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3.90 Definition

Suppose TEL IV W Define F VIInullT W by
ETIv 1 null T Tv

Show that I makes sense IT is well defined
Suppose u Ve V satisfy

u 1 hull T V 1 null T

By 3.85 we have
U VE null T

This means
Ti u v a 0

In fact we have
Tu Tu Tiu us O

r T u TV

I cut nullT Tu
Tv
F w nullT

and so F is well defined

3 91 Null space and rangeof 7
Suppose Te Ll VW Then
a F VanullT W is a linear map F c Llull nullT1 W1
b F is injective
c range F range T

d UKhullT is isomorphic to range T



d k is isomorphic l ng l

proof a Let u ve V and AEF

additivity Flintnull111CutnullTD
Fl lutult null 1
Trutv
Tut TV

Flat null 1 1 Flirt null 1
homogeneity Flaw 1null11

F Xu 1 nullT

T HUI

ATV
xF cut null1

T is linear
b Suppose ve V and F cut null 11 0
Then we have
Tv Flutnull T

0

So v O V C null 1

By 3.85
null 1 0 1 nullT additive identityof V nuHT

i.nulTcfotnuHT3T
lotnullTI 0 since Yi's linear

i Ot null 1CnullF Or Of null T null F By3.16 Tis injecti
C For all ucV Flu 1 nullTt Tv
suppose we range T Then W Tw

for some ve V In fact



1 some v 1 fact
W TV

Flu 1 nullT e rangeT
So range To rangeT
Suppose x crang9 Then a Flu nullT forsome veV

In fact
X Fut nullTl
Tv crange1

So range4 orangeT
i rangeT rangeT

d By part C rangF range9
If we thinkof 4 as amap into rangeF
T VIInull11 range T is surjective
So T is also surjective
By part lb F is also injective
i By 3.56 F is invertible
By part a F is linear
i F V cnullTfs range1 is an isomorphism

3F Duality
3.92 Definition

A linear functional on V is a linear map 4 V o F
In other words 6 EL IV FF

3.93 Example

Define 4 1123 IR by



J fine 4 IR 11 by
4 X y 21 4X 5y 122
Then he is a linear functional on 1123

For some c are F the map 4 En IF defined by
QIX Xn C Xi t t CnXn

then 4 is a linear functional on In

Define 9 PAR 3112 by
4 Ip fbpix DX

Then he is a linear functional on HR

3.94 Definition
Then dual space of V denoted V is the vector space of
all linear functionals on V In other words
L Vitt

395 dim V dimV
Suppose V is finite dimensional Then V is also finitedimensio
and dimV dimV

Proof
dimV dim LN ft

dimV dint by 3.61
dimH l
dimV

3 96 Definition

tf v Vn is a basis of V thenthe dual basis of us Vn



If V Un s a asis of V thenthe d al sis 1 Us Vn

is the list 4 In of elementsof V where each 0 for
any j I n is a linear functional on V that satisfies
4 lurk f

ki's
k't's

397 Example
What is thedualbasisof the standard basis e en of En
E 11,0 D

en 0 O

solution
For all j I n write
Dj Xi Xn C X t tCnXn
Then

K Q IV D le I d l l O 0 C Il t c lo t 1calOf C
O p IV p lez I 10 I O GIO 1Call t 1 Calo 2

D I Un ICen 4310 O 11 C colt t Cn 110 1Cn Iif Cn

So
42 X Xn I1 Hit 101kt 1 Xn

X

Similarly
4 IX Xn X

Q X Xu Xz



Yn X Xn X n
So y 0h as defined above is the dual basis of us gun

Axler Define Pj to be the linear functional on F that
selects the jth coordinate of a vector in Fl
In other words

Q IX Ant Xj for all tx Xn E n

3.98 Dual basis is a basis of the dual space
Suppose V is finite dimensional
Then the dual basis of a basis of V is a basisofV
Proof
Let u Vn be a basis of V and let 4 en be a dual
basis of Vi Vn
We will show that Oli en is linearly independent
Suppose a an E F satisfy

044 t 4 an In 0
Then for any j I n we have

la 4 t 1 Anda WjI Ail WjH t an KV
A d Wjlt 1 AjYgNj t 1Andn lUn
a Ot taj.lt tan O

aj
So we have

Aj tail it it andnNgl
D Nj



g
D

In other words
A D An 0

So e da is linearly independent
By 3.95 dimV dim

By 2.39 4 In 13 A basis of V

3.99 Definition

tf TELLV W then the dualmap of T is the linear
map TELLIN V definedby
1 cell 40T

Tt
inputa linear Output a linear functional
functional

show T ELL W V't
let nett and e few be arbitrary
additivity the tell let e OT

IoT 1 IoT
T't d t T'll

homogenerty T HUI call 0T

x yo T

AT II

3 100 Example
Define D P IR PCR by Dp p
Define f C LIRR ft by



J fine f L Il l l y
41 P p131

Then D ly is the linear functional on PHRI that satisfies
10111p IpoD Ip

p

f pl
p 13

Define 4 C Llp HR ft by
KPK ftpix DX

Then D ly is their linear functional on HR given
by
ID'll1 p I doD p

4 Dp
yep't
ftp.ixdx
p11 fo

3 101 Algebraic Properties of DualMaps
are 1St11 S't T forall s T E L IVW
b NTI At for all REF and for all TELIVw
c 1ST T's for all TE flu v1 and for all SEL IV w
Proof
a for all I C I IV Ttl we have
IS1T f yo STT

Yost 40T
S id t T Id



I d
b For all y C LIV Ft
RT 1 ll 40 XT

x 40T
AT II

C For all I c Levitt we have

1ST 101 40 ST
lilos OT
T's405
T 15145

CT s l 19
So 1511441 1 S

3 102 Definition
If U is a subspaceof V then the annihilator of u
denoted W is definedby
Uo HE V Ulu 0 for all neU

3.103 Example

let U be the subspace ofPcp consisting of all polynomia
of X such as x'pox
If ec LCPHRI.tt is defined by
410k P'lol then yell

X'pix U if PERRI
And Uhl pencil hip xD hi O

2xp t x'p 1 111 0



12 IN p 1 1 0

210 plot 10 p101
0

3 I04 Example

Let e er es la es denote the standard basis of 1125
and let 9 a Is 64 Is denote the dualbasis of111251
suppose

U Span le eh
IX Xz 0,0 O C112J X MEIR

Show UO span lls Ya 45
Solution

Recall from Example 3.97 that

Hj IX Xi Xs Xy Xs Nj
for any f 1 2.3.45
suppose we have a span Us 94 Ps
Then f 3431 C444t 545
for some G 4 G EIR For all IX Xi 0,0 E U
We have I IX ik O O.O Cs4g Cully Gfs X Xi 0,40

CsG X XaO OO 1 4441Xi X O dO 4545IX ik 0,0O
Cs Otc 4 Ot 5 O
O

I EW and so span 143,04 Ps CU

Suppose I cU Since 4 k es 44.45 is the dual basis

of HR's we can write uniquely as

f C I t 1Cs45 for some Ci CsE IR



if I Csds for ome c Csc 11

Since e ell we have
f die
e kid t Calif 1 G451K
C 4 ie 1 Call Kitt cable It cafale.lt G Ysl e
Ci Itcz OtCs Ot Ca OtCsO
C

Since e c U
o Pier
C fit t s451 ler
C 4 le H al lez t C 43141 1 Cady led 1 G Is led
C O fc2 lt Cs Ot Ca Ot Cs O

Cs

if C I t 1 Cs Us
Of 104 1 syst 444 1 545
343 t Cy44 t 545

C span lls 44 05
so We span143 Iu Is
UE Spaniels Iu Is I

3 105 The annihilator is a subspace
suppose U is a subspaceof V
Then U is a subspace of V
V LIV Ft

Proof
Additive identity since Quid for all ne U



Add v id g i e i f all
we have OEW

Closed under additionSuppose 9 fell For all ne U
we have

left 4 In Ulu 14in
D 10
0

So ftp.ew
Closed under scalarmultiplication Suppose REF and4GW

We have dy Uf Ayn
torallue

p O

0

So Alecto
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3.111 Definition
The transpose of a matrix A denoted At is
the matrix obtained from A by interchanging the
rows and columns
More specifically it
a

i mi
then
At Ai AM I

1 n.nl
Ann

3 112 Example

If A 5 7

f gf
then at II II

4 2

3.113 The transpose of the product of matrices
Let A be an Mxn matrix and 13 be an nxp matrix

Then
AClt CtAe
Proof



I rool
Suppose we have kit p and j l on

Then HACH k j AC jik
Ere Aj r Cr k

FE LAY rijk Y.ir

Ct Kur Att ri

Cta Ki's
Therefore We have

Lagt dat

3.114 The matrix of T is the transpose of the matrix of
T

Suppose To LIV W Then MIT't IMITHT

Proof
Let A Mitt and C MCT
Suppose we have j't M and K I n

By definition 3.32 we have

Tvr E ArikWr and

Tieji I Crj Yr
Therefore we have
14 OT Via IT 1 111Vic

Ir Criger Va
Cmj ht t Cn.jp lVkl



y i l Cny th l
Ci j ti NkI t t Cnj Un Uk

Ci.jp Vic t i t CK.jd.isUk 1 1 CmjYn Uk
G j Ot t Ckj l t t Cnj O

Ckd
and

Ifj 0T Ilk Yj Tha
Uj l 72ArikWr
e Uj Ai K wit t An.kWn

Yj Ai KWit 1 dj AnakWnl
AlikPj Wilt 1 AnikYj Wn

t Ai khljcw.tt 1 AjkljlWj t 1An.k4j Wn
A i K Ot 1AjK It 1Anik 0

Ajgk
Therefore We conclude

Kj Aj K
so C At
and so
MIT't C

At
MIT

Annihilator
3.106 Dimension of the annihilator

Suppose V is a finite dimensional vector space and U is
a subspace of V Then



a Sul p ee of en

din Ut din U dimV

Proof
Let ie LIU V be the inclusion map defined by Hutu

for all neU
First we will show that i is linear
Let NA and y Y EV

Additivity For all neU we have

i'll 141 1us left 410i u

let 4 li lui
felt4 In
Yiu 14141
flint 14 lil ul
poilu 1141oil la
likeillust City Ku
ily 1 i 141 Iu

therefore
i'll 141 i'll t ily
Homogeneity Forall neU we have

Ii 1h01 Iaf Cay oil In

full lieu
Hel cu
ally
All limit
All doin
Wi 1011 Iu



I 1
Next we will show null i Uo
We have null i y EV i'let o

dev poi 01
I CU doll into for all uEUI
if EV 4 lieu 1 0 for all uEUI
HEU au 0 for all uEUI
Uo

By the fundamental theoremof linearmaps we have
dimV dimV by 3.95

dimrange i t dimnulli by 3.22

dimrangei t dimU
dimUt dimUo

once we show range i U

Suppose we have dell By 3A 11 We can extend to a

linear functional 4 on V And by definitionof it we have
i 141 0 So derange it and so we have Ucrangeit
But 319 says that range i is a subspaceof U
Therefore rangei U as desired

3 107 The null space of T
suppose V and W are finite dimensional vector spaces
and TELLV Wl Then
a null1 range150

b dimnull F dim null T dimW dimV



Proof a Suppose ye null T Then we have
T les O So for all uEV we have
D ON
Tie v

Hot VI
a ITV1

so 4calrange TY and so we have null T C crange T

Suppose YEcrange Tl Then 41Tv1 0 for all uCV
So we have Tie lol do11W

ill Tul
410
0

and so penullT So orange 11 C null T
Therefore Irange 110 null T
b We have
dim null T dimerange T by part a

dimW dimrangeT by 3.106
dimW dimV dimnull1 by 3.22
dimnull1 tdimW dimV

3.108 T surjective is equivalent to T injective
Suppose V and W are finite dimensional vector spaces
and TELLU W Then T is surjective iH T is injective

Proof iff
TELLV W is surjective range T W



I Ll W is my e ge I W
range 110 101
null 11 903 by 3.107
T is injective

Prove range 15 90
We have diminange TIE dimW dimrange 1 by 3.106

dimW dimW
O
dim 0

IH range 110 501 by 2.4 of Axler

3.109 The range of T
suppose V and W are finite dimensional vector spaces
and TELLVWI Then
a dim range 1 dim range T
b rangeT null 110

Proof
a We have
dim range T dimW dim hill 1 by 3.22

dimW dim null 1 by 3.95
dimW dim range110 by 3.107 a
dim range1 by 3.106

b Suppose f rangeT Then there exists UEW that
satisfies f T ly For all venukT we have

414 1T t4 Iv

OT Iv



I

yl Tv
410 since venull T
0

So YE null 15 Therefore range T'chull 110
Show dim range T's dim hull 110

we have

dimrange1 dimrange1 by 3.109 a

dimV dimnull1 by 322
dimbruhTT by 3.106

3.110 T injective is equivalent to T surjective
Suppose V andW are finite dimensional vector spaces
and TELLV W Then T is injective iH T is surjective
Proof
Te LN W is injective null 1 403 by 3.16

dull11 V
range1 V by 3.109 b

Prove Cnut go
i

T is surjective

We have
diminullTY dimV dim nullT by 3.106

dimV dim101
dimV O
dimV
dimV by 3.95



dim by 9

IH null110 V by 2 c I exercise


