
Extra Credit : Chapter 5 .

Eigenvalue . Eigenvector , and Inari ant Subspaces

5A . Invariant subspaces

5.2 Definition

suppose TELLV ) .
A subspace U of V is called invariant under T if hell implies The U .

5.3 example : .
So } if he { o } then h=o

So Tu = Tco ) -

- o C- So}

So { o } is invariant under T
.

• V : VEV
,
then Tue V

So V is invariant under T

• null T : if he null -1 ,
then Tu -

- 0

So TL Tn ) - Tco ) = 0

So Tuen WIT
,
and so null T is invariant under T .

• range T : if he range
T

,
then a- Tv for some VEV .

So Tu=TlTv )

since Trev , we get Tut range T

so range T is invariant under T .

5.5 Eigenvalue

suppose Te LIV )
.
A number XEF is called an eigenvalue of T if there exists ve V such that to

and Tv -

- Xv

5.6 Equivalent conditions to be an eigenvalue

Suppose V is finite - dim
, Te LIV ) and DEF Then

Cal X is an eigenvalue of T

lb) T - AI is not injective

k ) THI is not surjective

Cd) T - XI is not invertible



Proofi Want : Ca) is equivalent to lb ) : (a) → ( b ) and (b) → (a)

Tv -

- Tv is equivalent to CT - NIV -

- 0

Since Uto
, we conclude that TAI is not injective . Conversely ,

since T - XI is not injective Tv -

- Xv

So X is an eigenvalue of T .

(b)
,
(c) , and Cd ) are equivalent to each other

By 3.69 of Ander , the following are equivalent .

T - RT is not invertible

T - XI is not surjective

and T - RI is not injective

3.7 eigenvector

suppose Te Las and DEF is an eigenvalue of T . A vector v EV is called an eigenvector of T corresponding

to d if veto and Tv -

- Tv
.

5-8 Example Define TELL Tt
'

) by

Tfw , 7) =L - Z
,
W )

Find the eigenvalues and eigenvectors of T
.

Solution : let XE 't satisfy

TLW , Z ) =D ( wit )

since TLW , 7) = C- 7. w ) we obtain

tz.ws = XLW , 7) = ( Aw , XZ )

From tz.wl-GW.DZ ) we got a system of equation

- Z = DW

W = XZ

Substitute w -

- Xz into - Z -

- Tw
. we get

- z = DW

= AHH

= d
'
't



If 7--0
,
then w=o ,

so ( wit ) - Lo ,
o )

. If ( wit ) is an eigenvector of T , then 2- to
.

So - E- X 't implies - I = d '

, on

4=5 , D= - i

So i
,

- i are our eigenvalues of T .

X -

- i

Tcw , 7) = I ( w , 7)

implies L - z , W ) = ( i w , iz )

so - Z -
- jw

W -

- iz

Thus
, ( w , 7) = ( W

,
- j w )

is an eigenvector of T corresponding to X -

- i for all we ¢

p
-

- j

TCW , i ) =
- y

' ( w , z ) implies L - Z , W ) = ( - in
,

- iz )

So
,

- 2- = - in

W - - iz

Therefore ,
Cwa ) - ( w ,

i w ) is an eigenvector of T corresponding to D= - i for all we ①

Alternate method : Find met ,=µ€ ,

Stender! basis
,

standard
.

basis

)
Find a. b. c. deft that satisfy : ( { bd ) ( wz ) = ( Tn )

e : :: .tt :L
a - o bi

c- - I d- -0

So MTK ( Y j
'

)

MIT - XI ) : MIT ) - AMIT )

=L : :L .nl : "
Ii



det ( MLT - AID -
- O

detf ? -

- o

T t I = O

D -

- i
, D= - i

MLT - II ) ( wit ) = to , o )

ti EH :)
- i W - Z

'
- O

W - j z
-

- O

- 2- = I W

W -

- it

( W , D= ( w , - i w )

M ( T - f - III ) ( wit ) -

- ( o.o )

( : :X :H :L

5. to Linearly independent eigenvectors

let Te LW ) suppose d . . . . . .

.
Dm are distinct eigenvalues of T and u .

. . .

,
um are corresponding

eigenvectors .
Then V . . .

. .

, um is linearly independent .

Prot suppose v .
.

. . . Um is linearly Dependent .

let k be the smallest positive integer such that
.

Vk C- span ( Vis . . . Vic - i )

So there exist on , . . . . Ak - i C-Tt such that

Uk = air , t
- - - t Aut Vk - I

so we have Tvk - Tlaiht - - - t Ak - i
Vkt )

= Tl aint -
. . t Tha - Nk - i )

= a .TW, it . - - t Aki Tek - it

= Aida ) t .
. . t Ah Hak - it

= Amy , t - ' ' t Ak - idk - i Vk - I



Multiply by Dk both side of via -
- ant . - - t an Vt - i to get

TVK = g)KVK - ATIKU -1 .
-

- t Ak - i XEVK - i

so 0 = Tuk - TV
, .

= ( aid , Vit - - - t Ak - idk - Nk - i ) - ( a ,XkV , t - - - t Ak - idk Vk - i )

= a. (X , - Xk ) Vi t - - - t Ak - i ( Xia - i
- Xk ) Vk - I

Since k is the smallest positive integer for which VKE span ( Vi .
- . vk.it

it follows that vi. . . .ve - i is linearly independent
* ,


