MATH 146C discussion Ryan Ta
University of California, Riverside Spring 2020

Solutions to suggested homework problems from
An Introduction to Partial Differential Equations by Yehuda Pinchover and Jacob Rubinstein

Suggested problems: Exercises 1.1, 1.2, 1.4, 1.7

1.1. Show that each of the following equations has a solution of the form u(x, y) = f(ax + by) for a proper choice of constants
a, b. Find the constants for each example.

(a)

(b)

(©

uyx+3uy, =0

Solution. Given u(x,y) = f(ax + by), we obtain the first partial derivatives

d
ux(x,y) = af(ax +by)

= f'(ax + by)i(ax +by)
ox
=af’'(ax +by)
and
0
uy(x,y) = 5)”(% +by)
= f'(ax + by)i(ax +by)
dy
=bf'(ax + by).
So we have

ux +3uy =af’(ax +by) +3bf'(ax + by)
= (a +3b)bf'(ax + by)

=0
provided we set a +3b = 0. In other words, u(x, y) = f(ax+by) is a solution of u, +3u,, = 0 if we choose the constants
a, b that satisfy a + 36 = 0. |
uy —Tuy, =0

Solution. Given u(x,y) = f(ax + by), we obtain the first partial derivatives

ux(x,y) = af’(ax +by),
uy(x,y) =bf'(ax + by).
So we have

3uyx — Tuy =3af’(ax + by) — Tbf'(ax + by)
= (3a —7b)f'(ax + by)

=0
provided we set 3a — 7b = 0. In other words, u(x,y) = f(ax + by) is a solution of 3u, — 7u, = 0 if we choose the
constants a, b that satisfy 3a — 7b = 0. O
2ux +muy, =0

Solution. Given u(x,y) = f(ax + by), we obtain the first partial derivatives

ux(x,y) = af’(ax+by),
uy(x,y) =bf'(ax + by).

So we have

2uy +mtuy =2af’(ax + by) + nb f'(ax + by)
= (2a + nb) f'(ax + by)
=0

provided we set 2a + b = 0. In other words, u(x,y) = f(ax + by) is a solution of 2u, + 7u, = 0 if we choose the
constants a, b that satisfy 2a + 7b = 0. O



1.2. Show that each of the following equations has a solution of the form u(x,y) = e®**#Y. Find the constants a, 3 for each
example.

(@ uy+3uy+u=0

Solution. Given u(x,y) = e®**BY we obtain the first partial derivatives

0
U (x,y) = a(e‘”*ﬁy)

_ gy O
Oox
= qe ax+fy

(ax + By)

and
0
u (x’ ): _(ea/x+ﬁy)
y y ay

= e“”’gyi(ax +By)
dy

— ﬁe ax+fBy )
So we have

O=uy+3uy+u
— (aeux+ﬁy) +3(ﬁeax+,8y) +e(tx+ﬁy

= (@ +38+1)e®™Y,

provided we set @ + 38 + 1 = 0. In other words, u(x,y) = e®**5Y is a solution of u, + 3uy +u = 0 if we choose the
constants a, 8 that satisfy @ + 35+ 1 = 0. O

() txx +Uyy =5e*72
Solution. Given u(x,y) = e®**8Y, we obtain the first partial derivatives

u(x,y) = ae®hy,

iy (x,y) = Be ™.

So we have
5657 =y, + 3uy +u
— (a,earx+,8y) +3(ﬂearx+,8y) +eax+,6’y
= (@ +38+ 1),
which implies @ = 1 and 8 = —2. In other words, u(x, y) = ¢*% is a solution of u,, + Uyy = 5e*%, O

(€) Uxxxx +Uyyyy + 2Uxxyy =0

Solution. Given u(x,y) = e®**8Y we obtain the first partial derivatives

_ 4 ax+
uxxxx(xay) =ae ﬁy’

4
Uyyyy (-x7 J’) =B eax+,8y’

22
uxxyy(xv J’) =a ﬂ eax+,3y.
So we have

0= thxxxx +Uyyyy + 2Uxxyy
— a,4ea/x+ﬁy +184e(xx+ﬁy + 202182e(tx+ﬁy

((1/4 +B4 + 202182)e(tx+ﬁy
— ((CK2)2 + ZQZBZ + (IBZ)Z)E(l)Hﬁy
— ((}'2 +BZ)2€QX+By’
which implies @ = 0 and B = 0. In other words, u(x,y) = €?*% = 1 is a solution of uxxxx + Uyyyy + 2Uxxyy =0. O

1.4. Letu(x,y) = h(4/x2 + y?2) be a solution of the minimal surface equation

(14 u3)tex = 2utyttey + (1 +u3)uyy =0. (1.40)



(a) Show that A(r) satisfies the ordinary differential equation

Proof. As seen already in your lecture, we take the partial derivatives with respect to x of the known equation r

to obtain

which implies

and we repeat this process with respect to y of the known equation r

which implies

So our first partial derivatives are

and

Our second partial derivatives are

and

rh” + W (1+(W'(r)?) =0

0
2rry = —(r?
rr 8x(r)
_ 0 5.
—ax(x +y7)

=2x+0
=2x,

'x = —,
r
2

0
2rry = — (r2)
y

r(5,) = 2= (h(r)
=R (r)ry
= 1(r)>
;

iy (1, 7) = ;—y(hm)
=h'(r)ry
=1 (r)>.
r

wey) = 2 (1))
,oWX 0 (x
- a” 7 +1 07 (7)
= (W (1)) % + 1 (1) (1 - f—zr)
- (h"(r)") ) (- - :‘_21‘)

h"(r) +h(r)——h( )—
s tx) = 3 (1))

=—(h<)) ()5 (2 )

9

dy

— )L w1 - &)

:(h”(r) +h()( —%%)
—

S e - w ek,

= x? + y? to obtain

2

= x24y?



and our mixed second partial derivative is
s e) = 5 (1))
=—(h<r)>’r‘+h( >(3 (5)
= (W ()ry) 5+ 1 (1) (- 55r,
() S [-52)
= 1) =W ()5

So we have
2 ’ Yy 2 ” )C2 ’ 1 ’ x2
(1+ 1)ty = (1 +(w2) ) (h (%5 +H(r)~ = (r)r—3)
= (1 + (h’(r))zy—j) (h"(r)x—z + h'(r)1 - h'(r)x—z)
r r r r
= h"(r)x—2 + h'(r)l - h'(r)x—2
2 y x2y2
+(h (r))zh”(r) +(h (r))3 (h’(r))Sr—5
and
1 2 =11 % x)\?2 h y2 % 1 n y2
(1+1uyy = ( + (%) ) ( ()2 + ()~ - (”73)
= (1 + (h'(r))zx—j) (h"(r)% + h'(r)1 - h'(r)y—j)
r r r
2
1% -
"
2 2 2,2
+ (h'(r))zh"(r)—i UG )
r r r
as well as

4 X ’ y ’” Xy ’ xy
=2 ylhylyy = =2 (h (r);) (h (r);) (h (r)r—2 —h (r)r_3)
=20 ()35 (0 (035 - 1 (1)
2.,,2 2,2
= <2(0 (M) (1) =+ 2( (1) -
r r
Therefore, we have

0=(1+ ui)uxx —2uxutyury + (1 + uz)uyy

:h”(r) +h()——h(r)—+W
—W+W
+h"(r> +h(r> h’(r)y—3+M +(h’<r>)“‘—§—@»¥‘1§{
r r r r

. x4

. 2 2 , )C2+ 2
s NG

)3y /

+2h’(r);
r2 2
=05 % (7~ W) 5+ W)
= () + 20 ()T - h'<r>§ N
= () + () + (1)

" 1 ’ ’
=h7(r) + —h(r)(1+(h (r)?).
Finally, we can multiply both sides by r to conclude
rh” (r) + 1’ (r)(L+ (k' (r)) =0,

as desired.



1.7.

(b)

(a)

What is the general solution to the equation of part (a)?
Solution. Given the ordinary differential equation
rh”(r)+ B (r)(1+ (1 (r)*) =0
from part (a), we can let j(r) = h’(r) to rewrite the equation as
rj'(r) +j(r)(1+(j(r)*) =0,
which is a separable first-order differential equation and is equivalent to

Jjr) 1

(1+j(r)? -

By integrating both sides with respect to r, writing
., 1
/ S (.r) dr = / ——dr,
(1+j(r)? r

tan! (j(r)) = —In(r) + Ci,

we obtain

or equivalently
h'(r) = j(r) = tan(Cy = In(r)),

where C| is an arbitrary constant. So the general solution is

h(r) = ‘/Or tan(Cy — In(s))ds |,

where we have represented this expression using the differential version of the Fundamental Theorem of Calculus.
Consider the equation uyy + 2uxy + uy, = 0. Write the equation in the coordinates s = x, =x — y.
Solution. Define the new variables s := x and 7 := x — y, which implies the first partial derivatives

sx=(X)x =1,

sy = (x)y =0,

x=(x-yk=1

ty=(x-y)y,=-1L

Alsosetv(s,t) := u(x(s,1), y(s,t)) = u(x,y). Then, by the multivariable chain rule, we obtain the first partial derivatives

Ux = VeSx + Usly
=VS'1+V[‘1

= Vg + Vi
and

Uy = VgSy + Vily
=vs-0+v;- (_l)

==V
as well as the second partial derivatives

Uxx = (Vs +Ve)x
= (Vs)x + (Ve)x
= (VssSx + Vsrtx) + (VorSx + Virty)
=V 1L+vg-1+vg-1+v,-1

= Vet 2V_gt + Vs
and

Uxy = (vs + Vt)y
= (vs)y + (Vo)y
= (VesSy + Vsrty) + (VarSy + Visty)
=V 0+ vg - (=1) +vg -0+ v - (=1)

= Vst = Vit



(b)

(©

and

Uyy = (_Vt)y
= _(Vt)y
=—(VgSy + Virty)
==(vsr 0+ vy - (=1))

=V
So we have

0=tyx+2uxy +uyy,
= (Vos + 2051 +Vi1) + 2(=Vgr — Vir) + Vg

= Vs + 2057 + Vet — 257 — 2077 + 0

= Vs
So we have transformed the partial differential equation u,x + 2uyy + 1y, = 0 into
vgs =0,
as desired. O
Find the general solution of the equation.
Solution. Recall from part (a) the new variables s := x and ¢ := x — y. The partial differential equation

ves =0

v(s,t)z/(/ vmds))ds
-/ ( / Ods))ds
- [ 1w

=1f(s) +8().

where f(s) is an arbitrary function of s and g(#) is an aribtrary function of r. Therefore, we have

has the general solution

u(x,y) = u(x(s,1),y(s, 1))

=v(s,t)

=1f(s) +g(1)

=@ -fr-n+gx-y)
as desired. O
Consider the equation ux — 2uxy + Sy, = 0. Write it in the coordinates s = x +y, t = 2x.

Solution. Define the new variables s := x + y and ¢ := 2x, which implies the first partial derivatives

sy =(x+y)y=1,
sy=(x+y)y=1,
Iy = (2x)x = 29
ty = (2x), = 0.

Alsoset v(s,t) := u(x(s,t),y(s,t)) = u(x,y). Then, by the multivariable chain rule, we obtain the first partial derivatives

Uy = VgSx + Usly
=vg-1+v,-2

= Vg + 2Vt
and

Uy = VgSy +Vity
=vy-1+v,-0

= VS’



as well as the second partial derivatives

Uxx = (Vs + 2vt)x
= (Ve +2(ve)x
= (Vsssx + Vsrtx) + 2(VsrSx + Virtx)

and

and

So we have

()
Il

=V 14V 24205 - 14+ 2v4 -2

=Vss t+ 4Vst + 4Vtt

(vs +2v1)y

(Vs)y +2(Vt)y

(VesSy +Vsrty) +2(Versy +visty)
Vs 14+ Vg - 0+2vg - 1 +vy -0

Vs + 2V

uyy = (vg)y

VssSy + Verty

Vss * 1+ Vst * 0

= Vss

Uxy = 2Uyxy +5Suyy,
(Vss +4vsr +4vy) = 2(ves +2vr) + SV

Vss +%+ 4vy = 2vg _%"' Svss

=4y +4vyy

= 4(‘/.\‘3‘ + Vtt)~

So we have transformed the partial differential equation uxy — 2uyy + Suyy = 0 into

as desired.

Vss Vi =0,



