y

Lol

L |75, F) Dol tivky

2.92 Deéesynition

A Vinear Sunchona!l on V VS a linear map ¢ vV IF
In other words, @ € 'LLV.TF)
3.93 Example
 Jpegme 0 RPTR by R A B
W (x,y,2) > Yx -9y v 2%

Then (P 'S a Wwnear Sanction ai o rﬁ3
n :
» For some ci,«.,cnh€IF . the vap @ ° " = 'F_‘ defnea by
@ (X1, xn)= Xt ot CnXon

- Defivie w: PCR) >R by

Yiepd= §, P(x)dx

|

|

|

|

‘
; Then ¢ s a Vineor 4 unction ol en TF
\

‘l Thén @ 1S a linear dunctiomod on PLR)

g.au4 Defimytion

denvted V' 2 vy +e vector space od aqj)
lnesr Sunc¥op ‘s on V. Tn O‘H«ay‘ word$
v "= f_ (v, ﬂ:)
8.5 dim V' =dimy

$ini-te -dimensional

l
The duwal Spact o0& V.
’ Swppos® Ty iwg Sinite- olimengronsl. Then V' s alfo

ad o Aim V' .—er V

?‘\70& i g\\‘vvf\ \/' S v i (V‘ﬂ>
c@im V) (dim F) oy 3.6l o Axler
< (oim V) ]

5 dyem VY Vl
7
3 b Decs'l'n\ﬁ'or)

I§ ViiwsVn 1S a basts 0d 'V, thew  #hess  ducl loasis 04
v ¥a ts ng e TGy TSN 4 o @Y o (WAL E R tinils s i, WREVe

i L‘o.; gor dang 3: LSRN s a |inecryr dJunctional oK V AVNa +

Satis§i LS :
- B | K 55
A L7 -
o Lol { . s




Y 2 o 3 Exomple

what I3 th€  dual vasid 0§ the Standard hasis t.?*)"/e"' v -
'el T(:\.Ol“lv)
€o -"(U,\:O»""O)

a2 0 B0

en: (D. il Di l)

Sotution |V For all j& B L S AN SR R

QJ G2 HETN R e CiXy ¥t Cnknm
Twn en

L2 Rnlvises P ery L1 0RO 20, (0 g Cz(0)t.- ¢ o LDY E C,

O i(va)= Wy (€s) = L('I(C),I,(j'._“o) Sl t Cyi)+ (13

(O>" i i("-’:(.fl)': CL

U - Lfi(\'n) = \{ll(fn) = (473((\,. .‘C,»’|) "‘C',(O) ta G ‘l(U)". C_n(") a (h

SO C; Cl Cn
Cilxipos Xny = 0¥+ (0)x .t -t o)y
"
= X‘
€2 Similar iy
€220 WilxF ;0 Xn ) =X,

\CQC)(\IN‘/Xn) ':)(Z
n R TRACI S8 SO 3

Gz

L(fh(x“ vy Xn ) S Xin

So Wip- s Pn as dedinedd above '* s

aual basig of Vi, v,

ke

pe§ne W, te be *tWe mear dunctional on [FY ot
/ A in 7 vt \ 5
SELECKRS | Hig ) Crer v PR A o Ny p el e

In otwer ovds

(f} (XY TS50 ) = X
'\F‘"f o li (X\,~~,k4) (."FV\

NG B o PRI ATTAS A basis & +we dual Space

i 5 . e ,’emga UHC\.‘
Suppose N s gwnite i

Hin eR . ENE dual loasis od a basis ¢4

Prood : Let ek o
and et Py

v TEs A sty o€ Y

/\/fl b(} A vasSis (’J— \/,

Wn Pe A Aual basis o e AR A

0o chow Hhat «fi MRS g lingor Iy ol €p chral e f
wee we c
Suppose G, R

& [F SO\T!(&‘V‘\

i A An@n = O



. el

“Tnéen 3(\:’ a

(o\.kpi,".,A

e ——————————

I

§

Show

3.100 Examp)e

De fFine

B

A L) j - | A

t an'€n )

N

(vy)

-~

we Nave

&6, (vy) t
a:‘(’.(v,’) 9

X " Oat itk @&

¥ aj(’)'(v,'),\ .

b anPa (V)

L B (v ) )

+ 4 An O
So w € n v 3 C)\)‘
aj e LaIPy 40y S antn ) (v))
2o @ LYi)
- S Llle
j W G Yl v \'"“'"VL' %5
a, =0 - A X =5
So \(‘)/\.." \(‘;/. Vot \Ir.(" ’-’"i\j ""'L’ecf)('f'l/lo(ff;'tf
,J) 9 9 0"5 OrF \X ler, C{I‘VV\ V/ = L‘fur\/] V
17 9 C® 3.59 o Axler \ %7'/", Y, 15 a bas's od V' Fﬁ
PeSimition
T & "L (v, W> dnEn e dual wmap o I vy Fle lim€ar Vl/:z.,,,g)
7' e LW’ v') dedined b4
b & 2
fput v cvtput v
lineay linecy
Aunt onal funttionel
T'e L (W' V')
Le‘{ A(ﬁ (](V\L’i w ’q’ & \/dl b e Qy Dkf’?“"j
‘.f»\o\d\"\\l\*\,{s 1 (P + LP) = U LA q) o
- W L’,'o 1
. 5 . i} - / 3 K + . ! \-,')
Horv\ogénc’ii PR B l'-{') 8 A T (L(') [ (
! (Ae) oy
_f/\ ((FU r)
* A T o080}
PLIR) = P(R) by Dp = p’
eDedime €L (P(R), F) Py
Yip) = pl3)
Pt D (W) rs +he hmear &Sumctithecl 6n PCIRY thaxr

(Dcwey) (pd> = (oeD)CP)
= Y(op)

<

(e')

< P,(3>

f)(l'} | _\\\\(3

L~




S ¥oesing | Lo CRMICPOIRY (F ) vy

@ (p)= ,J.‘-o‘l P(x) d x
Then DLy s the lwear Funvhonal on PR D qiven bj

7]

(D'(®y) (p)=(¥eD)(p)
LF(‘DP)
‘_‘L‘C(P/)

= £, pOx) ®dx

Jl

“pOY - p(o)

3 .10 | 1}3(;] e bvaic rrc‘)t’y'{'tﬁ_\ o & Du ol Map S

———

TR R M i 3 T T S 4 (viaw)
RERRT) Bk P For al A ¢ [F

anol o~ an T & L (v, W
(c3° %) 7 g™ Svr al

T (QONY and W Q" all - S LV, w )
Prood * (ad) For ah @we 4 (v, [F), 6 we have
CorT ) s [ 5% 1)
Lol Wo'T
= 8M(e) A T'(w)
Lo e Al N S v TR
(AT)'( Y. SIS (AT
L O AT
2 A (%)
(€) Fov af ¢ @ 1 (V,IF), we have
(STY'(tey « log $T)
= (¢ o8)o TR
= T ' (o £
T'(S"(¢))

(T8 (>
(ST)'((_'r) £ g

S e

3102 Pesimition

TS U 18 a subspate. od Vi fngn' fe annihilater o& U |

denotét 5% rs dedined by

v = {PeV 1 p(ud: 0 Joral » ue U T



3 103 Example
b

e+ U be the Suh 5)]0“"’ od P(/H) :

P 4 3 o~ 8 .v - "‘
(‘L-,yls{sﬁ\"\% od all y/0|\3 norayvat S an @L(@’, U\ e (e o,_.f X
swe &S X2 pLx)
) 8 LC ( .f(f’“}’\) |”" ) ‘5 (’(E (S-lf)t”fl ‘1) ‘S
QLRI I=) P02
-~r\r\€‘;"\ i Gt
X2pl®) L, & pe PIR)
Awnd . e e i
@ Cx*plx)) = (x2PIx) ¢ 0
? (2;{ {‘><K> exl’, J(K>) \ x =0
o ZLO) P(O) £ 2 ’)V(OJ = O
)?). 'ULf E‘X(,\y‘y)"é))e
\-\._‘\— o " [ ¢ A ) ’ ? ‘3 v l
Le t X my Cay By s Tdeno +g Hre Standard eds  og R avik U et
€y 9y denote tne dual Yosis od (A 5D
Sup e S e s
Swp PO 5 ~ b N 2
D) ‘,()(1V\(0?|,(:1)': Z (X‘,'X;,()‘UIO) G)K,«X'VX_CG-RJ
Shew UY = span ( LPlo b o2 5)
Solwtion " Recall  &vym Excunp le 3.4F Hnp+
o i(,j(‘x"xz’x‘)'r”‘u,)“s,\ =X )
rC'x\’i\} ]T\‘?Ig‘\.,lc)
bl s we have ¢ ¢ span ( K3 r4pn )
(va' A (’5 i Cu (‘J € ”J\ Foy all Cic 1 Kz, ,0 y O A ()'> ExO
NG hoa vt -
@ (x X, 0,0, (L. » BTN & ~ & 1
2 0.8 Q) 5¥3 (qqu*(A‘_:((E})(Xn‘«)('z,(') A
2 it Tl )
.63%’3()‘,,)(?/0'0,0,

; )'*Cu{"l(lxr,‘)‘?‘()
8 Ce D 4 Cu O~ Cs

- B O
SuPre 28 {ebfgunat U. ’
R Whigue 1y o €1y, €y €0,y 15 the dusl basis od LIR=35
. ( ‘,‘(). Bl ~
Sor gome C.,c y ( e Ci ! ('S((‘:k FluWy ¥ C oyl
J I 0 Y] (g ¢ fH | A
InC< e e e nowve
0= toce,y
iy *CZ(('J*CBL(N‘ CH(Fq*CcQ' ) (L
1 C.C(‘.(cr)% ¢ " 2 5, L)
’ C‘v{“‘ : ‘:i{((ﬁ)JCSCp’stff)‘r—(qQ, (,)_+ "
. fr L EX- T Cuy 0O + e (SQ‘S(C‘)
v (_‘ LR CSU
SineR pL e
O~ G er)
— (C,L{’ t( "
P : 2@2 * Caly 4 ¢, ;
= c\.(e, LEZ), * e, (e, :qiq : ;5% 148
= € {07 Ca *liy Gz * O ¢ \3("(62) "luglen) *Cs e e
£ a Ci+p =+ ¢
fa Ll * 5o
Theredfore

€ Cr® b, = et 2 o e
= C3lfp, + G e ;

cp U O % oty ™ Cies ¢ IPan (R, ey Qp)

y SPan Cw:,kﬂw Pg) ) g

o C
‘erefore U° © Span

O¢, + 0Pt €305 + Cylfyn Cs P

(s, %a, Ys5)

L(I“('l',\(’;‘,,

by * (5% (X, X%, 05,0

W, e (tfly)



Twe onn hilater '8 <

2 3.0 5

S W bs Pa ce

uewy,

SwpP po 50 V) )8 a subspact od V P s s
Tt VASEEE S Svlospact od V' '/\ddl‘)'-w"'\tj' Since O(udyzsd For al)
cv' =40y, F)) S o o B
closeed wnder Scalar “"“Uf‘f’\thﬁbn,ﬂu““\ vinoler  addition | Suppose Cp i e
Suppose A € IF and ¢ ¢ p°* For "ol wg U ‘we hawve ' e
For uel we have (@t Pdewy = @l *+ G(w
(A&d(a) = A Cefu) & VR, u‘l" *0 =20
= \ 0

. =0
2 0 /\ (‘(, (\ k)o

00

300 DeSinrion
e T s ¢ w atrik
Tie pwadpe slpod B ma™il A, donoted AT, S the
$rom: B WY intev changing the rowS and Colwnihg
Mort s pecidreat! , 16 Sy
v pe L heén z ‘An;u ”/\m,.\
A - /\;'\ s @ A],n A - $ ,. z 1
Amil] - Amon ] Aronod. Ampn
3N Example
o | ts B -
- - \ e
L& A: & i €N 4 .
-1 & 2
2 )
3.13 The transpose 04 twe produc® vé matrile]
Let A Pt a mxN matri X ond 3 be an NP matnx Then
i s - Ct 5
(r0Y A
Py &7 Rupp oks T WE have kel P! dancl o g e, ™

Twen ((AC)‘ ) 2, =

)

wre have

AN - £

Tnerefore

TA%

(AT jx

n
Z A‘J,( Cr,K

r=!

” (A% )r,i (CT)ur

-

-21‘ ((f)“l‘ (.»\*)r,')

(=)

(A )k

ch tajn (’(j




3.1 iae

Suppo st

[’(o('/(f y

matri'Y od T/ /s the trans pose of the matr ¥ o T

Ted (v.w) - Then M(T') = (M(T))"

et A = MIR) Agd T SOMLT)

< .:l’ - vy N

Suppos€ we have j:' yym and
P . s have
By Dedinition 3.32 of Axler . W& N
T (44}
Vi = %) .
k™ 4 A Wy
V=l

and
‘r/(\}',) z C‘:',J (1[‘1
S0 we have %
($50 TI(ve)= (T'(9y4)) (vi)
(L Cr.i¥r) (Vi)

-

= (C’Il“&. ARET ¢ u,,)'“?'.n ) (VF,)
CojilVe) bt Cn,j P (Vi)
S OIS F ok O (vR) + o F O, O VL)
(lej'(? LR (‘klj A 4 (\»h")' )
(’yy)'
0«»\(:‘ »
(WioT)Cvey = ¢ (T )
4 '\}vj( Z; Avk W, >
B LA iy e A )
= P A M) ok t W j(An, e Wn)
> A.,\c \Pj(\’\)l) 4 = A,\,\- \))’ ('\'\)“)

» 0 2 | v &
A\,\‘ \})j[v\),y + . \,\)/* Q)- V\j,) 4 ~+An,l".m

e Al'h o AR T o A)'k i B AN W, e 0

- g A)’k‘
tnweve yov € ) e
s WE conclut

Cared Ak




Al . | 5 - C o o=
ook rtpe g TREEREERR. STV EE - 310 - 3,110 )

2. 10p Dimenseon o& the aunihilato r

/—______________'_____________.__-—-

gm‘)che Vi rs e Finite '-oll/me’wgmnul vecto v ,gl)afc aned U s a

subspate o 3N T en
dim VU t oli'm 1 R dim V
Provd s Let (R | e L (V. V) be the inclusion map

d?(ﬁnf’d ‘0\) '(\4) T U For al) u e U
show that a 77 s Lineos

Frrd t
et A € F on A .Y e @ V )
. Additivi f\j For all u el we have

(0w +®)) (w) = (( @rp) e z) (un)
= (@ + ) (1(uy)
(g + @) (u)
pu)  PLu)
= (i)t (W)
(oi)(wy t ($OLI(U)
= (1°(9)) (u) + (' (¥)) ()
T () T1U(P)) (W)
Twtredore  (Qrg) =1’ (W) 1(P)
¢ Humoa)t‘neiJ«j ' Fore all wel we nave
(1'(‘/\(@))(U)3 (CAe) e L)(UL)
= (Aw) (1(w))
(X @) (W)
=AY (u)
":) ¢ ( | L\A))
S Ao ) (wy)
(A (T ) u)
Twnere Sove (r()‘\‘(‘)-)(l('(((>

e W Wikl Show w10 y©

we haVe
mon i EEV'E i0y0y

" eyt Poiz3

£ eyt vl ghaYiyzo Soc wil v V]

{06V :@rifu)) 20 gor a w el

=l @weVv' " ¥u oD for all veUL]

:@ U°



By twt PMvidantem+al Theorem 08 Lineay Metps (3.2 od Axer D)

. Iy
w€ n i

; / _ .
dvm ¥ =dim V by 3 .5 & Axlies
3 d/)rn ri/w.‘je' (" + ah/r/ null z . Fu n d. Thm ucf Linear A.'qp_&

2 dim range 7' * dim (° (322 of Axler)
“dim L tdiwm U o

- dlm l/‘ ab dlm VL)

'fflwq&’ IR ()

/

ponte W€ Show

Show I'L\V'lﬁ‘l i’t U

SHFPOSQ weé V\ Ul\/é “p (1 U /‘ i3d E«‘k(”l"t VL€ s‘q “ (;d" A\»(ér . w e (’l'(/‘?

extend to a [Ijnear funct onal ¢ on V. Aad by _definition of

1’ we have 1'(p) = . So W € range 7', and & we ho ve
\)'C; ”\najf 1 But 3.19 o4 Qxler Says -+h ot o ge ;! i
A Subspace ok il

[nerefore  va QY 1=V . as desired VA

3. 10% The nultl Spacc od T

Suppose V and W ar i R , p 2 ne e o/ \
JUPPO X an V ore \}‘r” t-e ‘lf/rx«n?,'/);*,(,: nel veé( tor Cy? aces (7] ;T(.‘ 7( ‘i( l/, \N)

'/‘\]«LV\

(a) nup T’ = (range ra*

(v) dim mull T's dim nun T * dim W = dim V
» i - K i o 2 a \Je
Prood © (a) Suppose (¢ & & nuil T° . Tnen we "

) o V€
5 | /((ﬁ) =0 S0 &evr all Vv E vV e

O= 0(v)
(T'(e)) (v)
7 (.i('oT)(V)

® AP L YN ' (range T)°
((7 ¢ (yan(je T)e Al ke A8 nave awll T rang )

50
Jor all v E V

SUPPOSE " C (Wmae TH® . Twen @ (1v) 30
So we have

LT CeIEYy = (P ot)(v)

< ¢ (V)
Liod
5O
and S0 (f & wnwul g A S (vrmqe T)OC nuw T'
Twneve fore | (range THY® = nuy T/
() : we Wnave
Avm nuil T' 2 cim (range T)® Py Part (a) )
i dim w - ClIM r‘p‘y\y T ")_j L5l 8 Y A of A xler R
S divwa W - Colim v ~ ["lm o7 W) R s &

v
oy Fung Thw vt Linear ,~~¢~f/S ‘?’Y

Am nall T 1T dim W~ climg ¥ 7z

d




A

e ————————

3.108 T Curjective s 2fuivalenr +0 T/ injective

v onel

Sup'vgjc w ate dinite a‘iu»q‘*usl‘u”q/ '\‘7/(";('20/3‘ s
T e4(vw) Twenn T 8 surjective & an, onl y e I
Pro0d 1 &=> "idE ond oply & "
T1e4lviw) 15 surfective &=> 1ange T = W
S S TR roanne T )® -
=> N\ o+ = {0 ~}
Lo A

i Y\‘J.E’ ctive

Prove (rcw\qu 'r) & . {o 3

wv € noave

ci'm ('rc\mg)f T ) “2dvm W =dim range T
zdirm w - ol W

-

drm vy

(<=)
“c‘ aw ok onlj (

range T30 = , b . £x » e |
o d PR w %) T) {Oj ) LYl ¢
3.109 Tne """qe od T’
SV\ ) N o -
PPodM V' owmd w a-re dinyvte dimensional vectvr SpPaces anck
TeL(v,w) Thun
(ZA) dflm VM~’\je r A o{/m I”a/\@’t /_,
( .
(| b) vny\gc) T8 @ [y\w“ r)o
r'/oo(f-' (a) we hove : A. 74 d
, / bu he [Famne tm O
L."n/] ,/,ﬂ”[h(f T (JI'IV) L’\}/ - [l[ 7] '7\4” T J

=olim W-oslim nuil T°

i W - dim ( reanye 1‘)" by 3.1017 fd) c§ Axler
2 dl'm 'Cmp)a 1= l),j 2.1006 of Ax.lfr
> S oS e o . i ;
( \AFI L(\ E '(,‘\/V]q( rl Th‘un ‘+|,'e’€ ex‘srs LP & - hﬂf
SatrS&ies

g T/(‘*P) - Fo r al
@Y LT LW
= ((_P() T)(V)
=P LTv)
W (0)
(5]
Y e (nwuil T
vange T/

siNnce V E null

T

So File re dore 1 YeaNng4

S\i’\d“u\) (‘l‘l‘ﬂ

o
clyma ("“"“ i)

w A W ave

dim rangte Tia A ran ge T &y

Linear Maps

by 3.95 ¢& Axier

VEI T, we haye

" (nuu s ok M

® bg 3189 Ca) od Axler

ol

\r]j e < tive

aces andc

I8

{0

b4 3 7 eod
Axier
bj 2.166 ¢& Avler

(23 22 cd Axler)




u . Lingar Maps
] 5 e Funol Thu, od
: T VA {/i,rv‘ null { 2
5\ Uilq |

L3 %% ) Axler)
dim (nun 1) ° by 2.00b od Axler
INECEForE TR T R AUE T i dact range rc=fnwil T ; 0 2

3.0 T myectuve S '-”ﬁvu\/a.!'fm*
.P—_—-—\\%\

Swp pe 52 V. oand w are

) ti—(vzvv) Fhey)

r .
(Tlf\\—rt:‘ AC“""\{’)V‘SIQIA(,! vector ‘(f)aCC’J (;/'LL‘rL

it s iM)’BC‘IVc° )
Pr&){.’é ) J5 [ (N Vv') s

amw of onl S R rs &"u()'f(','lv(’
inj[('H\m <-;'$ RN [ T {Ob l"j 3. 1b ¢ d

‘] ler
<>(’r.\4”7)0..vl )

VPU’H:)‘D f % \,l \0.3 2.109 (b)) of
Axler
; 3 , ¥ SShibab S P8y ryectyye
Pro v (nuilt T) =V

BT e — TBNC

wWe have

dim (anil T)O = L{l'm V‘t{l&vl null T by 2.106 od Ax|er

i Vv = gy, {o 3
R v o
oiimn
Sm T et

( /4*'("‘
il i R V(/ bj

U"‘ltj !\g

Exercive 2.¢. ¢8 Axley




