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Quotients of Vector Spaces
3.79 Definition

suppose uCV and U is a subspace of V
Then ut U is the subset of V
defined

Vt U tu UEU

3.80 Example
Let U 1122 and U flX 2X 4122 XEIR
Then U is the line in IR through the origin with
slope 2

So 13 l l t U is a line in 1122 that contains the pain
13.11 and has slope 2
and I 4.01 U is a line in IR that contains thepoint4.0 and has slope 2

3 13th Gillen 2X X c 1121

f 4 tu u 13 HU 13th 2X11 X EIR

f49th I 4,01 tix LN XGIRI

f 4th 2X X EIR

Prove Since G o and 117,20 lie on the same 1in
7,0 14 117,201 14
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Proof 117,20 t U 117.20 t IX 2X X 2X EU

1174X 20HX X E IR

70 t U 17,0 t IX 2X IX IX CU

17th 2X XC IR

117 10th 2020 2X XER

I 17 IN X 20 2110 x XEIR
lety lo X I ht y 20 12y y CIR
Since XER 147,20 t ly 247 y c IR
i y412 17,20 t U

3.81 Definition
An affine subset of V is a subset of V of the form
Vtu for some veV and some subspace U of V
If U is a subspace of V for all u c U the affinesubset
ut U is said be parallel to U

3 82 Example
Let f IR and U IX 2X c 11223 as in Example 3.80

Then all the lines in 1122 with slope 2 are parallel
to U And these lines are affine subsets in IR
Let f 1123 and U fix y O E1123 myc R
Then the affine subsets of 1123 are all the planes
in 1123 that are parallel to U

for example 10,0Mt U O 2 t IXy O X y EIR
fix y L X if c IR



six y l g l
is an affine subset of 1123 and is parralel to U

3.83 Definition
Let U be a subspaceof V Then the quotient space Yu
is the set of all affine subsets of V parrallel to U
written Yue SuIU ve V

384 Example

If U IX 2 1 EIR KERI then Ryu is the set of all
lines in 112 that have slope 2

H U is a line in IR containing the origin then 112Th is
the set of all lines in 1123 parallel to U
For example U IX y O C1123 X y41123
1123 4 10.0 2 TU X y 2C IR
UE lay 2 I C1123 XyEIR

11231UE ix o O 1 Ua X y 2EIR

3.85 Two affine subsets parallel to U are equal or disjoint
Let U be a subspace of V and v w EV
Then the following are equivalent
a VW C U
b utU wi U
c V141NIwt U of
Proof a implies b

Suppose a holds V w e U let a cU be arbitrary



110 hot s U l U s a y
since U is a subspaceof V in particular it is closed
under addition Since nell and v well we have
CV with EU for all ut U we have
Vtu W tu wt U EV

wt w wt tu c wt U
i VtU C wt U
similarly for all neU We have
WtU btw tu

Utc IVWku c U
E ut U

Wt U cut U
So we conclude the set equality

vtU wtU Which is b

b implies C

Suppose b holds Vt U well
Then there exists ne U that
the ut U wth

r Utu E ut U and ut U E wt U
That is Utu ccut U N wth

In other words
UTU n cut U 0 which is C
C implies a

Suppose c holds HUH louth 0 Then there exist
a UsEU that satisfies

CUtU
UtU Wya

E wtU
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Since U is a subspaceof V it is closed under addition
and scalar multiplication which means Ue UeE U In fact
we have v w Us Ui

Hu Ur E U
which is a

3.86 Definition
let U be a subspace of V Then
addition is defined on V U by

vtu 1 w tuk wt w I t U
scalar multiplication is defined on V U by

Nui Ul HUH U

3.87 Quotient space is a vectorspace
let U be a subspaceof U Then Uhl is a vector space with
respect to the operations defined in 3.86
Proof
Let v we V be arbitrary
First we need to show that the operations of addition
andscalar multiplication make sense of VM
Suppose i in cU satisfy utU ft U and wtU wtU
First we will show that addition makes sense on V U
since U is a subspace of V it is closed under addition
so I utilt W W CU
or V W OtwI e U
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By 3.85 Uthe U lift inIt 4
So addition makes sense on V U
Now let REIF bearbitrary Suppose I C U satisfy
VtU it U By 3.85 v TEU Since U is a subspace of
V it is closed under scalar multiplication which means
NU AI EV

So we have
XV draw f EU

By 3.85 nut U duntU
So scalar multiplication makes sense on 4h
Next we will show that V U satisfies all axioms of a
vectorspace
Let v w XEV and AEF
Commutativity ut U t wth Cutw the

wt ult U
wt Ult l ut U

Associativity I wtUst IwtUD tha U Hutu 1Ul t txtU
hutwit x l t U
Wttw1 111 U
wtU 111Wtxl th
fault few1UH txt U

Additive identity mu t 10th ht OHU
ut U

Additive inverse ut U th utU Ntl ul 1U
ot U



I U
Multiplicative identity I wt U 4Mt U

ut U
Distributive properties aHutu Hut UD a flutwl U

awful t U
Lau law 1U
taut U thawHU
alututtalwtht

and catbilutut catbut U
fautbuy 1U
faulty tlbuHU
alututt bluth

3.88 Definition
Let U be a subspace of V Thequotientmap is the linear
map Te V Ulu defined by

RIVE ut U for all ve V

3.89 Dimension of u quotient space
suppose V is finite dimensional and U is a subspaceof
V Then dimV U dimV dimU

Proof Let a V V U be the quotientmap
First we claim null a U
Since ve U we have V O VEU so by 3.85

UTU Ot U
In fact we have



la le Weh e

TalVK UtU OtU

So VE nulla and so UC null Tl

If venulla then awk Ot U
Since we also have Kuk HU
We conclude

Vt Us Ot U
By 3.85 V V OEU
So null ECU
Therefore we conclude the set equality nulla U
Next claim range a V U

July 23 Let w c range E
Then W Elul for some ve U
By 3.88
We have w tu

ut U C V U
weget range Tlc v u

Suppose we have vtUEV U
By S88
ut U aw C range IT
so V U a

range K
i range K YU


