
 

Extra lecture chapter 5

Eigen values Eigen Vectors and Invariant subspaces

5A Invarian subspaces
5.2 Definition

Suppose T c LIU A subspace U of V is called invariant
under 1 if u e U implies Tue U

J 3 Example
03 if he 01 then he 0 So we have
Tcu Tco

O E 90

so 01 is invariant under T
V If ueV Then Tue
So V is invariant under T

null T If henullT then Tu O So we have
T1Tn Tco

O

Tu C null 1 and so null 1 is invariant under T
rangeT If ucrangeT then a Tv for some uEV
So we have
Tu Te Iv
Since Tve V we get Tue range1
T is invariant under T



IS l L e

Eigenvalues andeigenvectors
5 5 Definition

suppose Te L IV A scalar REF is called an eigenvalue of
1 if thereexists ve V s t V to and Tu XV

Such a vector UeV is called an eigenvector of T correspondin
to the eigenvalue of a

5 6 Equivalent conditions to be an eigenvalue
Suppose u is finite dimensional TE Liv and Rett
Then the following are equivalent
a X is an eigenvalue of1
b T AI is not injective
C T RI is not surjective

d T RI is not invertible

Proof 1a is equivalent to lb a implies b b implies a
The equation Tu Xv is equivalent to the equation

fl N v O

Tu AV IH Tu du O

iff Tu X 4 0
iff f Nti 0

b IC id are equivalent to each other

By 3.69 the following are equivalent
T XI is not invertible



in ve L
T X t is not injective

T XI is not surjective
b implies a

Conversely T d is not injective Tu do
So X is an eigenvalueof T

5.7 Definition
Suppose T c Liv and AEF is an eigenvalueofT A vector vet
is called an eigenvectorof T corresponding tox if Uto and Tutu

5 8 Example

Define Te Ic by
Tfw 2 I Z W

Find the eigenvalues and eigenvectors of T
Solution Let REF satisfy

Tcw 2I Nw 2

since Tcw 2I CZ W we obtain
C Z WI NW Z

law AZ
From i z w 5 law del we get a system of equations

z AW

W dz

Substitute w AZ into z aw we get
z AW

NAZ



I
z

If E 0 then w 0 so ow 21 10,0 If i w z is an eigenvector

of T then 2 to

so 2 1222 imples I d or

A i a I
so i i are our eigenvalues of1
A i

Ti w zI il Wiz implies
1 2 in tiw iz

So
z i w
W iz

i Wiz _IN i w is an eigenvector of 1 for all we
a i

11W zk ifwit

implies i z wi i i w iz

so 2 iw wi iz

1W ZK 1W in is an eigenvector of1 corresponding to
A i forall we E

Alternate method Fm
Ml 11 MIT standardbasisofE standard basisof E l

Find a b c deft that satisfy

limit II



I t t
awtbziuta.IM

A O b I

C I d O
Mlt NI MIT AMIT

toil
A ll al

deLIMIT NIKO
de477,4

0

X 11 0 a i or i

MIT IJ twist 40,0

iii HIM
in 2 0

wt iz O

z IN
W iz

Cw21 Wi int
MLT tilt Wiz Cao

iii HE.tl
in 2 0



Z O

wt iz o
2 i w
w iz

wit I Wii w

5 10 Linear independent eigenvectors
Let 1 C Levi Suppose x dm are distinct eigenvalues

of T and V Um are the corresponding eigenvectors Then

Vi vn is linearly independent

Proof
Suppose by contradiction that v Um is linearly
dependent By the linear dependence lemma 12.211
there exists the smallest positiveinteger Kell Ml s 1
ViaCSpan Vi Uk 1

So there exist a ne I E Tt sit
Vic GV 1 t 9K lVia 1

So we have

Thai f law 1 1 Ak Ilhat
A Tv 1 1 AkTve i
a yw 1 t 9kt Vk 1
a AU t 1 Ak INUK I

Multiplyby Ak bothsides of Vic a Vit 1 are that to write
TV.ae LkVlk A.RkV.t fAk iXkVky

So weget
0 TUK TUK



O l Vis l
A AVit YAKNK i VK.it la Niall 1 1 AK INkVk i
A didVit t Ak i 41K i AKI V k l

since K is the smallest positive integer for which
Uk C Span V Uk 1

it follows that V Uk i is linearly independent
Ai IA AKKO a Ak l Ak l Ak O

But X Xm are distinct so a o n
Ak 0

So each Uca is zero which contradicts our hypothesis
that Uk is an eigenvector
So v Um is linearly independent


