae Ty < VA

%% Theorem dm V= A({m n\/\\\T\ T d\m VNGE Ty
Ford J



dm /= dim A+ dimV/IA
dm Ve dim\V= dimlA

3%  Teia (W) T \//@“‘\T) — W
gf(wnv\\"[) = T
Prodf: Suppee Wy €V gaﬁanoy w=hnl T = vindT
B\/ 385 of Axler | w-v EXT.
So, Tte-v) = Tu-Tv=0.
Thns  Tu=Ty
Therefore, T (wimed T) =T = [v = T (v 4mallT)
So T 46 wel- defined.
391 Null spoce ond vonop of T Nete. T:V/mlT—W
Swppoe. 1€ LV, W) . Tren
® T is o dneor map from VAT 4o W,
(b) ("VF S inJec,ﬁ Ve,
(e rmﬁe_'T = rw&cT
(d) V/(WIT) 4s dsemorphic o fonge T
Pt ()
fet vV ond NEF
Additwty: T ((LwtnnlT) + (v il TY) = Tlowyt nalT) = Tlntv) = Tu+Tv = T (ntnul(T)Tlwma)
Homognerty: TOMw-+nwiTy) = T (wanalT) = T )= NTu = N T (vl )
Hence, T e J_(VJoiT), W)
(b)  Suppoe  ve\/ gaJr'\ShC\/ T(vtaull T)= 0
Then  Tv= T(vnaT) =0
Thws  vennl) T.
By 282 VA T = 0 + [T,
So T € o 4anlT)
Since T 1S %‘ne&\r, §0+ W\\TE C el T
Se T= Yo+ nnllTy
Thes, T s mjective.



() suppese we ranée'f Hen  w=Ty
for somt vell weTv
= TlvenwlT) ¢ rc\n\e)g:vf
So ranae T C ronaa%
Svppae. xc—rmgeyf Then %<T (vt yallT) Hor some v el
%= Tvtan T = Ty & Chnoe. T
S, Y(mﬁ[f ¢ e T,
Theefoe  vome T = e T
() By prt (0
T /W) ~ e T A% schdr‘\ve_
So T s gurjective .
by port (), 5t s dnverfible
\% port (&), T 9% an 5somorphism
So V/pWiT) ond rongc T ore Asomorphic
Thet As \// AT and rar&e'_l" e, Fsomor phic.

2 T - x Um = Wit 4 U
vt s iww\,\e\/ﬂ
V/U\: ?V'l'MiVG\/Zj
T\ - VU
T . V/ LV T) —> W/

—

(vl T =Ty



