4. SOLUTIONS TO EXERCISE 4

Exercise 4.1. Let 7 : V — W be a linear transformation from V = R3 to W = R* defined

by the matrix A =

-1 2
0 1
1 -1
0 0

3

0
-2

1

. Please find a good basis for both V' and W to make the

matrix of 7~ as simple as possible. Please also write down the change-of-basis matrices and the

matrix of 7 under the new basis.

Solution 4.1. We start from the standard basis:

Then the linear map tells us that

T (e1)

and Sy =

=—fi+ fs,

S

T(e2) =2f1+ fo— fs,

T(es) =3fi=2fs+ fu

o o O

7f2:

7f3:

7f4:

o o O

It is easy to check that {—f; + f3,2f1 + fo — f3,3f1 — 2f3 + f4} is linearly independent (but

you should show this in your solution). Then let

w, = _fl +f37

wy = 2f1 + fo — fs,

w3 = 3f1 —2f3+ fa.

{wy, we, w3} fqrr_ns a linearly independent set in W. Now extend it to be a basis Cy in W by

1

adding wy =

(and you need to show why you can do this in your solution). Now




we have
T(Gl) = wq,
T((?Q) = Wa,
T (e3) = ws.
Then the matrix of the linear map is
1 00
010
T ™
Cwesv 10 01
0 00

The matrix is simple enough therefore we don’t need to change the basis of V. The change-of-

basis matrix on W is then

-1 2 3 1

0o 1 0 0
PSwHCW = .

1 -1 -2 0

0O 0 1 0

Exercise 4.2. Let 7 : V — W be a linear transformation from V = R? to W = R2?, defined

1 3 2
by the matrix A = . Please find a good basis for both V' and W to make the

-1 -3 -1
matrix of 7 as simple as possible. Please also write down the change-of-basis matrices and the

matrix of 7 under the new basis.

Solution 4.2. We start from the standard basis:

1 0 0
1 0
Sy=<Ke=|0],e2=|1|,e3= |0 and Sy =1 fi=  fo=
0 1
0 0 1

Then the linear map tells us that

T(er) = fi—fo, Tle2) =3f1—3f2, Tles)=2f1— fo



3
It is easy to check that {f; — f2,2f1 — fo} is linearly independent (but you should show this

in your solution). Then let

wq =f1—f27 w2=2f1—f2.

{wy,ws} forms a basis Cy of W (and you need to show this in your solution). Now we

have

T(er) =wi, Tle2) =3wi, Tl(es)=wo.
Then we need to change the basis of V' to simplify the matrix further. Since 7T (es) = 3w; =
37 (e1), we have T (es — 3e;) = 0. Then we choose

v = €y, Vg = €3, Vs 262—361.

It is easy to check that Cy = {vy,ve,v3} forms a basis of V' (but you need to show it in

your solution). Then we have
T(Ul) = Wi, T(“Q) = Wy, T(U3) = 0.

Therefore the matrix of 7 under the bases Cy and Cyy is

|: i|( w<Cy '

10 -3
PS\/(—CV = 0 0 1
01 0

The change-of-basis matrix on W is then

1 2
PSw(—CW - .
-1 -1



4

Exercise 4.3. Let 7 : V — W be a linear transformation from V = R? to itself, defined by

the matrix A = . Please find a good basis for V' to make the matrix of T as simple
-1 1

as possible. Please also write down the change-of-basis matrices and the matrix of 7 under the

new basis.

Solution 4.3. We start from the standard basis:

Then the linear map tells us that
T(er) =e1—ey, T(e2) = —e+eo.

Now we want to choose another basis to simplify the matrix. So we set another basis
B ={vy =ae; + ces, vy =be; + des}.

Since B is a basis, it is easy to check that ad — bc # 0. Then we have

B d n —c B -b . a
- ad — bcv1 ad — bch7 “ = ad — bcv1 ad — bcv2'

€1

Then

T (v1) = T (aey + cez) = aT (e1) + cT (e2) = aler — e2) + c(—e1 +e2) = (a — c)er + (—a + c)es

(a —c)d+ (—a+c)(=b) (a—c)(—c) + (—a—i—c)av2

- ad — be v da — be
_ (a—c)(d+Db) (a—c)(—c—a) 1
= u Tt = ———((a = ¢)(b + d)ur — (a = ¢)(a+c)va),

T (v2) = T (ber + dez) = bT (1) +dT (e2) = bler — €2) +d(—e1 + €2) = (b —d)er + (b + d)es

(b—d)yd+ (=b+ d)(_b)v . (b—d)(—c)+ (=b+d)a
ad — be ! da — bc

(b—d)(d+Db) _i_(b—d)(—c—a)w: 1

ad — be ad — bc

V2

= 1

ad — be

((b—d)(b+ dyvy — (b— d)(a + c)vs).



H 1 |@=q@td) (p-db+d) |
ses ad=bel (4 cyatc) —(b—d)(a+c)

If we want this matrix to be simple, we hope it to be diagonal. That is,
b—d)(b+d)=0, —(a—c)(a+c)=0.

So b = +d and a = Fc. There are actually 4 solutions. We only need one. Let us pick b=d =1
and a = —c = 1. (Think: why not choose b = d and a = ¢?) Then v; = e; —es and vy = €1 + €.

We have

2 0 1 1
[T] = , Psep= -
BB 00 -1 1

Remark 4.0.1. You can try, but you will see that it is impossible to make 2 to be 1 by changing

basis.
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