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Homework 3 solutions

1. (Chapter 1, Problem 6) Let E be a measurable subset of R". Show that given € > O there is a closed set F and an open set G
with F C E C G and m(G\F) < e.

Proof. Let € > 0 be given. Since E C R”" is measurable, there exists an open set G with E € G and m(G \ E) < 5. Also,
by Proposition 1.2.23 of Nelson, there exists a closed set F' € E with m*(E \ F) < 5. Since F C E is closed, it follows that
E \ F C E is open. According to Example 1.2.23 of Nelson, which states that every open set is measurable; in particular,
E \ F is measurable. So we have m(E \ F) = m*(E \ F) < 5. Finally, when writing G \ F = (G \ E) U (E \ F), where the

union is disjoint, we have

m(G\F)=m((G\E)U(E\F))
=m(G\ E)+m(E\ F)

€ €
< —+ =
2 2
=€,
as desired. O

2. (Chapter 1, Problem 24) Let A be a subset of R". Show that there is a set H of type G s so that

A C Handm*(A) =m*(H) .

Proof. By Theorem 1.1.13 of Nelson, for every € > O there exists an open set G such that A € G and
m"(G) <m*(A) +e.

Now choose in particular € := % for any positive integer n. Then there exist countably many open sets H,, satisfying A € H,,
and

m*(H,) <m*(A) + %

Now define H := (), H,. Then H is the intersection of a countable collection of open sets H,,, and so according to Definition
1.2.20 of Nelson H is of type G 5. Also, A € H,, for all positive integers n implies A, C H, as desired. Furthermore, A € H
implies m*(A) < m*(H) and H = (., H, € H,, implies m*(H) < m*(H,), both of which is justified by Proposition 1.1.8
of Nelson. So we have
m*(A) < m*(H)
< m*(Hy)

1
<m"(A) + —,
n

which holds for all positive integers n, and so we conclude m*(A) < m*(H) < m*(A), which implies m*(A) = m*(H), as
desired. O

3. (Chapter 2, Problem 1) Let E C [a, b] and let Xg be the characteristic function of E. Prove that Xg(x) is a measurable
function if and only if E is a measurable set.

Proof. Suppose yg is a measurable function. Then, given s € R, the set {x € [a, b] : yr(x) > s} is measurable. In particular,
if we choose any s < 0, then we would have {x € [a, b] : yg(x) > s} = E, and so we conclude that E is measurable.

Conversely, suppose E is a measurable set.

(1) If s > 1, then {x € [a, b] : ye(x) > s} = @, which is a Lebesgue measurable set.
(i) If0 < s < 1, then {x € [a, b] : e (x) > s} = E, which is, by our assumption, a Lebesgue measurable set.

(ii) If s < 0, then {x € [a,b] : yE(x) > s} = [a, b], which is a Lebesgue measurable set.

So yE is a measurable function. O

4. (Chapter 2, Problem 3) Let [c,d] C [a, b]. Show that if f is measurable on [a, b], then f is measurable on [c, d].



Proof. Since f is measurable on [a, b], the set E, , = {x € [a, b] : f(x) > s} is measurable. Notice that we have
Ecqa={x€[c,d]: f(x)> s}
={x € [a,b]: f(x)>s}N]c,d]
= Ea,b n [C, d]

Recall that E, , is measurable by assumption. Also, [c, d] is measurable because the open interval G := (¢ — §,d+3) € R
is an open set satisfying, for any € > 0,

m*(G\[e.d]) =m" ((c = S d+ )\ [e.al)
= ((e=Ge))u((da+3))
ot (o= e ()

By Proposition 1.2.19 of Nelson, which asserts that any intersection of measurable sets is again measurable, we conclude that
E. 4 is measurable. O

5. (Chapter 2, Problem 4) Find an example of a pointwise bounded sequence of measurable functions {f,,} on [0, 1] such that
each f,,(x) is a bounded function but f*(x) = lim sup f, (x) is not a bounded function.
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Then, for any s € R, the set {x € [0, 1] : f,,(x) > s} is one of [0, 1], an subinterval of [0, 1], or the empty set, all of which are
measurable. So f;, is a measurable function. It is also bounded because we have | f,, (x)| < n. But we have

S*(x) =limsup f,(x)

n—o0
= lim n
n—oo
= 00,
meaning that f* is not a bounded function. O

6. (Chapter 2, Problem 8) Suppose f is measurable on I = [a, b] and f(x) > 0 a.e. on I. Prove that if the set {x € I | f(x) > 0}
has positive measure, then for some positive integer n the set

1
Enz{xellf(x)>—}
n
has positive measure.

Proof. Suppose to the contrary that E,, does not have positive measure; in other words, suppose m(E,) = 0. Since f is
measurable, for any s € R, the set {x € I : f(x) > s} is a measurable set. In particular, {x € I : f(x) > 0} and
{xel: f(x)> %} for any positive integer n are measurable sets. Furthermore, notice that we have

{xEI:f(x)>O}=OEn.

n=1

So we have

meaning that the set {x € I : f(x) > 0} has nonpositive measure. But this contradicts our assumption that the set {x € I :
f(x) > 0} has positive measure. So we conclude that E,, has positive measure. O



