MATH 146C discussion Ryan Ta
University of California, Riverside Spring 2020

Homework 7 solutions

1. Solve the problem

U —4uy, =0 if0<x<1,t>0,
ux(0,1) =ux(1,1) =0 ift >0,
u(x,0) =2cos(37x) +4 if0<x <1,

uz (x,0) = sin?(mx) — cos?(nx) ifO<x < 1.
You may use the general solution derived in the professor’s lecture notes.
Solution. The general solution derived in the professor’s lecture notes (at the beginning of Lecture 7, on April 22) with ¢ =2
and L =11is
1 (e8]
u(e,1) = 5 (Ao + Bot) + ) cos(nmx) (A, cos(2nmt) + B, sin(2nnt)).

n=1

Its first partial derivative with respect to ¢ is

a1 -
ur(x,t) = % E(AO + Bot) + » cos(nnx)(A, cos(2nnt) + B, sin(2nnt)

n=1

149 O d
= 37 (Ag + Bot) + ; cos(nﬂx)a (A, cos(2nnt) + B, sin(2nnt))

B o0
= 70 + Z 2nm cos(nnx)(—Ay, sin(2nnt) + B, cos(2nnt)).
n=1

Now, we recall the given initial conditions
u(x,0) =2cos(3nx) +4,

and

u; (x,0) = sin?(7x) — cos®(mx)

= —cos(2nx)

where in the last step above we have employed the triple-angle trigonometric identity cos(26) = sin?(6) — cos?(6). Also, at
t = 0, our solution becomes

u(x,0) = %(Ao + By(0)) + i cos(nnx) (A, cos(2nm(0)) + B, sin(2nm(0)))

n=1

A (o]
= 70 + Z A, cos(nmx)
n=1

A ()
= 70 + Aj cos(1mx) + Ay cos(2mx) + Az cos(3mx) + E A, cos(nmx),
n=4

and the partial derivative of our solution becomes
By < .
uy (x,0) = > + » 2nmcos(nnx)(—A, sin(2nr(0)) + B, cos(2nmr(0)))
n=1

B (o)
= 70 + ”Z:; 2nn B, cos(nmx)

B [o9]
= 70 + 17B; cos(1nx) + 2nB; cos(2mx) + Z 2nn B, cos(nnx).

n=3

Both our expressions of u(x, 0) yield

A [ee)
70 + Aj cos(1mx) + Ay cos(2nx) + Az cos(3mx) + Z A, cos(nnx) = 2cos(3nx) + 4.
n=4



By the uniqueness of the Fourier series expansion, we can equate the terms of both sides of our above equation to obtain the
Fourier coefficients

Ay =38,

forn=1,2and forn =4,5,6, .. .. Similarly, both our expressions of u,(x, 0) yield

B [ee]
70 + 1B cos(1nx) + 2nB; cos(2mx) + Z 2nn B, cos(nnx) = —cos(2mx).

n=3

By the uniqueness of the Fourier series expansion, we can equate the terms of both sides of our above equation to obtain the
Fourier coefficients

B, = 1
2= 47'[ )
B, =0
forn=0,1and forn = 3,4,5,.... Therefore, our formal solution is

1 (o]
u(e,1) = 5 (Ao + Bot) + Z cos(nrx) (A, cos(2nmt) + By, sin(2nnt))

n=1

1 - - .
= E(AO + Bot) + Z A, cos(nnx) cos(2nnt) + Z B,, cos(nnx) sin(2nnt))

n=1 n=1

1
= E(AO + Bot) +| Az cos(3nx) cos(2(3)nt) + Z A, cos(nnx) cos(2nnt)

n=1,2
n=4,5,6,...

+ | By cos(2nx) sin(2(2)mt) + Z B,, cos(nnx) sin(2nnt)

n=1

n=3,4,5,...
1
= 5(8 + 01) +| 2 cos(3mx) cos(6mt) + 0 cos(nmx) cos(nnt)
n=1,2
n=4,5,6
1 . .
+ e cos(2nx) sin(4nt) + 0 cos(nnx) sin(nnt))
T
n=1
n=3,4,5,...

1
=|4+2cos(3nx) cos(6nt) — e cos(2nx) sin(4nt) |,
Vs

as desired. O



