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(10pts) 1. Use contradiction to prove that, if 9n + 70 + 5n is even, then n is even.

Proof. Suppose by contradiction that n is not even’ that is, suppose 7 is odd. Then there exists some integer k that satisfies
n =2k + 1. But then we have

9 + 70 +5n =92k + 1)° + 72k + 1)* + 52k + 1)
= O(8k> + 12k + 6k + 1) + 7(4k* + 4k + 1) + 52k + 1)
= (72k> + 108k> + 54k + 9) + (28k> + 28k + 7) + (10k + 5)
=72k + 136k% + 92k + 21
=72k + 136k% + 92k +20 + 1
= 2(36k> + 68k> + 46k + 10) + 1.

Since 36k3 + 68k? + 46k + 10 is also an integer, we conclude that 9n° + 7n? + 5n is odd. But this contradicts our assumption
that #3 is even. m]

(10pts) 2. Use contradiction to prove that V3 is irrational.

Proof. Suppose by contradiction that V3 is rational. Then there exist integers a, b that satisfy

a
3=,
V3=

where 7 is a fraction expressed in lower terms, meaning that @ and b do not have a common factor greater than 1. Squaring
both sides of the above equation, we get

from which we can algebraically rewrite as

3b* = d’.
Since 3b% is a multiple of 3, it follows that a’is a multiple of 3. Furthermore, we claim that, if a is an integer such that a?
is a multiple of 3, then a is a multiple of 3. To prove this claim, suppose by contradiction that a is not a multiple of 3. Then
there exists an integer k such that we have either a = 3k + 1 or a = 3k + 2. At this point, we will continue our argument by
breaking down into separate cases.

e Case 1: If a = 3k + 1, then
a® = Bk + 1)
=9k + 6k + 1
= 3(3k% + 2k) + 1,

and so a? is not a multiple of 3, which contradicts our earlier result saying that a” is a multiple of 3.
e Case 2: If a = 3k + 2, then

a* = 3k +2)?
= 9k* + 12k + 4
=303k> + 4k +1)+1,
and so a” is not a multiple of 3, which contradicts our earlier result saying that a® is a multiple of 3.

Therefore, we must have a = 3k; that is, a is a multiple of 3, proving our claim. Now, if we continue to assume that a is a
multiple of 3, then we still write a = 3k for some integer k. This implies that we have

3 =d?
= (3k)?
= 9k?,
from which we divide both sides by 3 to conclude
b* =3k,

and so b? is a multiple of 3. Invoking our earlier claim that we proved already, we conclude that 4 is a multiple of 3. Therefore,
a and b have a common factor of 3, which contradicts our earlier result stating that a and b do not have a common factor greater
than 1. Therefore, V3 is irrational. O



(10pts) 3.

(10pts) 4.

Prove that a list vy, ..., v, is a basis of V if and only if every v € V can be written uniquely in the form v = ajv; + - - - + a,v,,
where ay,...,a, € F.

Proof (2.29 of Axler). Forward direction: If a list vy, ..., v, is a basis of V, then every v € V can be written uniquely in the
formv = ajvy + -+ + a,v,. Suppose vy,..., Vv, is a basis of V. Then vy, ..., v, is a linearly independent set that spans V.
Since the list vy, ..., v, spans V, there exist ay, . . ., a, € F that satisfy

v=avy+---+a,vy.
Next, we will show that this representation of v is unique. Suppose there exist cy, . . ., ¢, € F that satisfy
V=cC1Vy + -+ Cpvp.

Subtracting the two equations, we obtain

O=v-—v

=(aqvi+---+apvy)—(c1vi +---+cpvp)

= (al - Cl)vl +eee (an - Cn)Vn~
Since the list vy, . . ., v, is linearly independent, all the scalars are zero; that is, we have

a—-c1=0,...,a, —¢c, =0,
or equivalently a; = cy, ..., a, = ¢y, proving the uniqueness of the form of v = ajv; + - - - + a,v,.
Backward direction: If every v € V can be written uniquely in the form v = ajv; + - - - + a,v,, then vy, ..., v, is a basis of V.
First, we will prove that vy, .. ., v, spans V. Suppose there exist aj, .. ., a, € F such that we can write every v € V uniquely
in the form
v=avy+---+a,vy.

Then v is a linear combination of vy, . . ., v;,, which means we have v € span(vy,...,v;). So we have V C span(vy,..., vy).
But span(vy, . . ., vy,) is a subspace of V, according to 2.7 of Axler. So we have the set equality V = span(vy, ..., vy), and so
Vi, ..., Vi, spans V. Next, we will prove that vy, . . ., v, is linearly independent. Suppose ay, .. ., a, € F satisfy

avi + -+ ayv, =0.

We assumed that the form of every v € V is unique. In particular, there is a unique representation of v = 0. Therefore, the
equation ajvy + - - - + a,v, = 0 implies
ar=0,...,a, =0,

and so vy, ..., vy, is linearly independent. Therefore, vy, . . ., v, is a basis of V. m|
Suppose vi,..., v, is a basis of V and wy,...,w, € W. Prove that there exists a unique linear map 7" : V — W such that
Tvi=wjforeachj=1,...,n.

Proof (3.5 of Axler). First, we will show that there exists a linear map 7 : V — W such that Tv; = w; foreach j = 1,...,n.
Define T : V. — W by
T(C1V1 e+ cnvn) =Wy + -+ CuWn

for some cy,...,c, € F. Since vy, ..., v, isabasisof V and wy, . .., w, is a basis of W, the representations c;vi+- - -+c,v, € V
and cywy + - - - + ¢c,w, € W are unique. This means T indeed defines a function. Furthermore, if, for all i, j = 1, ..., n, we let
1 ifi=j,
¢ = [ .
0 ifi#j,

then T satisfies Tv; = w;. Next, we will prove that T : V — W is linear. Let u, v € V be arbitrary. Again, by 2.29 of Axler,
the forms of every vector in V is unique, which means we can write

u=avy+---+ayvy
and
V=cCivi+-+ Chn

for some ay,...,a,,c1,...,cn, € F. So, forall A € F and for all u, v € V, we have

Twu+v)=TW(a1vi +-- -+ apvp) + (c1vi + -+ cpvn))
=T((a1 +ci)vi + -+ (an + cu)vn)
= (a1 +c)wr + -+ (an + cn)wn
=(apwy + -+ apwy) + (Ciwi + -+ + cuwy)
=T(avi+---+ayvy) +T(civi + -+ cpvn)
=Tu+Tv
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and

T(Au) = T(A(ayvy + -+ + apvy))
=T((Aa)vy + -+ + (dan)vn)
= (dapwy + -+ + (dag)wy
= Uaywy + -+ - + aywy)
= AT(auy + -+ + ayuy,)
= ATu.

So T : V — W is linear, or equivalently we have T € L(V, W). Finally, we will prove that T is unique. Suppose S € L(V, W)
also satisfies
SVj = wj.

Then for all v € V, we have

Sv==S8(civi +-+-+cpvn)
=c1Svi+ -+, Sy,
=Cciwy + -+ cpwy
=ciTvi+---+c,Tv,
=T(c1vi) + - +T(cnvn)
=T(civi + -+ cpvn)
=Tv.

So S =T on V, which proves the uniqueness of 7. Therefore, we proved that 7 : V — W is a unique linear map that satisfies
Tvi=wjforallj=1,...,n. |

Let V and W be vector spaces. If V is finite-dimensional and T € L(V, W), prove that range T is also finite dimensional and
we have dimV = dimnull 7 + dimrange 7.

Proof (3.22 of Axler). Letuy,...,u, be abasis of null7. Then we have dimnull7 = m and u, . . ., u,, is a linearly indepen-
dent list. By 2.33 of Axler, we can extend uj, . . ., 1, to a basis uj, ..., Upy, Vi, ..., v, of V, which means dimV = m + n. So
the equation

dimV = dimnull 7 + dimrange T

becomes
m+n=m+dimrangeT.
So to complete this proof we need to prove that Tvy,...,Tv, is a basis of range T, which would establish that range T is
finite-dimensional and dimrange T = n. First, we will show that Tvy,...,Tv, spans range 7. Let v € V be arbitrary. Since
Uly ...y Um, V1, - .., Vy 18 a basis of V, it spans V, which means we can write
V=aju + -+ apum + bivi + -+ by,
for some ay,...,am, b1,...,b, € F. Recall at the beginning of our proof that uy, ..., u,, is a basis of null7. Then we have

Tu; =0,...,Tu, =0, and so we get

Tv =T(aju; + - + amly + byvy + -+ - + byvy)

=aTuy +---+a,Tuy, + b1Tvi+---+b,Tv,
=a;-0+---+a, -0+b1Tvi+---+b,Tv,
=biTvi+---+b,Tv,.

So Tv is a linear combination of Tvy,...,Tv,, which means Tvy,...,Tv, spans range7. Next, we show Tvy,...,Tv, is
linearly independent in range 7. Suppose cy, . . ., ¢, € F satisfy

ciTvi+---+c,Tv, =0.
Since T is linear, we have
O=ciTvi+---+c,Tv,
= T(Clvl) R T(Cnvn)
=T(civi+ -+ cpvn),
and so we have cjvy + -+ + ¢,v, € nullT. Since ujy, ..., uy is a basis of null 7, it spans null 7', which means every vector in
null 7" can be written as a linear combination of uy, . . ., u,,. In other words, since c;v| + - - - + ¢, v, is one such vector in null 7,

we can write
civy+ -+ vy =diugp + -+ digliy.



Equivalently, we have

—diuy — - —dplty +Cc1vi + -+ cpvp = 0.
Since uy, ..., Um, V1, . . ., vy 1s a basis of V, it is linearly independent in V. So all the scalars are zero; that is, we have
—d1 =0,...,— m =O,Cl =0,...,Cn :O,

or equivalently,
di=0,...,dpn=0,c1=0,...,¢, =0.

In particular, we have
C1 =0,...,Cn =0,

and so Tvy,...,Tv, is linearly independent in range 7. Therefore, Tvy,...,Tv, is a basis of range 7. So we conclude that
range 7T is finite-dimensional with dimrange 7' = n, and we conclude also

dmV =m+n

=dimnull 7 + dimrange 7,

as desired. O



