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Quotients o{- Vector Spmces
314 Detimition
Suppose veV and U is o subspoce of V.
Then  v+ll is the subset of V.
de(imnl
vEU=fvau: ueldf

3.80 Exumple
let V=R and U={ix.200 eR’: &R
Then W is the lme m R %\rouo'k the ort81'r\ Wit
slope 2.

So (3:1)1U is o lme in R thot coutnins the poitt
() ool hos slope 2.

bl (-20)4U s & [me in R gt comtuine e point

(40) ond hos slope 2.
| (3.0tU= §onH.2)° e (R]

("lhO)lM/ "/3!‘)*“ - f(ﬁ‘l’x ,19({\) t /e 'Rj
CU0) 4k = § (-4,0) 11X, 00" /X 6 )Y

Vi I rEpe

Prae:  Since (0.0) and (1120) [ ov the same line
(20) U= (17, 29) tU




Proof: (17a0) 4= flrma 4%, 20" (4, 2)€U ]
= §(74, 2000): KE R}
(:9) AU = §(7,0) * (%K) : (K, 1) & U]
= (% 20 = oeR]
= fi-loex, 2020 A) = e )
= €T (10-0), 20 - 2010- ) * KeR)
(e*y 0K =My ,20+y) :yeR)
Stnce XER ={(|'|,m)-H\/.1\/7=Y“P‘5
“QER - =(ha0)+ U

331 Definition
* An offine subset of Vs o subset of Vv of the fom
ViU for some vel ool some subspace U A V.
*1f Wisa subspace of V. for olf veV, the offine subset
Vel is said be pornllel 40 (.

3.8%  Example

‘Lot VIR ond U= f(X200€RY s (n Example 320
Then oll, the lines tn R with slope 2 e paralel
to W And these lnes are offne subsetc in IR,
“let V=R and U fixs y,0) € RS, Aye R

Then the affine subsets of R ove ok the planes

in R that, ore paralle] €0 U.

fav exoample, (0:0.2)U={0,0,2)+ (X4.0)* X Y eR)

= fraawl) s%id &R



(XS (8 s \J S,
iS on offine subsel, of IR} andd &5 parrelel wU.

383 Det\'m'ﬂe\'\
let Ube o gubspace of V. Twen the quotient spuce V/w,

is the set of ol uﬂw, subsets of V parrelle[ to U.
written * V/IA3 fvil: ve V3

3% Emmple=

oUf (R eR: qelR] . then B/ s e set of all
lines in M thot hawe slope 2.
‘it Uis o line in B containing the origin . then R is
the set of all lines tn R, puralle] to L.

For example, U: f(«.n.o)ew:«.gem

R /U = §10:9,2)4u: x, Y 2R}

Ua® (0w, 2)EIR : 44€R)
RO/Us# {10, 0)f U= K 2 IR

388  Twe a{-l e subsets porallel to U owe equal or dispei.
let U be & subspae of U/ ad viw €V,
Then the following ppe equivalodt:
o). Fwell
b). vtk =weth
C). WHWINIweU) 3 ¢
Prost: o) implies b)
Suppase @) holds: v-well let welU . be asbitraru.



Sinct (L s o subspae of V,in porticulor it s obscolq
wndler adlditton. Siace uell onol v-well, we haw
(Wwytuelh. for ol wcll, we hae
viuz WAv-wtu 6V
= wi () 4v) ews U
SovilewsU
Stmilarly, for ol well. we howe
WiU= (tW- (/tU
2V4(-(v-Whn) & K
e U
welleve UL
So we cenclude the set equality.
vill= wtl. winmch 13 b,
b) implees C)
SMPPO&. b) koidy \Hu"w-ﬂA
Tuen there exists well thot,
viue v+ U = wel
Jovanevill onol veuéews U.
Thot @5 « veuelvt U (wiin)
W other words,
WA N w1 W FPD |, whaida 16 C)
C) implles a)
Suppose. € holds : (i) O\ (wh)# _ Then there exist
U6l that selisfies

cvul u
Vil sweuS™!



3.%b

3%

Since U 15 o subspote of V, it ts cloged wder odloli-tion
et scaler Multiplicotion , whidh meons uetize (A - [n foct,
we howe, v-wz (-l

=(u-w) € U,
whidh s a).

Definition

let U be o subspace of V. Then:

* oddition is defined on VM by
(vt 4 (wind= rw)+ U

 scalor multiplication is defued on VU by
At W = (At U

Quotient, Spode (S o vechr space

let, U be o subspote of U Then U/IA & o vectir space with
respect to the operatins defined in  3.<5 .
P"ooJ(i

Let VvWéV l'Je Wbﬁ'ﬁ‘ﬂ'ﬂ

First, , we need to show thot the operations of addrésn
ondh scolar multiplicntion make sense of VM.

Suppose v.wel sotisfy viU=9+U and waUl= W+,
Firsl . we Will show $hat, aoldietion mokes sense on VUL
stnee L is o 5mbspw.e o-[' V, it (s closeel wler ooeliteon.
So Cuadp (w-d)e L.

ov  (Vv-W)- (vew)e W



By 388 (Viw)+4ll= (P+dd) Y
So addition makes snse on V/U\
Now, let AeF be arbitrosy - Suppose VeV sotisty
villz G4U. By 285 ,v-06U . Since U 2 o subspace ot
V, it is closed wndher scolor muttiplication . which meons
Au- )€ V.
So we howe.
AV-AT=AW-0) W
By 3.5  Av+Ucai+ll
So scalor mubiplicoditon Mmolces sense om U/(/\.
Next, we will show thod, VU sodifies ol oxoms of o
vecter space, .
let v.w.xeV ongl AEF .
- Oommu(‘mﬁvﬂu" (v+W 4 (w+h) = (yew) U
z (wav)t U
= (i W)+ (e lt)

* Assodativity: (v W) (W) 4 (acala)=(tvtw) + [A ) 4 (o4 )

 (cvwt) U

=(vs W)+ U

= v+ )+ (w0 £ (A

= (0t )4 (ews U)+ (a4 A))
* Aokditive dentity: (veta) [0+ W)= (v 0)t U

= v+)
* Addittve verse: (vtU)+(ewtl) = (v cu)t Y
= 0tld.



388

3.5

* Multipliatie t‘o(enﬁtd'- [(v+W)=(u)+ U

=vtlU
* Distributive propardies: o Lusl) tws W) & (1vaw) +UU)
= aqyew) + U
= [pww) +U
= low+ W) +[owH N
=a (vt alweW
ond: (b (vt W) = (abyt U
= (ow* bv)+ \A
= (U )+ (burtW)

= oalvt W) + bly+W)

Defl’nﬂioﬂ
Let l/ be o sAbspoa, o{' V- The oluo-tion'b Mop s the [inenr
map. T V= y M O(Cfl'MA bg

R(VE y+U fovr all ve l.

Dimenston of w ouotient spoce
Suppese U is ftarte: dimenstonod and WU ts o swbspace of
V. Then dimV/IA = olim V- ohim U
Proot let T :V-=U/M be the quotient moyp.
Fest, we cloim aullR: U
S, vell.we hae V-0=veld, so b\‘i 3835,
ville 0t WU
In fact. we have



| §ar Bl

RIVE Utz 0t U.
So venalln, and so Ucnull I,
It venull®, them luk 04\,
Sing We also howe RUv)= vilh.
We conclnde,
v+(As 04 \A
By 388  ir-0ell
So wmMclf.
Wmtwc, we conclude the set equmlity Al U.
Next cloim, ronge A V,/n
Iuly.')3 Let w eronge 1L
Then w=Rtv) for some vell

By 3.88.
We hove, w=Kiv)

=vtl ¢ \//M
" We get ronge® c v/
Suppose. we have v+MCV/M
By 5%%
v+U=T L) € ronge R
Se VAU © ronge T
- rw\ae,'&: V/IA



