
3.92 linear functional

tc-LCV.FI ) f. V -5ft

3.93 ex :
. Define e :

1123 → IR by 91×4,2-1=4×-54-127 Then f is linear functional .

• tf ( X , , . . .
. , Xn ) -

- C , x , t - - - tcnxn

• 4 : PUR ) → IR Tcp ) -

- 3p" 151-171014 )

• 4 Lp ) -

-

Jo
'

plxsdx

3.94 dual space V
'

V' = LIV
,
Ft ) V '

is the vector space of all linear functionals on V
.

3.95 dim V '
-

- dimv

3.96 dual basis

if v. , . . .vn is a basis of V ,
then dual basis of v . . . . .vn is 4 . . . . . en of V

'

where each Pj is the linear functional on V

f- Cue ) -

- { to if Kj
if Hj .

3.97 EX : Sol ' : For all j .

- I . . . .

,
n

Ij ( x , . . . . . . Xn ) = Cixi t -
- it Cnxn

Then 1=4 , LV , ) = file , ) = 4 , ( I ,
- . . O ) = C

,

0=4 , lez ) = Cs

;
i

.

O =P ,
( en ) -

- Cn
Ci Cz Ch

f ( Xi , . . . . ,
Xn ) = IX , t Ot . . . . to = X ,

= I =

f- (Xi , . .
- -

, Xn ) -

- X ,

Tn ( Xi ,
- xn ) -

- Xn



3.98 Dual basis is a basis of the dual space .

suppose V is finite - dimensional . Then the dual basis of V is a basis of V '

.

Proof let V . . . . .vn be a basis of V and let l . . . . . en be a dual basis of v . . . . - un

we will show that e . .
- - - en is linearly independent .

Suppose a . .
. .

. an C- Ft satisfy .

a , f , t . - - - tant n -

- O
.

Then for any jet .
. . .

,
n we have

Cail , t . -
- tank )vj= Ail , cvj It . . - tan en ( Vj )

= aielvjjt . . - tajejcvjst .
. . tannen Wj )

= ai - O t -
- - taj - It . .

- to = Aj .

So Aj = @rl.t . - - t an Vn ) ( vj ) = O ( Vj )
-

- 0

So a ,
= . - - = An =o

then e
. . . . . . en are linearly index

By 3.95
,
dim V

' =dimV=n

By 2.39 h . . . . Tn is a basis of V
'

3.99 if TELCV ,
W ) then dual map of T is T

'

C- LLW
'

. V ' )

T
' (9) = 40T for LEW '

show T 't LLW '

, V
'
) let deft and e

. 4 c- W ' be arbitrary .

T
' let 4) = ( ft 4) 0T = LOT t 40T = T 'll ) TT

' (4)

T
' Il ) = HOT -

- X ( lot ) -

- XT 'll )

3.100 example .

• Define : D : PCR ) → PUR ) by Dp -

- p
'

• Define ee Ll PUR ) , Tt ) by

f ( p) =p 13 )

Then D ' let is linear functional on PUR ) given by .

① ' ( t ) ) Cp) = do D) Ip) = f( Dp )= ftp. ) =p
' (3)

.

• Define Kpk fo ' p .
then ④ '

les )lpt . @D) Lps -

- NDP ) -
- Ypg -

- Sip '
-

- ply - plod



3. lol Algebraic properties of dual maps

• ( Stl ) '
= S 't T

' for 5. TELL V. W )

• IT )
'

-

- XT
' for all deft and all 7- LIV , W )

• ( ST )
'

-

- T 's
' for all TELLU , V ) and SELLV , W )

profits ⑤ TILT ) -

- fol ST ) = IS )oT -

- T
' ( Los ) -

- T
' ( S '

Ce ) ) -1T 'S)'ll )

3.102 If U is a subspace of V ,
the the annihilator of U

, denoted U ?

U' = { LEV '

: plus -_ o for all well }
3. 104 EX : U -

- span ( e , ,
es ) -

- { Cx , ,x .
.
0,0

,
o ) C- 1/25 :X

, ,XzElR }

Show that W -

- span lls
,
fats )

Sof : Tj Lx . . . . . , Xs 5- Xj

Suppose Te span lls
,
94

,
fs )

Then f- ↳ foot cafe tests for some G , ↳ G- EIR

For all ⇐ , Xs ,
0
, 0,0 )

f ( x , ,Xa , 0,0 ,
O ) = Csfslx , ,X2 ,

O
, 0,0 ) -1444 ( X , ,Xz,0 ,

so
, tcsfslx , ,Xs , 0,0 , O )

= 0

So TEW and so span ( b. hi , f) CU
'

Suppose few

So there exists some Ci
,
Ca

,
Cs

, a , Cs EIR St
.

T= C , f , f- Caf , t - - - T Cs Ts

since e. EU and e EW
,

O = f Le , ) = @ if , t - - - - tests ) @ , )= C ,

Similarly O -

- elles ) -

- C .

Hence f -

- Cs 1st cotta tests C- U ?

Thus f E span ( 43 ,
434

.
Is )

which shows WC span Hs .la ,
Ps )

So
, W = span ( es ,

44,15 )



3. 105 U° is a subspace

Suppose UCV Then W c V
'

t →
dual space. all v. s of LIV .FI )annihilator

= EV
'
: flu )=o }

Proofs Additive identity : since Olmo for all hell
.

we have OE W

closed under addition : for f. YEW for all hell
.

@ + 4) Lu ) = flu ) -1443--01-0=0

So 4+4 C- W

closed under scalar DEF few well

① f) (a) = Helu )) : 4101=0

So Df EU
'

FA

3. 106 Dimension of the Annihilator

UCV then dim Ut dim U°=dimV
reminder : U "

- { tell '
: yay -

- o for all hell }
V

"
- LLV.FI )

Proo let IELCU , V ) be the inclusion map defined by ith ) -

- U for all hell .

Now , Show i
'

is linear
.

let deft e. yell Additivity : I ' ( ft 4) Lu ) -
- ④ 1- 4) oil tu ) -

- Htt ) ( icu D= Htt ) ( u ) -

- flu , -14in ,

for all hell = flint ) t thin ) ) = Koidu ) + Hoi )lu ) -

-
⇐ ' (4) Hutt ( i' ( 4X4

= ( i 'll ) -1544 ) ) ( u )
Thus

,

i' Lett ) = i' Lett i' (4)

Homogeneity : Huett fi ' Helly -

- Decius ) -

- tea ) -

- X ie cu ) ) )

Next we show null i' = W

null i' = { ee V
'

: i ' leko }

= { TEV '
: Loi -

- o }

= { LEV
'

:@ oi )luy=o then }
= { fell '

: flu ) .
- o tutu }

= U°

= dim range i 't dim null i
'

= dim range i 't dim w



3. 106 Dimension of the Annihilator

UCV then dim Ut dim U°=dimV
reminder : U :{ tell '

: yay -

- o for all hell }
V

"
- LLV.FI )

Proo let IE LCU , V ) be the inclusion map defined by ith ) -

- U for all hell .

Now , Show i
'

is linear
.

let deft e. yell Additivity : I ' ( ft 4) Lu ) -
- ④ 1- 4) oil tu ) -

- Itt ) ( icu D= Htt ) ( u ) -

- flu , -14in ,

for all UEU = flint ) t thin ) ) = Koidu ) + Hoi )lu ) -

-
⇐ ' (4) Hutt ( i ' ( 4X4

= ( i 'll ) -1544 ) ) ( u )
Thus

,

i 'll -14 ) = i' Lett i' (4)

Homogeneity : Huett fi ' belly -

- Decius ) -

- Mcu ) -

- x ie cu ) ) )

Next we show null i' = U°

hull i' = { ee V
'

: i ' le ) -

- o }

= { TEV '
: Loi -

- o }

= { LE - o
-

-

Now by Fundamental Theorem of Linear Meps .

3.22

dim V= dim V
'

by 3.95

= dim range i 't dim null i
'

= dim range i 't dim w

Now show range i
'

= U

suppose we have felt
'

then e can be extended to linear functional 4 on V

And by det of i
'

, 5441=4 . So te range i '

, and so U' c range i
'

But 3.19 of Axler says
I

'

is a subspace of U
'

.

Therefore
, range i

'
-

- U
'

so dim ( range i
' ) -

- dim U
'

= dim U by 3.95 of Axler

Therefore ,
dim Ut dim W -

- dim V

3. 107 The null space of T
'

suppose V and W are finite - dim and TELL V. W ) . Then

(a) null T '
= (range -15

lb ) dim null T
'

= dim null Tt dim W - dim V

Proof la) Suppose penult T
'

,
then T '

Ce ) -

- O
.
So for all VEV

We have 0=0 ( V )

-

-
CT 'll )Xv )

= ( fo T ) ( V )

= f ( Tv )

so Tehran get )°
So null T

'

change -15

Suppose 7 C( range -15 Then NTV ) -

- o for all VEV
.

⇐ ' le ) ) Lv ) = ( IoT ) Lv ) = y ( Tv ) = flo ) -
- O

and so LE null T '
.

So
, Grange -11°C hull T

'

Therefore
, Lange TIE null T

'

(b) dim null T '
= dim ( range -110

= dim W - dim @ange -15
= dim W - ( dimv - dimmitt )

= dim nnllttdimw - dim V EH



3.108 T surjective is equivalent T ' injective

TELCV.ws is injective iff T
'

is surjective .

Proud TELLV , W ) is surjective iff range T
-

- W by 3.20 of Ander

iff (range -15=90 }
iff null T

'
= fo } by 3.107 la ) Axler

iff T
'

is injective by 3.16 of Axler

To prove range-1 - W ⇐ strange TIE { o }
G) Suppose range T

-

- W ,
that is dim rangeF- dim W

, So by 3. lob of Ander
,
dim (range-15=0

Hence (range-15=503

Suppose danger 5=903 ,

then dim (range -15=0 ,
so by 3.106 of Axkr

,
dim (range-1 ) -

- dimw
.

Hence
, proved .

3. 109 TELLV , W )

(a) dim range T
'

= dim range -1

(b) range T
' = 4h11 T )

.

Prat ( as dim range T
'

'

- dim W '
- dim null T

'

= dim W - dimlnnht ')

= dim W - dim ( range -15 by 3.107

= dim ranger by 3.106

(b) suppose f C- range T
'

Then 7- 4GW '

that satisfies

f- T
' (4) For all Venn HT

e wht ' (41114
= ( 40T ) Lv )

= 4 ( Tv )

= 46 ) = 0

So
, ye ( null -15 Therefore , range T

' Clank T )
.

Show dim range T
'

= dim ( null -15

dim range T
'
- dim range T

= dim V - dim nnllt

= dim @ HTT by 3.106

So , range -1
' edu HTT



3.110 T injective E T '

is surjective .

Prat Tis injective
riff null -1=903

iff dull TIE V '

iff range T
'

-

- V
'

by 3.109

iff T '
is surjective by 3.20

Pm Cnut TT -

- V
'

dim CnnHT5= dim V - dim nnHT

-
- dim V - dim 903

-
- dimv

= dim V
'

by 3.95

3. 111 At is the transpose of A
.

ai :÷:÷ : a iii. it
3. 113 EACH = Ct At

Pmof Suppose K -

- I , .
. . , p and j -

- t , . . -
im

@ACItlk.j-CACJj.k
= E. Aj ,rCnk= Ee

,

( At )r,j (E) x. r

= .E
,

(E) k.ir#tJr,j--(CtAt)k.jqed.-
3.114 Suppose TELLV ,W )

.

Then MLT ') -

- CMLTDT

proofs let A- NLT ) and C -

- MLT '

) suppose IEJEM and Ieken

By def of MLT ' ) T 'l4j ) -

- Er
,

Cr
, jer T 'l4j)=4joT .

3. 32
So

, @joTKh5-Iz.Cr.j tr ( Vk )t

Tuk -

- E
,
Ankur = @i.j 4,

t . - - tcngy.tn ) ( Vt )

1- ' Hit Er
, cr.y.fr

G ,j4*Tt - - - Ck ,jh t - - - t CngjenC

Cksj
And l4joTKvk ) -

- Xj LTVK )

=4j ( Arik Wr ) = E. Aria Yjlwr )
= Aj , k



So
,
Ck ,j = Aj , k ,

thus C- At

That is MLT '

)= CULT ))
t

qed


