MATH 165B discussion Ryan Ta
University of California, Riverside Spring 2022

Solutions to suggested homework problems from
Complex Variables and Applications, Ninth Edition by James Brown and Ruel Churchill
Homework 7: Section 88, Exercises 2, 3,4, 5, 8,9

Use residues to derive the integration formulas in Exercises 1 through 5.
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By the residue theorem from Section 77 applied to the closed region bounded by [—R, R]
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By the residue theorem from Section 77 applied to the closed region bounded by [—R, R]



and Cp in the counterclockwise sense, we have
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from which we can equate the real components to conclude
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By the residue theorem from Section 77 applied to the region bounded by [—R, R] and
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from which we can equate the imaginary components to conclude
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The textbook made a typo of their final answer by writing re™ sin a instead of me™ cos a.

[ entered this integral in WolframAlpha (https://www.wolframalpha.com/input?
1=9%5Cint_%7B-%5Cinfty%7D%5E%5Cinfty+%5Cfrac%7Bx%5E3%5Csin%28ax%29%7D%
7Bx%5E4%2B4%7D+%5C%2C+dx)); this input matches my boxed answer in my solution in-
stead of the textbook’s printed answer.
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By the residue theorem from Section 77 applied to the region bounded by [—R, R] and
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Use residues to find the Cauchy principal values of the improper integrals in Exercises 8

through 11.
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By the residue theorem from Section 77 applied to the closed region bounded by [-R, R]
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R2e219 + ARe! + 5

|eiR cos He—R sin 9|

iRe" do

iRe' do

iRe' do

iRe' do

. . iRe" do

|R2e%9 + 4Re'? + 5| | |
|eiRCOSGe—R sin6’| ‘ 0

. . iRe" do

TR~ are 5l e
e—RsinG

—— R dO
|R? — 4R - 5|

Re—RsinH /n
== 1d6
R2—4R -5 Jo

Re_R sin 6

R?2—4R -5

615

Re—R sin 6

R2—-4R -5
mRe
R2—-4R -5’

(m=0)

—Rsin@



which implies

0<

e
lim/ —dz
2
R—co Jo, 22 +42+5

eiz
/ 2—dZ
cr - +47+5

ﬂRe_RSing
lim ——
R—co RZ—4R -5

= lim

R—

= lim ———
R—>ooR2—4R—S%

from which we conclude ‘
. elZ
lim —dz=0
R—o Jop 22 4+4745
So we obtain

o0 ix R ix
e ) e
/ z—dx:hm z—dx
oo X*+4x+5 R—co J_p x> +4x+5

iz
= lim (zcos2+(—£sin2)i—/ e—dz)
R—ox \ e e CRZ2+4Z+5

iz
= lim (zcos2+(—z sin2) i) - lim/ e—dz
R—oo \ e e R—o0 Cr Z2+4Z+5

= zCOS2+ (—EsinZ)i—O
e e

= zcos2+ (—z sin2) i.
e e

At the same time, Euler’s formula ¢ = cos 8 + i sin @ implies

o ix [+ T
e COsXx +isinx
/ 2—dX:/ z—dx
oo X2+ 4x+5 oo X2 H+4x+5
®  cosx isinx
= 5 +— dx
oo X2 +4x+5 x*+4x+5
(o) (o) M
COS X ) sinx
:/ 2—dx+l/ z—dx
Coo X°+4dx+5 Coo X°+4dx+5

o ix
e

Our two expressions of / dx allow us to conclude

oo X2 +4x+5

(e 00 .

CcoS X ) sin x T T )
/ 2—dx+l/ 2—dx=—c082+(——sm2)z,
oo X2+ 4x+5 oo X2+ 4x+5 e e
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from which we can equate the imaginary components to conclude

o )
sin x o

/ z—dx:——sm2.

oo X+ 4x+5 e

O
/ ﬂdx = z(sinl +cos 1)
oo X2+ 2Xx+2 e
Solution. The isolated singularities of
Zeiz Zeiz
242z+2 (2= (=1=0))(z—=(=1+1))
are 7 = —1 + i, both of which are poles of order 1. But only z = —1 + i lies within the

ze'?

upper semicircle Cg with a sufficiently large radius R > 0. The residue of ———— at
24+2z7+2



z=-1+1i1s

Ze& Zek
Res — = -
== 22+ 27+42 z—(=1-i)|__
o (—1 40l
(=140 = (=1-10)
C(=1+i)e™
B 2i
(=1 +i)e !
B 2i
(-1 +i)e e
B 2i
(=1+ Ne le i
B 2i i
_(~l+i)e e
B 2i2
(—l+ie e
- 2(-1)
(-1+i)e le i
_ >
(-1+i)e i
- 2e
(=1 +i9)(cos(—1) +isin(—1))i
- 2e
_ (=1+id)(cos1 —isinl)i
T 2e
(i i>)(cos 1 —isin1)
T 2e
_ (=i=1)(cos1 —isinl)
T 2e
_ (I+i)(cos1—isinl)
B 2e
(cos1 —isinl)+i(cosl—isinl)
2e
cos1 —isinl+i(cos1) —i*(sinl))
2e
cosl —isinl+i(cosl)—(=1)(sinl))
2e
(cos1+sinl)+i(cosl—sinl)

2e

cos1+sinl +cosl—sin1,
= l.
2e 2e

By the residue theorem from Section 77 applied to the closed region bounded by [—R, R]



and Cp in the counterclockwise sense, we have

R ix iz iz
xe ze ze
/ 2— dx = 2niRes — / 2— dZ
_RX“+2x+2 =bi 72 +27+2 Cr 2°+22+2

[cosl+sinl cosl—sinl . / ze'?
= 27Tl + 1] — —_
2e 2e cp 22 +27+2

iz
:E(cosl+sin1)i+z(cosl—sinl)iz—/ 2L
€ e Cr 2-+22+2

T T ze'?
= —(cosl+sinl)i+—(cosl—-sinl)(-1) — —d
" i X )(-1) /CRZ2+2“2 :
ze'?

T T
=——(cosl—sinl)+ —(cos1+sinl)i — _—
( )+ 2 )i /ch2+2z+2 :

Next, if we substitute z = Re’? and dz = iRe'® d6 for all 0 < 6 < 7, we obtain

ze'? n Reieei(Re"”)
—dz| = - ; do
'/CR 2+2z+2 ¢ /0 (Re™®)2 +2(Re'?) +2

/71' ReiﬁeiR(cos O+i sin 0)
0

R?¢%0 + 2Rei0 +2
ReleelR cos 0+i2R sin @
/0 R?¢%9 + 2Rei0 +2

b/d R chose Rsin 6 0
— i
- /0 R2 W 4 2R +2 d@‘

b/g R chosH —R sin 6 )
= / iRe" d@‘
0

iRe" d@'

iRe' do

R2e2%9 + 2Rel? + 2

|R61961Rcosﬁe Rsm@l
/0 |R2e2% + 2Re? + 2|
B /n' |Rei98iRcosﬁe—Rsin9|
~ Jo  ||R?e%| —|2Rei| - |2]|

b8 R —Rsin6
:/ N _Rdb
o [RZ=2R -2
R2e—Rsin9 /n
== 1d6
R2-2R-2 ),
R2 —Rsinf
S —T
R2-2R-2
R2 —Rsinf

= (1-0)
7TR2 —Rsin®
R2-2R-2’

liRe™ ag)|

liRe™ do)



which implies

0<

) Zeiz
lim / 5 dz
R—oo Jop 27+ 2242

eiz
./ T ®
Cr Z°+22+2
ﬂ.RZe—Rsine
< lim ——
R—co R2—2R -2

_Rsi 1
JTRze Rsind %

= lim

R—

= lim —— =
R—e R?2-2R-2 L
R
7T€_R sin @
= lim
R—co | — % — %
. 0
T 1-0-0
=0,
from which we conclude )
. ze'*
lim =

R—co Jo, 22 +27+2
So we obtain

00 xeix ) R xeix
Z—dx: lim 2—dx
oo X+ 2x+2 R—oo J_p x2+2x+2

iz

= lim (—E(cosl — sin 1)+£(cos1+sin l)i—/ zLdz)
R—co | e e Cr °+27+2
iz

= lim (—z(cosl — sin 1)+E(cosl+sin l)i) — lim / 2L

R—co \ ¢ e R—oo Jo, 22+ 27+ 2

= —z(cos 1 —sinl)+ E(cos 1+sinl)i -0
e e

= —E(cos 1 —-sinl)+ E(cos 1 +sin 1)i.
e e

At the same time, Euler’s formula ¢’ = cos 6 + i sin 8 implies

® xe™ ® x(cosx +isinx)
= . d
oo X*+2x+2 oo X+ 2x+2

®  xcosx ixsinx
= + dx

o X2 4+2x+2 xX2+2x+2
(s} (s} :
Xcosx , X sinx
:/ 2—dx+z/ - dx.
oo X*+2x+2 foo XTH+2x+2
® xe™
Our two expressions of / I dx allow us to conclude

oo X2+ 2x +

o o :
X CoSx ) X sinx n , n L
/ 2—dx+l/ -5 dx=-—(cos1—sinl)+—(cos1+sinl)i,
oo XP+2x+2 oo XZ+2x+2 e e



from which we can equate the imaginary components to conclude

/ Y = z(cosl+sin1).
oo X2 4+4x+5 e




