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3.90 Definition
SvPPose, Teld (V,W). De{ine \"!"=V|(V\uu T)-"W by
T (vt null T) =T v
Show that T mokes sense (T is well- defined)
Suppose uvel satisfy
ut hll T=avinull T
By 3.6, we have
w-venull T
This means
Twvy2Q
In fw,t, we howe
Tu-Tv=Tw.vy= 0,
e
el'(u’mul\ﬂ‘:'ru
:Tv
=5 (vt null)
ond 50 F is well-clefined.

3.9 Null spoce and roge of
Suppase Te LIV,W)  Then:
0. F Vil T) =W is o ltneor mop; T €L (v/iwll T, W)
B. T s injective,,
c). mn&ecl" = rw“e,'r
d). V/llT) is isomordhic to ronce T.



Proot: ) Let wweV ondl ME“.
: ao{ol\'-t:v:tﬂ‘- T lws aull 1)+ (vnullT)
= T ( twa)t nudT)
2 Tiusv)
*TutTy
= T (et ) + FlutnullT)
- ho»\oaem‘ fa‘- ol: (A tvi nullT))
=T () nullT)
= TW)
= Ay
= AT (vt nallT)
ST is linemr,
b). SuPPose, veV ontd F (vt null T) = Q
Then we hove
v: T (venull T)
0
So v-0zvenullT
By 25
venullT= o4 nullT ... odditive 1dentity of U/ T
sl < foemall T3
T lot aull1)»D since T lineawr
S 0taalTCaulT . or foraul T3 = aullT | By 2lb,Tos e,
C). For all veV, Flvt mullD =Ty
Suppost weé ronge T. Then w=Tw
for same. ve V. In foct,



w=Tv
= (vt nullT) € f‘WﬁcT
So ronge TC romae. T
Suppose 'xsroma-r Then 2= T Ly + mull T) tar some ve\l.
0 foct,
Xz T (vt mullT)
=Ty ErapeT
So mae‘r\ & ruageT
e
o). By powrt C), m\&T ranﬂe,‘r
f we flAtnkfr( T 05 0 wop into rmaeT
‘f V/(l\ullT)“" l‘onae, T s swdwtwg
So T is also surjective.
By part, b), T is abo mdectuw.
* By b, T (s invertible,
By part o, ’-\r' is linowr,

“F 1V ) fonge™ {s an fsonurphism,

3F. Dm\iﬁ

393 Definitton
A linear {mda’om\ on \Vis o (inear mop P Vo F.
ln other words, e L (V. F)

393 Exompl&
‘Define P:R3>M. by



394

39

3.9

Sl
(Y 22 AK-SYDZ.
Then © (s o [imewr functionol on RS,

" For some ci,...,cnelf . the mop ¢+ F" > F okfined by
Py ... , Kn)2 ChM4... + O

then @ is o lneor functions| on K",

‘Defw. ¢: P(R)>R by

Q (p)= [0 pt dlox
Then @ is a lineor fuﬂc‘t\'on«l on P(R)

Definition
Then ounl spoce of V, denoted V') is the vector space of

oll kmenr functionals on V. |n otler words,
\/l= LW, ®) :

olim V/*= olim /
Suppose \/ s finite~ dlimensional. Thea V' is olso fratte-dimenssad
ondl di‘:di
Proo{'-
dimV'= dim £(V, F)
(dim V) (dimF) by s¢f
*(dim V- |
= dim\/

De{wﬁw\
e ...\n S0 bass 0{' \/. then dke olua.l basis of s Vi



ts the list 9.,..., 0 of elemants of V', where cach 95 for
Y §olyeh s 00 fMepr functionw| on V thect soitisfies
AOE T ke

0 k4§

397 Example
Whst, is the dual bosis of the stonderdl bosis e.,....en of F"2
e.=1,0,...9)

enz(0,..9)

solution®

Fr oll e winite

Qg (K y ..., Xa) = Cu/Ky .ot Cnn

Then

= @ (V) =@ (€)= @, (1,0...0)= C:(1) 4 (,(0) +...+ CalO): C,
0:0 (W) = 0, (@) = 00,1.~0)= ClO)t () ¢...r (atO)= (o

0= Q.(Va)=9(0n) = 05(9,....0.1)2 (,(0)4... 4 Ca0)4C, () Cn

So

Py (Aiyeee, Andz (Y%t 10)% 4 4 (0) K
=K,

Stmn‘larlx

Lp. l«n,..., 00\)‘ lxl
Vs (isee., Tnd=ty



QAxle s

3.73

‘p"( le’...,%)cd“
So @,.., 9n as oeftned obove es the dunl bosts of Vo.qln

De{?w. P; to be the [newr functvo on F” thaf
selects the ¥ coordimty of a vector m .

ln other wortls,
Q5 Kiseos Mk X Jor ol (X, ) EF".

Dua| basts 15 o bosis of the olual space_
Suppose V s fintte ™ dlimensronal .
Thes the ool basy °f o bosis of Vs o pasis of V-
Preo'r
let viy...,Vn be On basts of UV, oncl let €1y .., 0n be o dun4
basts, af ViyewsVUn-
We will shaw thot @,,..,0n & |M€W‘lg molepwlent.
Sproso, Q,..., 0 €F S(‘rt,\'s'f\/
oLttt anPn= O
Then, for oy §=l... N we howe
(0.0 .4 Q) (V)2 B, (Vi )t £ 0 2LV, )
Ol Wt b O V) 2t Ratfn (Un)
“ow0t.. 405014 .. 400 O
=
So we hawe
0y 2 (it 0ala )W)
=0-(V:)



.
=

[w other wovdls,

n=0,.... ,On=0

So ¥.,..,0n (s lmenrly molependent.

By 345, dmV'z dim)\/

By. 231. @, 00 B A base de',

3.99 Definition
If Te Lv,w) , then the dual mop of T ts the lnewr
mop T'eLW.\') defenecd by
Ty = o
4 R
input o linesy Sut put o lLinear 'I\M:'f\‘ gaal
fvnetionsl
Shew: Te Ly, V')
Let, N6F ondl ¢, 9 €' be arbivory
“alolitivigy: T'(¢+9) =9t 9)T
= PeT4 Q2T
TP+ T'ey)
: komdmrtdi T'(AW) = (AY)eT
= a(YoT)
= ATHUW)

200  Exomple
Define D:P(R) —>P(R) by D= p!
* Deftmot P € LIP(R).F) by



e /

Y P) =p 1B)
Then D' 15 the kaeor functiona] on PR) that satsfies
(D'9))Ip)= (¢<D) (p)

* fDp)

=P (pY

= P‘ 3)
" Define, @eLiptR),F) by

P(p)= J},p(oo .

Then D'tg) s> then Knear functiono| sn P(R) given

[§

(D'192) (p)= (PaD) (p)
= LQ(bP)
= Qp)
- Jopuasan
:?(().-*3)-

3101  Algebratc propoﬁ‘% of Duel Mars
g (S1T)'= S'47' (ov oll 5,78 LIVw)
bOT) =AT' for oll AR and for oll Te£ (Viw)
C-(BTY=T'8'  Afor odl TeLluy) ond for oll &4 (v.w)
Pm{l
0. for ol e LWV.%), we hae
($4TY (@)= Yo (5¢T)
2 oS 44T
=S')+ TPy



3.102

3103

b).For oll weitv,F)

Q1)) = Yo lam)
= AT
AT 1)

C). For oll PeLv.F), we howe

(ST (€)= Qe (T)
= (We5)°T
= Tros)
T'(S19)
(s 1)
Qo (s1Y(9) = TS

De{em.'ew

fUe a 5‘*"5}’“&6'(' Vi then the amnihilector of -
Oenoted U, f5 defined by

U= £Pe V" @w=0 for all well]

Eomple
Let U be the suBst of P([P.) (u\sfsuma 0{ all P"“/"""‘(
of o' such o5 X'pX).
it e £ (P(R) .F) 1s olefc’nco\ l:y

Yoy P0). then Ye()’
p)cU f PEPUR)
And @ prax) = () |60

z [26Com0) 1 X% (@) w20



RV

Slen ot
= 2(Q)p10)+4 O"f'(o)
=0

Example
let €.,81, €, La,ls clemte the stopdard bagis O‘t B
ontl (et 0, 0., Qi s lenote the dved besis 31’(95)'
Supf%@

U= Span (2, 2)

= §(%y %, 0,0,0) &R : (K, GER)

Shawy U°= spon (9, Ya. ¥s)
Solutden
Rewwll from Exomple 397 hot

5 7%, %, Xy g X5 ) 2 /)(3

for any 12343

Suppose We Mt Qe 5pan (s . Ps)

Then 0= Gat GeWof (s4Ps

far some  (3.Cy Gs€ R For all ("X, 2. 0,0,9)E A,

We have (4%, 0,0.9) = (G4, G Vs, (st0s) (1K ,%:,0.9,9)
= Ca (2%, %,0,9,0)4 (4 Pl %, M5, 0,0, 0) 4(etdy (%X 6,0,0,0)
SCr0+C4 04 Cs0
=0

S PEWU  and 50 span 19y, 0, Ps) CUC,

Suppose PeU’ . Since ¥, %%, B P4, Vs (s the duel basts
of (RS, we Can write uniguely oS
Y: Gt ... tCcWs  for somo Ci.....c-€ IR.



3.(05

o ShEa Ao et

Stwee e.ell . we hoe
0= 01,
2Cedit GOt .t CsQsle,)
2000 4 G0 @)t GRR )T G R)+ G Yste,)
= Co 1460 4( 04 G 04 150
- c‘
Sfmce, e.c U,
0= Q)
(Gt ...t (sPs) QL)
2 QRN G R+ YR, ) 4 Glu(Ra)4 CsYs|e,)
ZC0 4G 1€Cyr0 4 Cyqr04 ¢6-0
<G
AR V2 ofiL 8 S, N1
= 09,1090, (oot G Pyt (sYs
= OGY 4CePq4 + Cs Qs
€ span (4, Yy, Os)
So W spoun (s, Vo)
2. U%= Spun (€,, Y, Vs)

The qunthibter ¢s o subgace
Suppost W 15 subspace of V.
Then W’ 15 o Subspoe o'I' v,
(V'=L(.F))
Prao’( .
Adelitive identitu: Sine Qw0 for all neld,



> we  howe, Oed°.
Uosed wnder nddckomn: Suppose. @, PeUl’. For oll we U,
We howe
(P49 )=0w) 1Y)
=040
=0
S50 Y4eW’,
Clocesl wdler scalor multiplicotion:  Suppose ACF  anel LfGU.
we have (AP) (UE AL i
A0
=0
d0 Age U’



i -

311 Definition
The trons pOse. Gtox meteix A, o(enoteo\ /\t, is

the motrix obtuined fram A by mterdnging the
rows onel columns.
Move  specifically, it

A= LA = A\.n\
Aﬂl‘ = AMc'\
then

At :l Ahl Ty Am-' l
A‘o‘\- "Am'v\

3-"1 EN;Mp\e.

H A |’5 -1\.%\ F\"={G 3 ~4\

3 3 =] 3 5
% o)

303 The tronspose of the product, of Modrices
let A be o0 mxn matrix and B be an axp matrix
Then
Ac)t=ct At
Pmo{"-



Suppo We hawe kilyeup oad ol s m
Then : (Q‘\C}t)kd: (A(_)J,K
= V%,‘ Aj.r Cr.k

2 Wy (Cer

"

% (ke (A1

(CtA‘)K,\g
Thre{ow, we howe
(Ac):: cac

3114 The modrix of T' is the transpose of the motrix of
T.
Suppose  Te (VW) . Then M(T')= (MTYt
Proof
let A=M(T) md C: McT) .
Suppose we hove jsl,...,m ol K=o, W
By deftition 3.3), we how.
Tve: %AnkWr‘ and
T'w;l)=§3‘Cv-‘j Y
Therefore , we howe
(€5°T) (Vo = (T 19) (V)
2 (%‘ Cr.“ ’Pv)(\/u)

=Cui it .o t (12 0i) (Vi)



Nehel - e HeEa e

: c.uv.wm -4 Cag¥alle)

2 G @ i)t Cgrc L) t ...t Cay P (Vi)
: C,..:"O+ ot Gyl t G0

® Crij
anol
(Q;T) (V) = ¥ (TVu-)
= tﬂd ?-‘AruWr)
= Yj (AcW.t__t AI\.KWn)
= @y (Ank Wit <. 95 (AnscWn)
= Ak Q5 Wt Anids (w,\
x ALk ¥ (W.)-t 4 A; k{g\w‘,w 4 An.g (o)’
=Ank-0t ¢ A1t -t Ak O
* Ajr
Therefare, we conclude,
CrjzAje
So CAl
omd sO
ML= C
= At
< (mm)*

A n i hiloter
3,106 Dimension ot the onnihilater

Suppose V 15 o finite-climenctonol vector space anol U 25
o Subspoce. of V. Then



dimU § ohim U° = d;mV-
Proof:
let ieL(U.V) be the incluion mop defrned Ry tow=u
{or all ne(d.
Feest, we will show that € is linear .
Let Ak ad ¢, ¥ V.
'Aoldih’vtkﬁ'- For all nel, we howe
(i' 10+ ) (w2 ((Q4 Y1 2i) w)
= [0+ ¢)(iw)
2 [+ 9)(w)
= Yyt Yiw)
= G+ ¢ Giow)
2 (@o) W) §(Woi)(w)
(et ()
= ({K0)* {¥)) (w)
Therefore ,
i"(P+ ) =i"(@ )¢ ()
* Homogeneitq: Forpll mell, we howe
(UAD))(#)= ((Ag)oi) (W)
= (AP iw)
Z(AV) (w)
= AQw
= A0 (1 w)
= A(Qoifn))
= O\G'(9)) (w)



3.101

Next, we will show nulli'= U°,
We hove nulli'= feV: i'0):03
= fdey': @e; =9}
= f0eV': (Qei)w)zq for oll well]
={pev': Y(twr)=0 {olr ol( well
={PeV': Q=0 for oll el
= L
By the fundowental theoresm of linenr maps . we hove
dimV = dem V" by 3.98
’du‘mmq?("b domnlli' by 3
= dim rengei’ + dimA°®
= dlim Ut g U°
onte we show vongei'=U,
Suppose we have VEW. By 3A.Il . we con extent €
[\near {mttoml dom V. Angd lﬂ oefenition of i we hoe
') 0. Seo ge mnaet',ano\ so we have (LC rangei'
But 3-(9 says that rome i' i$ o 3abspace of Q.
Tnerefore, rompei'= U, Gs desired.

e aufl spoce of T

Suppost. \/ and W owe finite “dimension| vector spaces
ond Tef (V.W) . Then:
0. null T« (ronge T3°

b). dimnall T= dim null T + eV - dim V.



Proo{: G). Suppq;e, Pe nul| T' , Then We howe. ;
T'=0. 3¢ for ol vel/ . we howe
Q= Ow)
= (T'c0))lv)
= (PoT) (v)
= @(Ty)
So P& (ramge T)°, ool 50 we howe nullT'C (ronge 7)°
Suppmse Y€ (ronge T)° Then 9(Tu)=0 for all veV.
So we howe (T'19)) (v)= [doT )tv)
= Y(Tv)
= @(9)
=0
and s0 @ enull T So range TV'C aull T,
Therefore, (romge T) = null T,
b). We have
dim nwll T'= dﬁm(m\a& 1)’ by part o,
2 olim W =~ dlim ramge T by 3.106
= dim W - (hiw\ - ohim wual[ T) by. 3.22
= dim ullT 4 olom W= dlimV

2.199 T sufjective (s equivalent to T’ u’(\ecﬁve.
Suppose. U ancl W pre fruite-diwensionw| vectd! spaces
ool T LIViW). Then Tis surjective iff 7! is Wecie.
Proo('- & = iﬁ
Te £(V.W) is suriective & romge T= WU



3.109

& (o e 10
< nllT 20 by 3.007
& T s tnjective.
Prove ronge 15° = o)
We have o(tmu‘mac T)%2 d(MW’ chiw mnqe T b\/ 3.(00
= d«'MW~d5MW
=0
< J.fmf()s
(tt (forpe T°f0) . by 2.C of Axler.

The rwnge »f T
Suppose U/ gl W are fiatte- dimensione! vector gpates
and Te LIViW) Then
0). diw ronge T'= dim ronge T,
b). roge T'= (null T)°
Prod -
0). We hae
olim fonge T zdim W - i ndl T' by 223
2dimW - dim aull T' by 395
2 dtmiN - dim (rc.n&g T by w0la
= dim mazT by 3.06
b). Suppese e rome T'. Then there exists @ew' thot
cotisfies. =T . Fer alhve nullT, we hoce.
P(v)= (T'1Q@Y ) tv)
= (¢ oT)v)



= ¢lT)
= YPo) eince venull T
=0
So Y€ (aull 1), Therefoe . range T'c (aull T)°
Show  dim ronge T'= dim tull 7)°
we how
Mm ronge T'zdim range T by 2169 o,
* dimV-dow nllT by 322
= dim tull 75 by 3.(00

3.110 T injective is equivalent 40 T' surjective,

SuPpQu_ V and w e f;‘uﬁﬁ' dtmemtoml veclor spaces
and TELIV.W). Then T s injective #t T' 1 sar&actfv!.
Prodt:
Te 0.W) is injective €2 null T=§B by 3o

& lin’=\

& rager=V' by 301 b,

‘ & T swrjective.

Prove, (null T)°=

We, hove

domennll TY= dimm V= oltm aull T by 3.10p
=dmV- dim {Q
* dimy-0
: dim

dimV'  be 295



,v_-. _.’ - .
it (T =U', by 2l exeraee.




